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1 Rings
1.1 Basic Theory

Definition 1.1.1. A monoid (M,-) is a set M equipped with a binary operation - : M x M — M and an
element 1), € M, called the multiplicative identity, such that the following hold.

= - js associative, that isx - (y-z) = (z-y) -z for all z,y,z € M.
s lyy-m=m- -1y =m forallme M.

A monoid M is commutative if x -y =y - x for all z,y € M.

Remark 1.1.2. Any group is a monoid as associativity and the identity element are group axioms. A group is
stronger than a monoid as it requires elements to have multiplicative inverses, whereas a monoid does not.

Example 1.1.3.

» The natural numbers N = {1,2,3,...} form a commutative monoid under multiplication, with the
multiplicative identity being 1y = 1.

= The non-negative integers Z>( form a commutative monoid under multiplication.

= The set of n x n real matrices M, (R) form a monoid under matrix multiplication, with the multiplicative
identity being the identity matrix, I. For n > 1 the monoid M, (R) is not commutative.

Definition 1.1.4. A ring is a set R together with operations +: R x R — R, - : R X R — R, and elements
Or, 1r € R, such that the following hold.

» (R,+) is an abelian group with identity Og.
» (R,-) is a monoid with multiplicative identity 1.
» The distributive properties a(b+ ¢) = ab+ ac and (b + ¢)a = ba + ca hold for all a,b,c € R.

A ring R is commutative if (R, ) is a commutative monoid.

Remark 1.1.5.

= -+ is a function R X R — R so it would make sense to write +(x,y) for x,y € R, but for sanity we will
write x +y for +(x,y). Similarly, we will write x -y for -(z,y).

= We refer to + as addition and - as multiplication.
» Forr € R, we write —r for the additive inverse of r in the group (R,+).

= We will often just write 1 = 1r and 0 = Op.

Definition 1.1.6. A subset S C R is a subring if the following conditions are satisfied.
» Op,lg €S.
» Forallr,s € S we have —r,r + s,rs € S.

Namely, S is a ring with operations + and -. We write S < R to denote that S is a subring of R.



Example 1.1.7.
» For the usual sets of numbers as rings with standard addition and multiplication, we have
Z<Q<R<C.
However, N £ 7 as —1 ¢ N.
= The set 7 /27 with standard addition and multiplication is a ring.
= The Gaussian integers Z[i] :== {a +ib : a,b € Z} is a subring of C.
= The set Q [\/ﬂ 5= {a+ bWv2:a,be Z} is a subring of R.

I Proposition 1.1.8. Let R be a ring andr € R. Thenr-0g =0g -r = 0g.
Proof. As Og is the identity element in the group (R, +) we have that Ogr + 0r = Og. Hence,

T-0R=T~(OR+0R)
=7r-0g+7-0g.

Adding — (r - Ogr) to both sides implies that 7 - 0 = Og. Similarly,

OR-T=(0R+OR>~T
=0p-7+0g-r

and so O -7 = Og. O

Example 1.1.9. The trivial ring is the ring over the set R = {0} where 0-0 =0 and 0+ 0 = 0. [t is the only
ring with a single element.

I Proposition 1.1.10. Let R be a ring. Then 1g = Og if and only if R = {0} is the trivial ring.

Proof. («<). We must have 1z = 0Og.
(=). Let r € R. Then
r=r-lg=1r-0g =0.

Throughout we will assume rings are non-trivial.
Definition 1.1.11. An element uw € R is a unit if there is another element v € R such that u-v =v-u = 1g.
We denote the set of units of R as R* C R.
Remark 1.1.12. With the notation of Definition 111 note that the element v is also a unit.

Definition 1.1.13. A ring R is a division ring if every non-zero element is a unit. That is, R* = R\{0}.

Definition 1.1.14. A field is a commutative division ring.



Example 1.1.15.
» Z is not a field, as 2 is not invertible. In fact, Z* = {£1}.
= Q, R and C are all fields.

» Z[i] is not a field as 2 is not invertible in Z[i]. Indeed, suppose 1 = 2(a + bi), then by equating real and
imaginary parts we have 1 = 2a and b = 0. No a,b € Z satisfies these conditions, so 2 is not invertible.

Q [@ is a field.

The quaternions H is the abelian group R* with standard basis vectors labelled {1,i,7,k}. More specifi-
cally, H is a ring with 1 being the unit, and multiplication determined by ij = —ji = k, i = j2 = —1,
and (r-1)-s=rs for anyr € R and s € H. These conditions are sufficient to define multiplication in
H, for instance

k? = (ig)(—ji)
= —ijji
=2

= =l
We similarly deduce that jk = i. Note that H is not commutative since ij # ji. However, it is a division

ring since
(al +bi+ ¢j + dk)(a — bi — ¢j — dk) = a®> + b* + 2 + d?

and so if al + bi + c¢j + dk # 0 it has an inverse

1
a? + b2 + % + d?

(@ —bi—cj—dk)eH.

I Proposition 1.1.16. Multiplicative inverses are unique. That is, if r € R* has inverses u and v, then u = v.

Proof. By assumption, we have that 1 = ru = rv and so r(u — v) = 0. Since ur = 1 we get that
0=ur(u—v)=u—o.

Therefore, u = v. =

I Proposition 1.1.17. For any ring R, the set of units, R*, is a group under multiplication.

Proof. If a,b € R*, then there are some ¢,d € R* such that ac = ca = bd = db = 1. In particular,
(ab)(dc) = a(bd)c = ac =1,

and similarly (de)(ab) = 1. Hence, ab € R* which means R* is closed under multiplication. Moreover,
the element 1 € R* and R* is closed under inverses by Remark [1.1.12| Therefore, R* is a group under
multiplication. O

1.2 Constructing Rings
Let R and S be rings. Then their product R x S is a ring with addition and multiplication given by
(rys)+ (r',s") = (r+1",s+5)

and
(rys)-(r',s") = (r-r',s-s).

Moreover, Orxs = (Ogr,0s) and 1rxs = (1g,1s). Note that R x S is commutative if and only if both R and S
are.



Definition 1.2.1. Let R be a ring. Then a polynomial f with coefficients in R is a sequence f = (ag, a1, a2, ... )
in R which is eventually zero. That is, a; # O for finitely many 1.

Remark 1.2.2. /fa; =0 fori > N then we can write
f:a0+a1X+a2X2+...—|—aNXN.
The representation of f in this notation is not unique as

f=ao+a1 X +aX?>+...+anXV¥ +0xV+,

Definition 1.2.3. For f a non-zero polynomial with coefficients in R the degree of f is
deg(f) = max ({i:a’ #0}).
If a; = 0 for each i € N, such that f =0, then deg(f) := —oc.

Definition 1.2.4. Let R be a ring. Then its polynomial ring, R[X], is the set of polynomials with coefficients
in R with the following operations. For f =ag+...a, + X" and g = by + ...b,, X™, where we can assume
n = m by adding copies of 0X* if necessary, let

fHg:=1(ap+bo)+ (a1 +b)X+...4+ (an+b,) X"
and

f-g:= (aobo) + (a1b0 + aobl) X + (a2b0 + ai1b; + aon) X2 SR ananZ”

n+m i
= Z ajbi—; | X"

i=0 \ j=0

The subset of constant polynomials, that is those with a; = 0 for ¢ > 0, form a subring which we can identify
with R.

Exercise 1.2.5. For a ring R, show that R[X] is a ring which is commutative if and only if R is commutative.

Remark 1.2.6. We can take the polynomial ring of a polynomial ring, (R[X])[Y]. We write R[X,Y] :=
(R[X])[Y] to conveniently iterate this notion to get

R[X1,....Xpn] =(..(R[X1) [X2])--.) [Xn]-
Definition 1.2.7. If f = ag+ ...+ a, X" is a polynomial of degree n, we say f is monic if a,, = 1.

Example 1.2.8. The polynomial f = 2+ X? is monic whereas f = 2 is not.
A polynomial f =ap+ a1 X + -+ a, X" € R[X] can be thought of as determining a function R — R, where
re f(r):=ao+ar+---+apr".

However, the polynomial f itself is just a sequence of elements of R, and X is some formal symbol. Thus,
we cannot identify the polynomial with the function. Different polynomials can have the same function. For



example, let R = Z/27Z, and consider f = X € R[X], g = X2 € R[X]. Then f and g are distinct polynomials,
but f(r) = g(r) for all » € R.

Definition 1.2.9. A Laurent polynomial f in R is a sequence f = (...,a_1,a9,a1,...), with only finitely
many a; non-zero. A Laurent polynomial can be written in the form

f = ZaiXi.
1EZ

We let R [X, X‘l] denote the set of Laurent polynomials on R and impose the same polynomial ring structure
as that on R[X].

Definition 1.2.10. A power series f in R is a sequence f = (ag,a1,...) in R, where infinitely many a; can
be non-zero. We use R[X] to denote the ring of the power series in R.

The ring structure on R]X] is the same as that on R[X] and so R[X] < R[X].

Definition 1.2.11. Let M be a monoid, and R a ring. The monoid ring of M over R denoted R[M], is the
set of tuples f = (am),,c s Where each a,, € R, and only finitely many are non-zero. We write such a tuple

f in the form
i= Z G .

meM
For f =3 cyammandg=>3%" . bum in R[M] we let
f+g:= Z (@ + b)) m
meM

and

f-g::Z Zakbl m.

meM \ k,leM
k-l=m
Exercise 1.2.12. Check that R[M] is a ring, which is commutative if and only if both R and M are.

If M is a group, then R[M] is the group ring of M over R.

Example 1.2.13. Let M be the monoid Z>( of non-negative integers, with addition as the binary operation.
Then we can identify R[X] with R[M], by identifying aX™ with a -n, where a € R and n € M. If we take
M = 7, with addition, we can identify R [X,Xfl] with R[M] in a similar way.

If Ris aring and n > 1, the set of n x n matrices M,,(R) forms a ring under the usual rules for matrix addition
and multiplication. When n = 2 the ring M,,(R) is not commutative as

£HE-6 )
(0 0) (1 0)=(0 o)

More generally, M, (R) is not commutative when n > 2. However, we may identify M;(R) with R and so M;(R)
is commutative if and only if R is commutative.

whereas

1.3 Homomorphisms and ldeals



Definition 1.3.1. Let R and S be rings. A function ¢ : R — S is a ring homomorphism if for all a,b € R we
have

1 ¢(a+b) = ¢(a) + ¢(b),
2. ¢(ab) = ¢(a)¢(b),

3. ¢(0r) =0g, and

4. ¢(1g) =15

A ring isomorphism is a ring homomorphism that is bijective.

Exercise 1.3.2. Show that the inverse of an isomorphism is also an isomorphism.

Definition 1.3.3. Let ¢ : R — S be a homomorphism.

= The kernel of ¢ is
ker(¢) :=={r e R: ¢(r) =0} C R.

» The image of ¢ is
im(¢) :={s €S :s=¢(r) forsomer € R} C S.

I Proposition 1.3.4. Let ¢ : R — S be a homomorphism. Then im(¢) C S is a subring.

Proof. As a ring homomorphism is a group homomorphism it follows that (im(¢),+) is an abelian subgroup of
S. For s,s" € im(¢) we have that s = ¢(r) and s’ = ¢ (r’) for some r,r’ € R. Therefore,

5.8 =¢(r)-¢(r') = ¢ (r-r') € im(¢).

Meaning, (im(¢), ) forms a monoid. Therefore, im(¢) < S. O

Remark 1.3.5. If R is non-trivial then since ¢(1) = 1 we have that 1 ¢ ker(¢) meaning ker(¢) is not a subring
of R.

I Proposition 1.3.6. A homomorphism ¢ : R — S is injective if and only if ker(¢) = {0}.

Proof. (=). As ¢(0) = 0 it follows that ¢(r) # 0 for r € R\ {0} and so ker(¢) = {0}.
(<). If ;7" € R are such that ¢(r) = ¢ (1), then ¢ (r — r') = 0. Meaning r — r’ € ker(¢) which implies that
r—7r" =0 and so r =r’. Hence, ¢ is injective. O

Definition 1.3.7. Let I C R.
» [ is a left ideal if it is an additive subgroup of R such that fori € I and r € R we have ri € I.
» [ is a right ideal if it is an additive subgroup of R such that fori € I andr € R we haveir € I.

» [ is a two-sided ideal if it is an additive subgroup of R such that fori € I and r € R, we have ri € I
andir € I.

We will normally use ideal to refer to a left ideal. Note that if R is commutative the different types of ideals
coincide.



Example 1.3.8. For any ring R the subsets {0} and R are both ideals.

Suppose I C R is an ideal and 1 € R. Then for any r € R we have that r -1 = r € I which implies that I = R.
Hence, the only subring which is also an ideal is the whole of R. We call an ideal I C R such that I # R a
proper ideal. More generally, if I C R is an ideal containing some unit u then I = R.

I Lemma 1.3.9. Let ¢ : R — S be a homomorphism. Then ker(¢) C R is a two-sided ideal.

Proof. Since ¢ is a homomorphism of abelian groups, ker(¢) C R is a subgroup of R. Now suppose i € ker(¢)
and r € R. Then

¢(ri) = o(r)o(i) = ¢(r) - 0 =0,
so ri € ker(¢). Similarly, ir € ker(¢). Therefore, ker(¢) is a two-sided ideal. O

Example 1.3.10. Let R=7 andn € Z. Then nZ C Z is an ideal. Conversely, suppose that I is an ideal. If
I = {0} then I = 0Z. If I is not zero let n € I be its smallest positive element. Then rn € I for all r € Z
and sonZ C I. Fori € I, using the Euclidean algorithm we can write

i=an+b

for0 < b<n. Asn € I we have that an € I, and as i € I it follows that b =i — an € I. Since n was the
smallest positive element of I, we must have b = 0, and so i € nZ. We conclude that I = nZ. Therefore, all
ideals of 7. are of the form nZ for some n € N.

Lemma 1.3.11. Let ¢ : R — S and ¢ : S — T be homomorphisms of rings. Then their composition ¥ o ¢
is also a homomorphism of rings.

Definition 1.3.12.

1. The ideal generated by an element a € R is

(a):=R-a={ra:r € R} CR.

2. Anideal I C R is principal if I = (a) for some a € R.

3. If S C R is any subset, the ideal generated by S is

(S):=R-S= {ers : rs € R, with only finitely many rs are non—zero} .
sES

Using Example [1.3.10] we can say that all the ideals of Z are principal.

Exercise 1.3.13. Show that
I :={f € R[X] : the constant coefficient of f is zero}

is an ideal of R[X]. Moreover, show that I is a principal ideal generated by the polynomial X .

I Lemma 1.3.14. Let R be a commutative ring, and consider r € R\{0}. Then (r) = R if and only ifr € R*.

Proof. (=). As (r) = R, there exists an s € R such that sr = 1. As R is commutative we also have that rs = 1,
which implies that s is the inverse of r and so r € R*.



(<). Let r € R* with inverse s. Then 1 = sr € (r). So for any 7 € R we have -1 = 7 € (r). Therefore,
R C (r), implying that R = (r). O

Definition 1.3.15. Let I C R be a two-sided ideal. The quotient ring R/I consists of additive cosets of the
form r + I, with Or;; = Ogr + I and 1g,; = 1r + I. Moreover, the operations are given by

(r+I)+(s+1):=(r+s)+1

and
(r+1)-(s+1I):=(rs)+ I

Proposition 1.3.16. The quotient ring R/I is a ring and the map R — R/I given by r — r+ 1 is a surjective
ring homomorphism.

Proof. Addition is well-defined as (R/I,+) is the quotient of (R, +) by a normal subgroup. Let r,s € R, and let
i€l Thenr+I=7r+1+1, sothat

(r+i+ID)-(s+I)=rs+is+1
=rs+1.

Similarly, (r +I)(s + i+ I) = (rs + I) meaning multiplication is well-defined. Associativity and distributivity
follow from R. Moreover, 0 + I and 1 + I satisfy the requirements to be the additive and multiplicative identity
respectively. O

Remark 1.3.17. Proposition motivates the definition of a two-sided, as a two-sided ideal provides the
necessary conditions for R/I to be a well-defined ring.

Example 1.3.18. Consider the ideal nZ C 7. Elements of the quotient ring Z/nZ are cosets of the form
r+nZ forr =0,...,n — 1. Operations in ZZ/nZ are addition and multiplication and addition modulo n.

Exercise 1.3.19. Let R be a ring and ¢ : G — H a group homomorphism. Then ¢ induces a ring homomor-
phism ¢. : R|G] — R[H], given by

(rb* Z agg | ‘= Z ag¢(g)'

geG geG

Note that N = ker(¢) < G is a normal subgroup of G. Consider the ideal (N — 1) C R[G] generated by
elements of R[G] of the form g — 1 for g € N. Then ¢.(g —1) =0 for all g € N and so (N — 1) C ker (¢.).
Show that (N — 1) is a two-sided ideal, and ker (¢.) = (N — 1).

Example 1.3.20. Let R be a commutative ring. Consider the ideal (X) C R[X]. Elements of this quotient
ring R[X]/(X) are of the form
ag+ a1 X +...+a, X"+ (X).

Note that all terms apart from the constant term are in (X). More specifically, elements of R[X|/(X) are
uniquely represented as ag + (X). Thus, there is an isomorphism R — R[X]/(X) given by a — a + (X).

To understand more elaborate quotient rings, such as R[X]/ (X% + 1), we can utilise Proposition [1.3.21]



Proposition 1.3.21. Let F be a field and f,g € F[X], with g # 0. Then there exist r,q € F[X] such that

f=g9q+r
with deg(r) < deg(g).

Proof. Let deg(f) = n and deg(g) = m. Then if m > n then we can choose ¢ = 0 and r = f. Therefore, suppose
that m <nand f =37 a;X* with a, # 0. We proceed by induction on n. Suppose that g = > /", b; X" and
let ¢ = anb;,! X"~™. It follows that

f=a9+f1 (1.3.1)

where deg(f1) <n—1. If n = m then deg(f1) < m = deg(g). Otherwise we can apply the induction hypothesis
to f1 to get that

fi=9q+m
where deg(r1) < deg(g) = m. Substituting this into (1.3.1)) we see that

f=(@+q)g+r

completing the proof. O

Remark 1.3.22.
1. Proposition[I.3.21] says that the Euclidean algorithm applies to polynomials over a field.

2. It is essential that F is a field. Indeed, if ' = Z then with f = 3X +1 and g = 2X + 1, one notes that q
must be zero so that r = 3X + 1. As deg(f) = deg(r) we see that the conclusion of Proposition (1.3.21
does not hold.

Example 1.3.23. Let R = R[X]/ (X? + 1). Elements of R are of the form
ap+a X +...+a X"+ (X2+1).
Letting f = ag + ...+ a, X™, we can apply the Euclidean algorithm to find q,r € R such that
f=q (X2 T 1) +r

with deg(r) < 2. Which implies v = by + b1 X for some by,b; € R. So any element of R is of the form
a+bX + (X2 +1) for some a,b € R. In particular, this representation is unique as if

a+bX + (X?+1)=d +VX+ (X*+1),

then
(a—ad)+(b-V)X=(X*+1)g

for some g € R. But if g # 0 then deg ((X2 + 1) g) > 1. So we must have g = 0 meaning a = a' and b =1b'.
Therefore, every element of R is of the form a+bX + (X? + 1). Note that X + (X? + 1) squares to —1 and
so the structure of the elements of R starts to resemble the complex numbers. Let ¢ : R — C be given by

¢(a+bX+ (X*+1)) =a+bicC.

The map ¢ is a well-defined, bijective ring homomorphism. Consequently, R = R[X]/ (X2 + 1) = C.

10



Theorem 1.3.24 (First Isomorphism Theorem for Rings). Let ¢ : R — S be a ring homomorphism. Then

R/ er(¢) = im(@).
Proof. Let ¢ : R/ ker(¢) — im(¢) be given by

Y(r +ker(¢)) = (r).

This is well-defined, since if r + ker(¢) = r’ + ker(¢) then r — 1’ € ker(¢) and so ¢(r) = ¢ (r'). Moreover, it is
a ring homomorphism as ¢ is a ring homomorphism. As it is bijective we conclude that

R/ ker(6) = im(9).
O

Example 1.3.25. Let ¢ : R[X] — C be the homomorphism given by ¢(f) = f(i). One can check that ¢ is
surjective and that ker(¢) = (X2 + 1). Therefore, by Theorem|1.3.24 we have that C = R(X)/ (X% +1).

Note how it is more efficient to establish this result using Theorem|1.3.24, than the approach used in Example

1323

Exercise 1.3.26. Let R be a ring with two-sided ideals I,J C R. Show that I N J is a two-sided ideal.
Moreover, show that R/(I N J) is isomorphic to a subring of R/I x R/J.

Theorem 1.3.27 (Second Isomorphism Theorem for Rings). Let R and S be rings with R < S. Let I C S
be a two-sided ideal. Then the following hold.

1. R+I:={r+i:reR,iel}<8.
2. ICR+1TI and RNI C R are two-sided ideals.
3 (R+1)/I={r+I:r€R}<S/I, and
R/(RNI)= (R+1)/I.
Proof.
1. Since RC R+1, it follows that 0,1 €« R+ 1. Letr,s € Rand ¢,j € I, sothatr+i,s+j € R+ 1. Then

(r+i)+(s+j)=0+s)+(i+j)eR+1I,
and
(r+14) - (s +34) = (rs) + (is + 1 + ij)
which is in R + I as the second term is in I since I is a two-sided ideal. Therefore, R+ 1 < S.

2. Note that, I C R+ I is a two-sided ideal since I C S is a two-sided ideal. Let ¢ : R — S/I be the
homomorphism given by ¢(r) = r 4+ I. Then ker(¢) consists of elements » € R such that r + I = I, that
is, 7 € I. So ker(¢) = RN I which means that RN [ is a two-sided ideal in R.

3. With ¢ as given above, we have that
im(¢)={r+I:reR}=(R+1)/I <S5/I
On the other hand, using Theorem [1.3.24] we have
im(¢) = R/(RNI).

Therefore,
R/(RNI)= (R+1)/I.

11



Theorem 1.3.28 (Third Isomorphism Theorem for Rings). Let R be a ring, and I,J C R two-sided ideals
such that I C J. Then J/I C R/I is a two-sided ideal and

(R/I)/(J/I) = R/J.
Proof. Let ¢ : R/I — R/J be the homomorphism given by
o(r+1):=r+J.

This is a well-defined and surjective ring homomorphism. Note that ker(¢) consists of elements r+1 € R+1 such
that r + J =0, that is, » € J. Therefore, ker(¢) = J/I and so we conclude by applying Theorem [1.3.24 O

Example 1.3.29. Applying Theorem toR=Z[X], I= (X2 + 1), and J = (n,X2 + 1) gives

(ZIX]/ (X2 +1)) /(n) = Z[X]/ (n, X* +1).

Therefore,
Zli)/(n) = Z[X]/ (n, X* + 1),

where we have used that Z[X]/ (X? + 1) = Z[i]. On the other hand, applying Theorem to R = Z[X],
I=(n), and J = (n, X%+ 1) we deduce that

(Z[X]/(n))/ (X* +1) 2 Z[X]/ (n, X* +1).
Therefore,

Z[i)/(n) = (Z/nZ)[X]/ (X +1).

Proposition 1.3.30. Let R be a ring, and I C R a two-sided ideal. Then there is a bijection between the
two-sided ideals of R/I and the two-sided ideals of R containing I.

Proof. Let
a : {two-sided ideals of R/I} — {two-sided ideals of R containing I}
be given by
a(Jy={reR:r+IcJ}
and let
B : {two-sided ideals of R containing I} — {two-sided ideals of R/T}
be given by

B(K) = K/I.

These are well-defined maps. Moreover,

a(B(K)) = a(K/T)
={reR:r+Ie€K/I}
- K,

where the last equality follows as I C K. Similarly,

Bla(J))=B{reR:r+1eJ})
={r+I:r+IeJ}
=J

Therefore, o and 3 are bijections. O
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Let R be any ring. Then there is unique ring homomorphism ¢ : Z — R given by

lg+...+1g n >0
S ——

) =3 (g +...+1r) n<o.
~— —

In|

This is a homomorphism by the distributivity property of R. It is unique, as any homomorphism Z — R must
send 1 to 1 and thus from the structure of Z one finds that any such homomorphism must be equal to ¢. As

ker(¢t) C Z is an ideal we have ker(t) = nZ for some n € Z.

Definition 1.3.31. The characteristic of R is the unique n > 0 such that ker(t) = nZ, where ¢ is the unique
ring homomorphism 7. — R.

Example 1.3.32.

= The ring Q has characteristic zero since v : Z — Q is injective which means that ker(v) = {0}. Similarly,
R, C and Z[i] have characteristic zero.

= For any n > 1, the homomorphism v : Z — 7Z/nZ sends r to r + nZ and has kernel nZ. Meaning Z/nZ

has characteristic n.
Consequently, we see that any n > 0 is the characteristic of some commutative ring.

1.4 Solution to Exercises

Exercise [1.2.5]
Solution. (=). For f =ap+ - -+ a, X" and g =bg + -+ + b, X™ in R[X] we have

n+m 7
frg=3 | D abig | X'
i=0 \j=0
n+m 7
= Z bi,jaj X'
i=0 \j=0
n+m 7
= Z bjai,j X*
i=0 \j=0
=g
(«<). As any r, s € R can be viewed as elements in R[X] we have that r-s=s-7. O
Exercise [1.2.12)
Solution. This follows similar arguments to the proof of Exercise [1.2.5] O
Exercise [1.3.2)

Solution. Let ¢ : R — S be an isomorphism. In particular, ¢ is bijective and so ¢~! : S — R is well-defined and
bijective. It is clear that ¢=1(0s) = Or and ¢~ 1(15) = 1g. Let s1,s2 € S, then there exists 71,72 € R such

that ¢(r1) = s1 and ¢(rs) = so. Consequently,
¢ (s1+ s2) = ¢ (B(r1) + B(r2))
= ¢~ (¢(r1 +12))

=71+

=¢ '(s1) + ¢ ' (s2).
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Similarly,

= ¢~ (p(r1r2))

Therefore, ¢~! is a homomorphism and thus an isomorphism. O
Exercise [.3.13]
Solution. Clearly (X) C I. For f € I we can write

f=a X+ +a, X" = (a1 + - +a, X" )X,
where a; + -+ a, X" ! € R[X] and so f € (X). Thus, we conclude that I = (X). O
Exercise

Solution. Let f € (N —1) with f=3"._, gi(n; — 1) where g; € R[G] and n; € N for each i € I. Then
bo(F) = 3 6ulg)6(ni — 1) = 3 bulg)(1 - 1) = 0.
i€l i€l
Therefore, f € ker(¢.) and thus (N — 1) C ker(¢.). Now let f € ker(¢.) and be of the form f = 73" - a,g.
Note that if ¢(g) = ¢ (¢') then ¢ (97 '¢g’) = e so that g € g’ N. Suppose that G/N = (g;N);cs, then we can

write
¢*(f)zz Z Qg | Gi-

1€l \g€g;N

As ¢.(f) = 0 by assumption it must be the case that
> ag= (1.4.1)

for each ¢ € I. For each h € g; N we can write h = g;np, for some n, € N. Therefore,

fzzagg

geqG

ZZ Z AhGiTh

el heg, N

ZZ Z ApMh | Gi

el heg, N

EEDS™ [ S aninn—1) | gse (V= 1),

el heg;N
Therefore, ker(¢,) = (N — 1). As ¢, is a homomorphism, it follows that (N — 1) is a two-sided ideal. O
Exercise [1.3.26]

Solution. The intersection of additive groups is also an additive group and so I N J is an additive group. Next,
let r € Rand i€ INJ, then ri,ir € I as I is a two-sided ideal and ri,ir € J as J is a two-sided ideal. Hence,
ri,ir € I N.J meaning I N J is a two-sided ideal of R. Now consider the map ¢ : R — R/I x R/J given by
@(r) = (r+ 1,7+ J). Recall, that I = 0g/; and 1g + I = 1z, and similarly for J. In particular, we have that
Or/rxryg = (I, J) and 1g/1xgys = (1r + 1,1 + J). Using this we make the following observations.
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» p(0r) = (0r +1,0r+J) = (I,J) =Or/1xr/J-
» o(Ig) = (Ir+ I, 1g +J) = 1g/1xR/J-

= For r,s € R we have

or+s)=r+s+I,r+s+J)
=r+ILr+J)+(s+1,s+J)
= p(r) +¢(s).

= Forr,s € R we have

p(rs)=(rs+1I,rs+J)
= (rs—|—rl—|—[s—|—[2,rs+7'J—|—J5+J2)
=(r+Lr+)(s+1,s+J)
— p(r)p(s).

Therefore, ¢ is a ring homomorphism. With ¢(r) = Og/7x g/ if and only if r + 1 = I and r + J = J which
happens if and only if » € I N J. Therefore, ker(¢) = I N J. Hence, using the Theorem [1.3.24| we conclude that

R/(INJ) = im(y),

where im(¢) is a subring of R/I x R/.J by Proposition [1.3.4] O
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2 Integral Domains

The integers as a ring have properties, such as unique factorisation, that we would like to study in a more general
context. In this section, we will assume all rings are commutative and non-trivial.

2.1 Integral Domains and ldeals

Definition 2.1.1. Let R be a commutative ring. An element r € R is a zero divisor if v # 0 and there is some
s # 0 such that rs = 0.

Definition 2.1.2. A ring R is an integral domain if it contains no zero divisors. That is, if rs = 0 then either
r=0o0rs=0.

Example 2.1.3.
» The ring of integers Z is an integral domain.

= Any field is an integral domain. Indeed, if rs = 0 with r # 0, then letting r—1 be the multiplicative
inverse of r we see that
0=r"1rs=s.

Meaning no element of a field is a zero divisor.

» The ring Z/6Z is not an integral domain, since 2 + 67 and 3 + 6Z are non-zero but their product is

(2 + 6Z)(3 + 6Z) = Z.

I Lemma 2.1.4. Letn > 1. Then Z/nZ is an integral domain if and only if n is prime.
Proof. (=). Suppose n | rs for some r,s € Z. Then
(r +nZ)(s +nZ) = nZ.

Since Z/nZ is an integral domain, either r +nZ = nZ or s+nZ = nZ. Hence, n | r or n | s meaning n is prime.
(«<). Suppose that (r + nZ)(s + nZ) = 0. Then rs + nZ = 0 meaning n | rs. Which implies that n | r or n | s
andsor+nZ=0ors+nZ=0. O

Example 2.1.5. If R is an integral domain and S < R, then S is also an integral domain since a zero divisor
in S would be a zero divisor in R. Therefore, as C is an integral domain we deduce that Z[i]| < C is an integral
domain.

I Lemma 2.1.6. Let R be an integral domain. Then R[X] is also an integral domain.
Proof. Let f,g € R[X] be non-zero with
f:a0+...+anX"

and
g=by+...+b, X"

for an, by, € R\ {0}. Then n = deg(f) and m = deg(g). Moreover, the coefficient of X"t in fg is a,b,, # 0
since R is an integral domain. Therefore, deg(fg) > 0 meaning fg # 0. O

16



Remark 2.1.7. [terating Lemma we see that if R is an integral domain, then R [X, ..., X,] is an integral
domain for all n € N.

I Lemma 2.1.8. A non-trivial, commutative ring R is a field if and only if its only ideals are {0} and R.

Proof. (=). Suppose R is a field and I C R is a non-zero ideal, such that it contains some non-zero element 7.
Then since R is a field, 7 is a unit, which implies I = R.

(«<=). Let r € R be non-zero. Then (r) C R is a non-zero ideal, and so must be R by assumption. Consequently,
there is some s such that rs = 1, and so 7 is a unit. Therefore, every non-zero r € R is a unit, or in other words,
R is a field. O

Remark 2.1.9. Since {0} and R are always ideals in R, the statement of Lemma is equivalent to saying
that R only has two ideals.

Exercise 2.1.10. Suppose R is a finite and commutative integral domain. Show that R is a field.
Definition 2.1.11. A proper ideal I C R is maximal if any proper ideal J C R containing I is equal to I.

I Lemma 2.1.12. A proper ideal I C R is maximal if and only if R/I is a field.

Proof. (=). Suppose I is maximal. Then the only ideals in R containing I are I and R. As we have a bijection
between such ideals and ideals in R/I, we see that the only ideals in R/I are {0} and R/I. Therefore, R/I is a
field by Lemma[2.1.8

(«<). Suppose R/I is a field, and suppose J C R is a proper ideal containing I. Then J/I C R/I is a proper
ideal of a field, and so J = {0}. Therefore, J = I meaning I is a maximal ideal. O

Definition 2.1.13. A proper ideal I C R is prime if whenever there are r, s € R such that rs € I, we either
haver € I ors € I.

Example 2.1.14. Let n € Z be non-zero. Then the ideal nZ C 7 is prime if and only if n is prime. Indeed,
suppose n is prime. Ifrs € nZ, thenn | rs. Son |r orn | s, thatis, r € nZ or s € nZ. Conversely, suppose
nZ is prime, and for contradiction that n = uv where u,v ¢ {0,£1}. Then uwv € nZ but u,v ¢ nZ, since
0 < |u|, |v| < |n|. This contradicts nZ being prime and so n itself must be prime.

I Lemma 2.1.15. A proper ideal I C R is prime if and only if R/I is an integral domain.

Proof. (=). Suppose that I C R is prime and r +I,s+ I € R/I are such that (r +I)(s+ 1) =0+ I. This
means s € I. Since [ is prime, one of r and s is in I meaning one of r + I and s+ I is zero.

(«<). Suppose R/I is an integral domain, and r,s € R are such that rs € I. Then (r+1)(s+1)=0+1, so
r—+1ors+1IisI. Meaningr orsisin I. O
I Corollary 2.1.16. /f I C R is a maximal ideal then it is a prime ideal.

Proof. Since I is maximal we have that R/I is a field thus an integral domain. Therefore, I is a prime ideal. [
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Remark 2.1.17. The converse of Corollary[2.1.16] is not true in general. Take (0) C Z, which is a prime ideal
that is not maximal. However, if R is a finite, commutative ring, then for an ideal I we have that R/I is a
finite, commutative ring. Therefore, if I is prime we additionally have that R/I is an integral domain. Thus,
using Exercise we deduce that R/I is a field and hence I is also a maximal ideal.

Example 2.1.18. Let R be a ring. Then R[X]/(X) = R and so the ideal (X) C R[X] is prime if and only if
R is an integral domain, and it is maximal if and only if R is a field.

I Lemma 2.1.19. Let R be an integral domain. Then its characteristic is either zero or prime.

Proof. Let ¢ : Z — R be the unique ring homomorphism, with ker(¢) = nZ, where n > 0 is the characteristic of
R. Then by Theorem [1.3.24] we have that

im(e) = Z/nZ.
Since R is an integral domain and im(¢) < R it follows that Z/nZ is an integral domain. Therefore, using Lemma

2.1.4) if n > 0 then n is prime. As Z is an integral domain we can also have n = 0. O

2.2 Factorisation

Throughout this subsection, rings will be integral domains.

Definition 2.2.1. Let R be an integral domain with r,s € R.
» We say that r divides s, written r | s, if there is some u € R such that s = ru. Equivalently, (s) C (r).

» We say r and s are associates if there is some unit w € R* such that s = ru. Equivalently, (r) = (s) or
r|sands|r.

Example 2.2.2. Elements r,s € 7 are associates if and only if r = +s. However, this is not true in general as
2i,2 € Z[i] are associates.

Definition 2.2.3. Let R be an integral domain. An element r € R is irreducible if the following statements
hold.

1. r#0.
2. r is not a unit.

3. If r = wv then u or v is a unit.

Definition 2.2.4. Let R be an integral domain. An element r € R is prime if the following statements hold.
1. r#0.
2. r is not a unit.

3. Whenever r | wv, either r | u, r | v, or both.

Example 2.2.5. An element being prime or irreducible is dependent on the ring and not just the element.

» Observe that 2 is prime in Z, but not in Q. In Q it is a unit.
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» The polynomial 2X is irreducible in Q[X], but not in Z[X].

In Z primality and irreducibility coincide, but this is not the case for general rings. Moreover, any n € Z has an
essentially unique prime factorisation, up to reordering and signs, but again this is not true for general rings.

Example 2.2.6. Consider the ring
R=Z[V-5]={a+b/=5:a,beZ}.

This is a subring of C so is an integral domain. Consider 3 € R. Note that 2 and 3 both divide 6. However,
6 = (1 —+/=5)(1 ++/=5) with neither 2 nor 3 dividing either of the factors on the right-hand side. Therefore,
2 and 3 cannot be prime. Now suppose that 3 = (a + by/=5) (c + dv/=5) for a,b,u,v € Z. Applying | - |* to
both sides, we see that

9= (a®+5b%) (¢* +5d°) .

The only solutions to which are a + b\/—5 = £3 and ¢+ d\/—5 = %1, or the other way around. Hence, 3 is
irreducible. A similar argument shows that 2 and 1+£+/—5 are irreducible. So 6 can be factored into irreducibles
in distinct ways.

I Lemma 2.2.7. For R an integral domain, the principal ideal () is a prime ideal if and only if r =0 orr is
prime.

Proof. (=). Suppose (r) is a prime ideal. If r = 0, then we are done. So assume r = 0. Since prime ideals are
proper ideals, 7 cannot be a unit. If 7 | uv then wv € (r). Since (r) is prime we have u € (r) or v € (). That
is, 7 | wor r | v. Hence, r is prime.

(<). If r = 0, then the ideal (r) = {0} is prime since R is an integral domain. Suppose r # 0 is prime. If
wv € (r), this means r | uv and so r | u or | v. Meaning u € (r) or v € (r). Hence, (r) is prime. O

I Lemma 2.2.8. For an integral domain R, if r € R is prime then r is irreducible.

Proof. Let r € R be prime, and suppose = uv. As r | uv and r is prime, we have r | u or r | v. Without loss
of generality assume r | u. Then there is some s € R such that rs = u. Hence, r = uv = r(sv). Since R is an
integral domain, this implies sv = 1 meaning v is a unit and thus r is irreducible. O

In Example we saw that 3 € Z [\/75 was irreducible but not prime, hence, the converse of Lemma m
is not true.

Definition 2.2.9. An integral domain R is a Euclidean domain if there is a function 6 : R\{0} — Z>, called
a Euclidean function, that satisfies the following.

= O(rs) > 6(r) for all r,s € R\ {0}.
» Forall a,b € R with b # 0, there are q,7 € R such that
a=qb+r

with r =0 or (r) < 6(b).

Example 2.2.10.
1. Z is a Euclidean domain with 6(n) = |n|.
2. If F is a field, then F[X] with 0(f) = deg(f) is a Euclidean domain.
3. If F is a field, then F' with §(r) =0 for all r € F' is a Euclidean domain.
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Exercise 2.2.11. Show that the converse to statement 3 of Example[2.2.10 is true. Namely, an integral domain
R that is a Euclidean domain with Euclidean function r — 0 is a field.

I Proposition 2.2.12. The Gaussian integers Z[i] is a Euclidean domain with 6(r) = |r|?.

Proof. Note that 6(rs) = 6(r)0(s). Moreover, if r € Z[i] \ {0} then 6(r) > 1. So if r,s # 0 we have that
O(rs) > 6(r). Now let a,b € Z[i] with b # 0. Choose ¢ € Z[i] such that |# — q| < 1. We can do this as every
complex number has a distance of at most one from a Gaussian integer. In particular, we can write

Tog+
p 1T

where ¢ € QJ¢] is such that |c¢| < 1. Multiplying by b and setting r = bc = a — bq € Z][i], we have
a=qgb+r.
Since |c| < 1 and 7 = bc we either have r = 0 or 0(r) = |r|? < 6(b). O

This strategy of proof for Proposition [2.2.12] works for any R < C where for any r € C, there is a point in R of
distance less than one from r. This does not hold for Z [\/=5], and in fact, Z [—+/5] is not a Euclidean domain.

Exercise 2.2.13. Show that Z [/2] is a Euclidean domain.

Definition 2.2.14. Let R be an integral domain. Then R is a principal ideal domain if every ideal is principal.
That is, for any ideal I C R we have I = (r) for some r € R.

We have already seen in Example[1.3.10] that Z is a principal ideal domain.

I Theorem 2.2.15. Let R be a Euclidean domain. Then R is a principal ideal domain.

Proof. Let 6 be the Euclidean function for R. Let I C R be an ideal, which we can assume to be non-zero.
Choose b € T\ {0} such that 8(b) is minimised, and consider a € I. Then there are ¢,r € R such that a = ¢b+r
with 7 = 0 or 8(r) < 0(b). Since I is an ideal and a,b € I we observe that r = a — ¢b € I. We cannot have
O(r) < 6(b) and r # 0, by construction of b, so r = 0. Hence, a = gb meaning a € (b). Since a € I was arbitrary
we have that I = (b). O

Example 2.2.16. Recall that for a field F', the polynomial ring F[X] is a Euclidean domain. Therefore, by
Theorem we have that F[X] is a principal ideal domain. Similarly, we deduce that Z[i] is a principal
ideal domain.

I Proposition 2.2.17. The ideal (2, X) C Z[X] is not generated by a single element.
Proof. Suppose there is some f € Z[X] such that (2,X) = (f). Then as 2 € (f), there is some g € Z[X]

such that fg = 2. So f must have degree zero, which implies f is £1 or 2. We know f # +1 as 1 ¢ (2, X).
Similarly f # 42 since 2 does not divide X. Therefore, (2, X) cannot be a principal ideal. O

Remark 2.2.18. Proposition tells us that Z[X] is not a principal ideal domain, and hence not a Euclidean
domain.

20



Example 2.2.19. Let F be a field and A € M,,(F). Consider the set
I.={feF[X]: f(A) =0} C F[X].

If f,g €I then (f +9g)(A) = f(A)+g(A) =0. If f € I and h € F[X] then (fh)(A) = f(A)h(A) = 0.
Therefore, I is an ideal. Since F[X] is a principal ideal domain we have that I = (m) for some m € F[X]. In
particular, m(A) = 0 and for any f € F[X] such that f(A) =0 we have m | f. The polynomial m is called
the minimal polynomial of A.

Definition 2.2.20. An integral domain R is a unique factorisation domain if the following statements hold.
= Every non-unit r € R\ {0} is a product of irreducibles.

» Ifp1...Dn = q1-..qm with each p;,q; € R irreducible, then n = m. In particular, they can be reordered
such that each p; is an associate of g;.

A unique factorisation domain ensures the factorisation of elements into irreducibles exists and is unique up to
associates.

Lemma 2.2.21. Let R be a principal ideal domain. Then a non-zero principal ideal (r) C R is maximal if
and only if r is irreducible, or r = 0 when R is a field.

Proof. (=). Suppose (r) is a maximal ideal with  not being irreducible. If r = 0, then as R/(r) is a field we
have that R is a field. Otherwise, we can assume that » = xy for x,y € R non-units such that (r) C (z) C R.
Since x is not a unit we have that (z) # R. Since (r) is maximal it follows that (r) = (z). Meaning r = zz for
some unit z € R*. Hence, r = zz = xy which implies that z(z — y) = 0 and so z = y, by using the fact that
x # 0 and R is an integral domain. However, y is not a unit whereas z is and thus we arrive at a contradiction.
(«<). If r =0 and R is a field, then (r) is maximal. So we instead assume 7 is irreducible and that (r) is not
maximal. Meaning there exists some proper ideal (r) C I C R such that I # (). Since R is a principal ideal
domain we have I = (s) for some non-unit s € R. Since () C (s) we have that r = sz for some non-unit z € R,
which contradicts the irreducibility of r. O

I Lemma 2.2.22. Let R be a principal ideal domain. If r € R is irreducible then it is prime.
Proof. If r € R is irreducible, then (r) C R is a maximal ideal, by Lemma [2.2.21] Therefore, it is also a prime

ideal. Since the ideal (r) is prime and r # 0, Lemma implies that 7 is prime. O

Remark 2.2.23. Primes are irreducible in any integral domain. In Example [2.2.6] we showed that 2 was
irreducible but not prime. So Lemma shows Z [/=5] cannot be a principal ideal domain.

I Corollary 2.2.24. Let R be a principal ideal domain. Then every non-zero prime ideal is maximal.

Proof. Let I C R be a non-zero prime ideal. Since R is a principal ideal domain, we know I = (r) for some
r € R. Since I # 0 is a prime ideal, we know r is prime by Lemma Therefore, r is irreducible as all primes
are irreducible in integral domains. Therefore, by Lemma [2.2.21] () is maximal. O

In general rings, maximal ideals are prime. Therefore, Corollary [2.2.24] says that in a principal ideal domain,
non-zero prime ideals and maximal ideals are equivalent. Except for the zero ideal which is always prime if R is a
principal ideal domain, but maximal if and only if R is a field.

Exercise 2.2.25. Let R be an integral domain. Suppose that (I,)nen is a family of increasing ideals of R.
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Show that
I=|JI.CcRr
neN

is an ideal of R.

Proposition 2.2.26. Let R be a principal ideal domain, and I, C I, C --- C R an increasing sequence of
ideals in R. Then (I,,)nen is eventually constant. That is, there is some integer N such that I,, = I,,41 for
alln > N.

Proof. Let I =,y In € R. Using Exercise [2.2.25( we have that I is an ideal of R. Since R is a principal ideal
domain it follows that I = (7) for some r € I = (J,, o In. Hence, there is some N € N such that r € Iy. Then,

(MNCINCINy1 C---CI=(r).

which implies that for n > N we have I,, = (7). O

Example 2.2.27. Let I, = (2",2"7'X, ..., 2X"~! X"). Note that I,, contains polynomials such that
» the XO coefficient is divisible, by 2™,

» the X! coefficient is divisible by 2"~!,

» the X"~ coefficient is divisible by 2, and
= higher-order coefficients being arbitrary.

Note that I,11 C I,, as ideals. By the third isomorphism theorem I,,/I,, .1 C Z[X]/I,41. Let f € I,/L11
where f = ag+ a1 X + -+ +a, X" + ..., such that 2"|ag . ..,2|a,—1. Let ai be the representation of ay, in
I,/I,41. Observe that fork =0,...,n if 2"’k+1|ak then aj, = 0, otherwise @i, = 2"~ . Consider the map
¢ : I, — (Z)22)" " where

f — (1 = 12"+1|a0»~ cogl — 12|an) 0

Note o(f) = 0 if and only if 2"~F*+1|a;, for each k = 0,...,n, which happens if and only if f € I,,,1. Clearly,
the map is surjective. Therefore,
In/Inq = (2)22)" 1.

Observe that (Z/2Z)""" has n + 1 generators. Therefore, I,,/I,1 also has n + 1 generators which implies
that I,, has n + 1 generators. In particular, this means that the increasing sequence of ideals (I,)nen C Z[X]
is not eventually constant. Indeed, from Proposition we know that Z[X] is not a principal ideal domain,
and so this example does not contradict Proposition[2.2.26

Remark 2.2.28. A ring R with the property that any increasing sequence of ideals is eventually constant is
referred to as a Noetherian ring. Thus, Proposition[2.2.26 says that every principal ideal domain is a Noetherian
ring.

I Theorem 2.2.29. Suppose R is a principal ideal domain. Then R is a unique factorisation domain.

Proof. Consider statement 2 of Definition [2.2.20] Suppose pi...p, = qi...¢m, where each p;,q; € R is
irreducible. Without loss of generality suppose that n > m. In particular, py | g1 ... ¢n. Since p; is irreducible, it
is prime and so p; | g; for some j € {1,...,m}. Reordering if necessary, we can assume that p; | g1, so ap1 = ¢1
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for some a. Since ¢; is irreducible, a must be a unit meaning p; and ¢; associates. Since R is an integral domain,
we can cancel p; to give

pb2...pn = (CLQQ) q3---A4m,
and replacing g2 with agy we get

P2.--Pn=Gq2..-4m-
Repeating the process m times, we find that, possibly after reordering, p; and ¢; are associates for each i =
1,...,m and
Pm+1---Pn = 1.

If n. > m then this would imply that p,, is a unit giving a contradiction. Therefore, n = m. Now consider statement
1 of Definition 2.2.20] Suppose € R is a non-unit that cannot be factored as a product of irreducibles. In
particular, r cannot be irreducible. So we can write r = r1s1, with r1,s; € R non-units. Since r is not a product
of irreducibles, at least one of 1 and s; cannot be a product of irreducibles either. Without loss of generality
suppose that 71 cannot be factored into irreducibles. Then we can write 7y = ros2 with 79,82 € R non-units.
Again, suppose that 75 is not a product of irreducibles so that we can write o = r3s3 with r3, s3 € R non-units.
By assumption, we can continue this process indefinitely. Consequently, we can construct an increasing sequence
of ideals,

(r)C(r)C(re) € CR

Since R is a principal ideal domain we can apply Proposition [2.2.26] to find an N € N such that

(TN) = (TN—H) = (TNJ,.Q) =....

Since, (ry) = (rn+1) and 7y = ry+1Sn+1 we have that sy1 must be a unit, which is a contradiction. So r
must be a product of irreducibles. Therefore, we can conclude that R is a unique factorisation domain. O

Example 2.2.30. Recall, that Z[i] is a Euclidean domain meaning it is a principal ideal domain and thus a
unique factorisation domain.

Definition 2.2.31. Let R be a ring. An element d € R is a greatest common divisor of a finite sequence
ai,...,an € Rifd | a; foreachi =1,...,n, and if for any other d’ € R such thatd' | a; foreachi=1,...,n
it follows that d' | d.

In general, the greatest common divisor may not exist, however, if it does exist then it is unique up to multiplication
by units.

Proposition 2.2.32. Let R be a unique factorisation domain. Then any aq,...,a, € R that are not all zero
have a greatest common divisor d, and any other greatest common divisor d’ is an associate of d.

Proof. Let p1,...,pm € R be a collection of irreducibles in R such that any irreducible factor of any a; is an
associate of some p;. Moreover, for i # j the irreducibles p; and p; are not associates. Consequently, for each

t=1,...,n we can write
m
Kij
ai =ui [T p;”
Jj=1

where each k;; € Z>¢ and each u; is a unit. Foreach j=1,...,m let l; = min;c(y . n} (kij) and let
m
l.
d:= Hpjj.
j=1
Since I; < k;; for each i = 1,...,n, it follows that d | a; for each ¢ = 1,...,n. Suppose d’ € R also satisfies
d' | a; foreach i =1,... ,n. Then we can write

m
’ c;
d=v | ijJ
=1
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for some unit v, and some ¢; € Z>q. Since d' | a; for each i = 1,...,n we must have ¢; < [; for each
i=1,...,m. Sod'|d, and hence d is a greatest common divisor. Suppose d and d’ are both greatest common
divisors of ay,...,a,. Then they must divide each other and hence are associates. O

We can summarise the main relationships we have established so far with the following hierarchy. Where implica-
tions go down the order.

1. Z.
2. Euclidean domains.
3. Principal ideal domains.
4. Unique factorisation domains.
5. Integral domains.
6. Commutative rings.
7. Rings.
However, we have no implications going up the hierarchy.

1. Q and Z[i] are Euclidean domains but are not isomorphic to Z as rings.
2. 7 {Hi {19] One can check this is a principal ideal domain but not a Euclidean domain.

3. Z[X] is not a principal ideal domain, but we will see it is a unique factorisation domain.
4. 7 [\/—5], is an integral domain but not a unique factorisation domain.
5. Z/6Z, is a commutative ring but not an integral domain.

6. M>(R), is a ring that is not commutative.

2.3 Localisation

Definition 2.3.1. Let R be a commutative ring and (S, ) C (R, -) a submonoid. The localisation S~ R is the
set of equivalence classes of pairs (r,s) with r € R and s € S where (r,s) ~ (r',s') if and only if there exists
at e S such that t(rs' —r's) = 0.

Remark 2.3.2. A pair (r,s), as in Definition (2.3.1, is often denoted as .

If R is an integral domain we add the condition that 0 ¢ S to Definition 2.3:1] So that ¢ # 0 which implies that
(rys) ~ (r',¢") if and only if s’ — r’s = 0 which happens if and only if s’ = r's. If we did not add the condition
that 0 ¢ S then (r,s) ~ (0,0) for all r € R and s € S so that ST'R = 0. Henceforth, we assume that R is an
integral domain with S a multiplicative submonoid with 0 & S.

I Lemma 2.3.3. Show that the relation ~ given in Definition|2.3.1] is an equivalence relation.

Proof. Symmetry and reflexivity are straightforward. For transitivity, suppose (a,b) ~ (¢,d) and (¢, d) ~ (e, f).
This means ad = bc and c¢d = de. Multiplying these equations by f and b respectively, tells us that adf = bef
and bef = bde. So adf = bde. Since d # 0 and R is an integral domain, we can cancel d to find that af = be
which means (a,b) ~ (e, f). O

On the localisation S™'R, we define the following operations.

v (r,8)+ (1, 8) = (rs +1's,s5).
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v (r,8)- (1, 8) = (rr',s8').

r

Notice how the notation (r,s) = £ is justified.

’

. T Z—: = (r,8) + (', s') = (rs’ +1's, ss') = tstr’s

ss’
- 5 ;;j =(r,s)- (1", s") = (rr',ss') = rr’

Let (a,b), (c,d), (e, f) € STIR. Then

9+g_0-b+1~a
1 b 1-b
_¢
b
and so Og-1p = % Similarly,
1a_la
1 b 1b
-2
=7

means 1g-1 = +. Furthermore,

(8 5=

ace

bdf

_a c €
_b'(d'f)

Exercise 2.3.4. Show that the operations + and - on S™'R are well-defined. That is, they respect the
equivalence relation ~.

and so - on ST1R is associative.

I Proposition 2.3.5. The map t: R — S™'R given by «(r) = (r,1) is injective.

Proof. If v (r") = ¢(r) then (+/,1) = (r, 1) which happens if and only if r' = r. Therefore, ¢ is injective. O

I Corollary 2.3.6. If R is an integral domain R then R < S™'R.
Proof. Let 1 : R — S™'R be the map of Proposition [2.3.5| For r1,73 € R we have
tri4+re) = (r1+r2,1) = (r1,1) + (re, 1) = o(r1) + t(r2),

and
t(rirg) = (rire, 1) = (r1,1)(r2, 1) = ¢(r1)e(r2).

Therefore, ¢ is a homomorphism with ker(¢) = {0} by Proposition Therefore, by Theorem [1.3.24| we have

R=~im(1) < S7'R.
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Definition 2.3.7. If R is an integral domain and S = R\ {0}, then ST'R is a field, and is referred to as the
field of fractions of R denoted Frac(R).

Remark 2.3.8. Equivalently, for R an integral domain, its field of fractions is
Frac(R) = {(a,b) e Rx R:b# 0}/ ~

where (a,b) ~ (¢, d) if and only if ad = bc.

Remark 2.3.9. Referring to Frac(R) as a field can be justified.
= The inclusion Frac(R)* C Frac(R) \ {0} is clear as 0 ¢ Frac(R)*.

» Let (r,s) € Frac(R) \ {0}, then by construction r,s € R\ {0} so that (s,r) is also in Frac(R) \ {0}.
Therefore,
(ry8) - (s,m) = (rs,sr) = (1,1)

which implies that Frac(R) \ {0} C Frac(R)*.

Example 2.3.10. The field of fractions of Z is Q. As expected from Corollary[2.3.6 we have that Z is a subring
of Q. The field of fractions of C[X] is

{Z:p,qGC[X],Q#O}-

In general, if F' is a field, we write F(X) for the field of fractions of the polynomial ring F[X].

Proposition 2.3.11. /f A is a commutative ring and ¢ : R — A is a ring homomorphism such that ¢(S) C A%,
then there exits a unique ¢ : S™'R — A such that ¢ = @ o .. Where v is the map given in Proposition

Proof. Let ¢ : ST'R — A be given by ¢((a,b)) = p(a)p(b)~t. Suppose (a,b) = (c,d), then ad = be. Applying
@ it follows that p(a)p(d) = ¢(b)p(c), as ¢ is a homomorphism. Therefore, ¢(a)p(b)~' = p(c)p(d)~t,
which implies that @((a,b)) = @((¢,d)). That is, ¢ respect conjugacy classes and so is well-defined. Let
(a,b),(c,d) € ST'R. Then

¢((a,b) + (¢, d))

(ad + be, bd))
ad + be)p(bd) ™!
= (pla)p(d) + p(b)p(c))e(b) to(d)~!

(2
@

= p(a)p(b) ™ + w(C)w(d) '
= ¢((a,b)) + 4((c, d)).
Similarly,
¢((a,b)(c,d)) = ¢((ac, bd))
= o(ac)p(bd) ™!
= p(a)p(b) " p(e)p(d) !
= &((a,b))¢((c,d))

Therefore, @ is a homomorphism. Suppose that 7 is a homomorphism with the property that ¢ = % o ¢. Then

p(B)D((1,0)) = (b, 1)) ((1,0)) = 9((1,1)) = L.
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Therefore, zﬂg(Lb)) is the inverse of ¢(b), which is unique. Thus using the homomorphism properties of 1) it
follows that 1((a, b)) = p(a)p(b)~* = @((a,b)). Hence, ¢ is the unique homomorphism such that ¢ = gor. O

Definition [2.3.12] provides an alternative, but equivalent, definition of localisation.
Definition 2.3.12. For R a commutative ring and S C R a multiplicative submonoid. The localisation, S~ R,
is the unique ring R’ such that there exists a map + : R — R’ with the following properties.
1. (S) C(R)*.

2. For all commutative rings A, and maps ¢ : R — a with ¢(S) C A*, there exists a unique map ¢ : R’ — A
such that p = @ o.

Corollary 2.3.13. Let R be an integral domain, F' a field and ¢ : R — F' an injective homomorphism. Then
@ = @ou, witht: R — Frac(R), the canonical map and ¢ : Frac(R) — F injective. That is ¢ factors
through the field of fractions of R.

Proof. Let S = R\ {0} and A = F in the context of Proposition Then as ¢ is an injective homomorphism
we have that ¢(S) C F \ {0} = F*. So we can apply the statement of Proposition to obtain a
homomorphism ¢ : Frac(R) — F such that ¢ = @ o¢. As Frac(R) and F are both fields and ¢ is non-zero, it
must be the case that ¢ is injective. O

Corollary 2.3.14. If F is a field of characteristic zero, it contains a subfield isomorphic to Q. If F' is a field
of characteristic p, it contains a subfield isomorphic to Fy,.

Proof. The characteristic of F' is zero if and only if the kernel of the unique ring homomorphism Z — F is
trivial. Using Corollary 2.3:13] it follows that the unique ring homomorphism factors through @, which implies
that Q@ < F. If the characteristic of F' is a prime p, then the kernel of the unique homomorphism Z — F' is pZ.
Therefore, by the first isomorphism theorem we conclude that F, = Z/pZ = F'. O

I Lemma 2.3.15. Let R be a ring and F' a field such that F < R. Then R is a vector space over F'.

Proof. Observe that R is an abelian group with a notion of scalar multiplication by F' coming from the multipli-
cation of R. Using the axioms of the ring one can check that the scalar multiplication by F' satisfies the vector
space axioms. O

Corollary 2.3.16. If F' is a field of characteristic zero then it is a vector space over Q. If F' is a field of
characteristic p then it is a vector space over IF,,.

Proof. This follows directly from Lemma [2.3.15| and Corollary [2.3.14] O

Note that for a commutative ring with a prime ideal I the set S = R\ I is a multiplicative submonoid. The
localisation S™'R is denoted Rj.

Example 2.3.17. Recall, that for a prime p the ideal (p) C 7Z is a prime ideal, and so we can consider Z ).
We can think of this as a subset of Q generated by numbers of the form qp, where q is either

1. a prime number, or

2. the reciprocal of a prime number not equal to p.
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Definition 2.3.18. A local ring is a ring with a unique maximal ideal.

I Lemma 2.3.19. A commutative ring R is local if and only if there is an ideal I such that all r € R\ I are
units.

Proof. (=). Let I be the unique maximal ideal of R. Consider r € R\ I and suppose for contradiction that
(r) # R. As I is a maximal ideal it follows that (r) C I which implies that = € I, which is a contradiction.
Therefore, (r) = R, which in particular means that r is a unit by Lemma

(«<). Let J C R be a proper ideal. Therefore, by Lemma all j € J are not units and so j € I.
Consequently, J C I which implies that I is maximal and moreover unique. O

Proposition 2.3.20. Let R be a commutative ring and let I C R be a prime ideal. Then R; has a unique
maximal ideal given by

I={(r,s):rel,sc R\I}.

Proof. If a ¢ I, then a = (r,s) for s ¢ I. Therefore, a is invertible in R;, and so we can conclude using Lemma

2319 O
Definition 2.3.21. For a commutative ring R, an ideal I C R, and a multiplicative submonoid S C R, the set

S—lfz{;:ses,iel}gs—lR

is an ideal referred to as the image of I under the localisation.

I Proposition 2.3.22. Every ideal I C S™'R is of the form S—'J for some ideal J C R.

Proof. For r € R and s € S note that (r,s) € I if and only if (r,1) € I. Let
J:={reR:(rl)el}.
Then J C R is an ideal and S~'J = 1. O

2.4 Polynomial Rings

Recall that if R is an integral domain then so is R[X]. An important case of this is F[X] when F is a field
as then F[X] is also a Euclidean domain and therefore a principal ideal domain and thus a unique factorisation
domain. Consequently, we deduce the following.

1. If I C F[X] is a non-zero ideal, then I = (f) for some non-zero f € F[X], and I is maximal if and only if
I is prime.

2. An element f € F[X] is irreducible if and only if it is prime.
Moreover, for f € F[X] the following are equivalent.

1. f is irreducible.

2. fis prime.

3. F[X]/(f) is an integral domain.

4. F[X]/(f) is a field.
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Example 2.4.1.
1. Fo[X]/ (X2 +1) is not an integral domain as (X +1)? = X?>+1=0, but X +1 #0.

2. Since X* + X + 1 has no roots in Fy it is irreducible, and thus F3[X]/ (X? 4+ X + 1) is a field.

Definition 2.4.2. If R is a ring, and f € R[X], then f is monic if f = ap + a1 X +...a, 1 X" 14+ 1. X"
That is, f € R[X] is monic if the coefficient of the highest order term is one.

Definition 2.4.3. Let R be a unique factorisation domain, and f = ag + ... + a, X™ € R[X]. Then the
content of f, written c(f), is the greatest common divisor of the set {ag,...,an}.

The content of a polynomial is only well-defined up to associates, though the ideal it generates, (c(f)), is well-
defined.

Definition 2.4.4. Let R be a unique factorisation domain. Then f € R[X] is primitive if ¢(f) is a unit. In
other words, the coefficients of f are all coprime.

Example 2.4.5.
» let f = ag € R[X] be a constant polynomial. Then c(f) = ag, up to associates.
» Let f =2+ 3X +4X? € Z[X]. Then c(f) is a unit meaning f is primitive.

» Lletg=2+4X+6X? € Z[X]. Then c(f) =2, up to associates, so g is not primitive in Z|X]. However,
2 is a unit in Q and so g is primitive in Q[X].

I Lemma 2.4.6. Let R be a unique factorisation domain, and f € R[X]. Then f = ¢(f)- f' for some primitive
' € R[X].

Proof. If f =ag+ -+ a, X" then ¢(f) | a; for each i = 0,...,n. Therefore, a; = ¢(f)b; for some b; € R. In
particular, the greatest common divisor of {by,...,b,} is one. Let f' =by +...b,X™. Then f’ is primitive and

f=cf)- 1" O

I Lemma 2.4.7. Let R be a unique factorisation domain. If f, g € R[X] are primitive, then f-g is also primitive.

Proof. Let f =ap+...a,X™ and g = bg + ... b, X™, with a,,b,, # 0, be primitive in R[X]. Suppose fg is
not primitive so that ¢(f - g) is not a unit. Since R is a unique factorisation domain, there is some irreducible
p € Rwith p | c(f-g). As ¢(f) and c(g) are units we know that p does not divide ¢(f) or ¢(g). Therefore, p
does not divide all a; or all b;, meaning there exists k,1 > 0 with the following properties.

1. p divides ag,...,ar_1 but not a.
2. p divides bg,...,b;_1 but not b;.
Consider the X**! coefficient in f - g which is given by

Z a;bj = (apqibo + - - - + app1bi—1) +arby + (ar—1bip1 + - - + aobigr) -
itj=k+l 0 >

We know p divides (1) as p divides each b;. Similarly, we know p divides (2) as p divides each a;. Hence, as
p divides the X**! coefficient, it must be that p divides axb;. Since p is irreducible and hence prime, p | aj or
p | by, either of which provides a contradiction. So ¢(f - g) is a unit which implies that f - g is primitive. O

29



Corollary 2.4.8. Let R be a unique factorisation domain. Then for f,g € R[X] the content c(f - g) is an
associate of ¢(f) - ¢(g).

Proof. Using Lemma [2.4.6] we can write f = ¢(f) - f' and g = ¢(g) - ¢’ for f', ¢’ € R[X] primitive. Then
frg=c(felg) (f'-g'). As f' and ¢’ are primitive it follows by Lemma that f'- ¢’ is primitive. Therefore,
c(f)c(g) is a greatest common divisor of the coefficients of f - g meaning it is an associate of ¢(f - g). O

Remark 2.4.9.
= Note that Corollary[2.4.8 implies Lemma([2.4.7, However, Corollary[2.4.8 is derived from Lemma[2.4.7,

s We cannot say c(f - g) = c(f) - c(g), since both are only well-defined up to associates.

Lemma 2.4.10 (Gauss' Lemma). Let R be a unique factorisation domain and f € R[X] a primitive polynomial.
Let F' be the field of fractions of R. Then f is irreducible in R[X] if and only if it is irreducible in F[X].

Proof. Let R be a unique factorisation domain, with F its field of fractions, and f € R[X] a primitive polynomial.
(«<=) Suppose f is reducible in R[X]. Then f = gh where g, h € R[X] are both non-units. As f is primitive both
g and h are also primitive. Therefore, if g had degree zero it would be a unit and so under our assumptions, we
have deg(g) > 0. Similarly, deg(h) > 0. Consequently, g and h cannot be units in F[X]. Writing f = gh and
viewing f, g and h as elements of F[X], we see that f is reducible in F[X]. It follows that if f is irreducible in
F[X] then it ought to be irreducible in R[X] too.
(=) Suppose f is reducible in F[X] with f = gh, for g,h € F[X] non-units. As before we must have
deg(g),deg(h) > 0. We can clear denominators by choosing a,b € R\{0} such that ag and bh lie in R[X].
For example, a can be taken to be the product of all denominators of coefficients of g and similarly for b. Let
¢’ = ag and B’ = bh and note these lies in R[X]|. However, h may not be in R[X] and so A’ = bh is not
necessarily a factorisation in R[X]. Similarly, ¢’ = ag is not necessarily a factorisation in R[X]. Using f = gh we
see that

abf = ¢'h € R[X] (2.4.1)

where each factor lie in R[X]. Hence, we can write ¢’ = c(¢') - ¢ and b/ = ¢ (k') - b’ for ¢",h" € R[X]
primitive. Since f is primitive we note that c¢(abf) = ab which, by (2.4.1)), is an associate of ¢ (¢’h’) and thus also
an associate of ¢ (g’) ¢ (k') by Corollary That is, uab = c¢(g') c (h') where u € R*is some unit. Therefore

abf = g'h’

= (g e () g
= uabg”'h”.

Since R[X] is an integral domain and ab # 0, we get

f:U'gN'hN

where u € R* is a unit and ¢”h” € R[X]. Moreover, as ¢g” and h” have positive degrees they are non-units

which means that f is reducible in R[X]. Therefore, we conclude that if f is irreducible in R[X] then it ought to
be irreducible in F'[X] too. O

Corollary 2.4.11. Let R be a unique factorisation domain, and let F' be the field of fractions R. If% e F,
with p and q coprime, is a root for f = ag+ a1 X + -+ 4+ a,X™ € R[X], then plag and qla,,.

Proof. Let f = ¢(f1)f1, where fy is primitive. Then 2 is a root of f, hence, fi = (¢X —p)g for some g € F[X] as
F[X] is a Euclidean domain. Therefore, by Lemma[2.4.10] f; is reducible over R[X]. In particular, fi = (¢X —p)g
for g € R[X]. Writing g = bg + - - -+ b, X" it follows that f; has X coefficient —pby and X" coefficient qb,,_;.
Thus, —bglag and ¢b,,—1|a,, which implies that p|ag and ¢|a,,. O
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Lemma [2.4.10| is useful as checking irreducibility in F'[X] is generally harder than checking it in R[X].

Example 2.4.12.

1. Let f = 1+ X+ X3 € Z[X]. Note that f is primitive as c(f) = 1. Suppose f is reducible in Q[X]. Then
by Lemma we have that f is reducible in Z[X]. Let f = g - h for g,h € Z[X] non-units. As the
coefficients of f are ones, if g and h were constants then they would have to be +1 or 0. However, this
would mean that g and h were either units or zero, which is not the case and so deg(g),deg(h) > 0. As
deg(g)+deg(h) = deg(f) = 3 we can suppose without loss of generality that deg(g) = 1 and deg(h) = 2
and write g = bg + b1 X and h = ¢y + c1.X + co X2, where b;, cj € Z. Since f = g - h, the X0 coefficient
of fis

= boCO

and the X3 coefficient is
= 6102.

As b;,c; € {£1} for each i and j we have g = +1+ X meaning £1 is a root of f. However, computing
f(1) and f(—1) we see that they are both non-zero, giving a contradiction. Therefore, f is irreducible
in Z|X] and thus irreducible in Q[X]. Consequently, Q[X]/(f) is a field. The utility of Lemma
for this problem was in restricting the possible coefficients of g and h.

2. The polynomial f in Lemma needs to be primitive. Indeed, take f = 2X + 2 € Z[X]. Then
f=2(X +1) is reducible, however, as 2 € Q[X] is a unit the polynomial f is not reducible in Q[X].

I Theorem 2.4.13. Let R be a unique factorisation domain. Then R[X] is a unique factorisation domain.

Proof. Consider statement 1 of Definition [2.2.20] Let f € R[X] be non-zero and not a unit. Write f = ¢(f) - f1,
with f; € R[X] a primitive polynomial. Since R is a unique factorisation domain we can factor the content as

o(f) =p1---pn

where each p; € Risirreducible in R. As R C R[X] each p; is also irreducible in R[X]. Next, suppose f is not the
product of irreducibles. In particular, f; itself is not irreducible and so we can write f; = fags with f2, g2 € R[X]
non-units. Since f is primitive we must have that f5 and g, are primitive, and so they cannot be constants. Hence,
deg (f2),deg (g2) > 0. Since deg (f1) = deg (f2) +deg (g2), we must also have deg (f2),deg (g2) < deg (f1). If
f2 and g2 were products of irreducibles then f; would be too. Assume without loss of generality that f5 is not a
product of irreducibles. Apply the same argument to f5 to write fo = f3g3 as a product of non-units. Continuing
gives a sequence (fp)nen € R[X] of non-zero elements, with deg (f1) > deg (f2) > ... > 0. However, we cannot
have an infinite sequence of positive integers which is strictly decreasing, and so we arrive at a contradiction.
Therefore we can write fi = ¢ ... ¢m, with each ¢; € R[X] irreducible. Thus,

f:pl---Pn'Q1-~-Q7m

where all the p; are irreducible constant polynomials, and all the g; are irreducible non-constant polynomials. We
conclude that factorisations into irreducibles exist. Next, consider statement 2 of Definition Let f € R[X]
be non-zero and not a unit. Let ¢(f) = p; ...p, be a factorisation of ¢(f) into irreducibles of R. This is unique
up to reordering and associates since R is a unique factorisation domain. Consequently, it suffices to consider
primitive polynomials. Suppose f’ € R[X] is primitive and that we have factorisations

fl=q...qn=r1...7

where each ¢;,7; € R[X] is irreducible. Each ¢ (g;) and ¢ (r;) is a factor of the unit ¢ (f’) and so each ¢; and r;
must be primitive. Let F' be the field of fractions of R, and consider ¢;,7; € F[X]. By Lemma[2.4.10|each ¢; and
r; is irreducible in F[X]. As F'is a field we have that F'[X] is a Euclidean domain, meaning it is also a principal
ideal domain and hence a unique factorisation domain. So by the uniqueness of factorisation in F[X], we find
that m = [, and possibly after reordering we find that r; and ¢; are associates in F[X] for each ¢ = 1,...,m.
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That is, r; = w;q; for some unit u; € F[X]. In particular, each u; must be a constant polynomial and thus
u; € F, that is, u; = % for some elements a;,b; € R\ {0}. Meaning a;r; = b;q;, where all factors are in R[X].
Recall that r; and g; are primitive, and so by taking the content of both sides we find that a;, b; are associates.
Hence we can write b; = v;a;, for some unit v; € R*. Therefore,

air; = v;a;G;.

Cancelling the a; factor, which we can do as it is non-zero, we find that r; = v; - ¢;, where v; is a unit in R and
hence a unit in R[X]. Consequently, r; and ¢; are associates in R[X] for each i = 1,...,m, implying that the
factorisation into irreducibles is unique up to associates and reordering. O

Remark 2.4.14. There are some comments to be made regarding the proof of Theorem[2.4.13

1. Showing the existence of factorisations was similar to showing that a principal ideal domain is a unique
factorisation domain.

(a) Find factorisations fi1 = faga, fa = f393,... into non-units.

(b) Show this sequence terminates.

2. Showing uniqueness involved taking factors out of the contents to reduce everything to the primitive case,
and then using Lemma|2.4.10 to argue in F[X] which is known to be a unique factorisation domain.

3. lterating Theorem we deduce that if R is a unique factorisation domain then R [X1,...,X,] is a
unique factorisation domain, for n € N.

4. Theorem shows that Z[X] is a unique factorisation domain which we know is not a principal ideal
domain.

Proposition 2.4.15 (Eisenstein's criterion). Let R be a unique factorisation domain, and let f = ag+a; X +
..+ a,X"™ € R[X] be a primitive polynomial with a,, # 0. Let p € R be irreducible such that

= p does not divide a,
= p divides a; for each 0 < i < n, and
= p? does not divide ay.

Then f is irreducible in R[X].

Proof. Suppose that f is reducible in R[X], that is f = gh for g,h € R[X] non-units. Let
= g=>" bX" and
" h= Zé:l Xt

As f is primitive, g and h are primitive. Note that m 4+ [ = n. Moreover, m,l > 1 as if m = 0 then g would
be a constant. Thus as ¢ is primitive it follows that ¢ € R* C R[X]*, which is a contradiction. Let f be the
transportation of f € R[X] to R[X]/(p). In other words, f is f with each coefficient reduced modulo p, similarly
let @ = a+ (p) fora € R. By assumptlon we have that f = @, X". Moreover, f = gh. Looking at the X°
coefficient we see that p|bocy. As p? does not divide ag it must be the case that p divides exactly one of by or
¢p. Without loss of generality suppose that p|cy and p does not divide by, that is ¢ = 0 and bo #0. As R is not
zero, there is some 0 < j < [ such that p|co, ..., plcj—1 but pfc;. Consequently, the X7 coefficient of fis given
by boc; mod p. We know that j # n as [ < n, and so 0 = byc; mod p. However, this implies that p|by or plc;,
which is a contradiction. O
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Example 2.4.16.

» Consider f = X™ — p € Z[X], where p € N is prime. The conditions for Eisenstein’s criterion hold and
so f is irreducible in Z|X]. Therefore, by Lemma it is also irreducible in Q[X]. Consequently, we
deduce that X™ — p has no rational zeroes. That is, Ypis irrational for n > 1.

» Let f=XP 14 XP=24...4+1¢€Z[X], forp €N prime. Note that

XP—1
X -1

Since the coefficients in f are ones, Eisenstein's criterion cannot currently be applied. Instead, we let
Y =X — 1 so that f(X) = f(Y') where f € Z[Y] is given by

; (Y +1P -1
f_#

YP1+<p>Y”2+(p>YP3+...+( P )
1 2 p—1

Now Eisenstein’s criterion can be applied with p as f is primitive and p | (%) for 1 <i < p—1 but p*{
(pfl). Therefore, f € Z[Y] is irreducible. Thus, f = gh in Z|X] would mean f(Y) = g(Y +1)h(Y +1)
which contradicts f(Y') being irreducible. Hence f € Z[X] is irreducible. This is to be expected as we
know the roots of f are e forl < k < p—1, none of which are rational, or even real.

Proposition 2.4.17 (Generalised Eisenstein's Criterion). Let R be a commutative ring, and let f = ag +
a1 X + -+ a, X" € R[X] be a primitive polynomial with a,, # 0. Let P C R be a prime ideal such that

= an ¢ P,
» q; € P foreach 0 <1i<n, and
= qy & P2

Then f is irreducible in R[X].

Remark 2.4.18.
1. In Proposition P2 denotes the ideal generated by elements of the form pips where i, ps € P.

2. In Proposition since we are not assuming R is a unique factorisation domain, the greatest common
divisor of the coefficient need not exist. Proposition only applies to f where the greatest common
divisor exists.

2.5 Noetherian Rings

Recall that a commutative ring R is Noetherian if for a chain of ideals
LCLC---CR
there is some N for which Iy = Iy41=....

Definition 2.5.1. An ideal I C R is finitely generated if there exists a set {ry,...,r,} C R such that
I=(r1,...,m).
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I Proposition 2.5.2. A ring is Noetherian if and only if every ideal is finitely generated.

Proof. (=). Let R be a Noetherian ring. Suppose that an ideal I C R is not finitely generated. Let iy € I, it
follows that (1) C I, with (i1) # I as I is not finitely generated. Consequently, we can choose is € I\ (i1).
Then the ideal (i1,42) is such that (i1) C (i1,i2) C I where (i1) # (i1,42) as ia ¢ (i1) and (i1,42) # I as [ is
not finitely generated. Continuing in the was we generate a chain of ideals

(11) C (41,92) C (i1,12,i3) C--- C T

which is not eventually constant. This contradicts R being Noetherian.
(«<). Let R be a ring for which every ideal is finitely generated. Let

LCEhLClz;--CR
be an ascending chain of ideals. By Exercise 2.2.25 we have that
I=JLCR
i=1

is an ideal and thus must be finitely generated. Suppose that

(i1y.eoyin) =1
and let M be the minimum number such that i € I for each k € {1,...,n}. Consequently, i; € I, for each
ke {l,...,n} and m > M. Therefore, as ideals are additive groups it follows that

I="(i1,..,in) C1Ip
for every m > M. However, as I,,, C I for all m > M we conclude that Ip; = Ip;41 = .... Therefore, R is
Noetherian. 0
Remark 2.5.3. Using Proposition we deduce the following statements.
= Any principal ideal domain is Noetherian.
= Any field is Noetherian.
= Any finite ring is Noetherian.
» For Z[Xy, Xs,.. .| the chain of ideals
(X1) € (X1,X2) C (X1,X2,X3)C ...

is not eventually constant and so Z[X1, Xs,...| cannot be a Noetherian ring.

Proposition 2.5.4. Let R be a commutative Noetherian ring and let I C R be an ideal. Then R/I is
Noetherian.

Proof. Let m : R — R/I be given by x ++ = + I. Let J C R/I be an ideal. Then 7=1(J) C R is an ideal.
Therefore, 7=1(J) is finitely generated by Proposition that is

71—71(‘]) - (rlw"arn)

for some r1,...,r, € R. Consequently,
J=(n(r1),...,7(rn))
and so R/I is Noetherian by Proposition [2.5.2] O

34



Exercise 2.5.5. Let R be a ring and let I C R[X] be an ideal of R[X]. Forn € N let
I, :={r € R: there exists f € I such that f =rX" + ...} U{0} C R.

Show that I, is an ideal of R.

I Theorem 2.5.6 (Hilbert Basis Theorem). Let R be a Noetherian ring. Then so is R[X] is a Noetherian ring.

Proof. Let I C R[X] be an ideal. For n € N let
I, :={r € R: there exists f € I such that f =rX" + ...} U{0}.

By Exercise [2.5.5] we know that I,, C R is an ideal of R. In particular, as X f € I for every f € I it follows that
(In)nen C R is an increasing sequence of ideals. Therefore, as R is Noetherian there exists a N € N such that
Iy =In41 =.... Furthermore, as R is Noetherian, we can use Proposition 2.5.2) to write

In = (Tgn)7 . 7T[(€?7)L))

for 0 <n < N. For each rl(") there exists some fi(n) € I with fi(n) = rgn)X" +....

Claim 1: The ideal generated by the polynomials (fi(")) , which we denote J, equals I.
0<n<N,1<i<k(n)
Proof of Claim 1. Proceed by contradiction and let g € I with g = rX"™ + ... be of minimal degree such that

g¢J.

1. f m <N, then r € I,;, and so

k(m)
r= Z )\irfm)
i=1
for some \; € R. Consequently,

k(m)
gi= Y NS =X e

i=1
Therefore, if g ¢ J then g — g ¢ J. However, deg (g — g) < m which is a contradiction.

2. If m > N, then we know that r € Iy by construction of N. Therefore, we can write

k(N)
r = Z /\ﬂ’EN)
i=1
Consequently,
k(N)
g:=Xx"N Z )\irfN) =rX"+...el.
i=1

Therefore, if g ¢ J then g — g ¢ J. However, deg (g — §) < m which is a contradiction.
With Claim 1 we deduce that [ is a finitely generated ideal, and so R[X] is Noetherian. O

Let F' be a field and consider a set of equations £ C F[Xy,...,X,]. Let I be the ideal (£). As F is Noetherian

the polynomial ring F[X1,...,X,] is also Noetherian by applying an induction argument to the Theorem 2.5.6]
Hence, every ideal of F[X1,...,X,] is finitely generated meaning

(fla"'7fk):I
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forsome fi,..., fr € F[X1,...,Xy,]. Fora = (ai,...,a,) € F" consider the homomorphism ¢, : F[X1,..., X,] —

F defined by

¢(¥(X7?) = Q4
for 1 <4 < n. Then « is a solution to the equations £ if and only if (¢) C ker(¢,) which happens if and only if
(f1,--+, fr) C ker(¢n). Remarkably, what we observe is that we can solve the potentially infinite set of equations
& by determining whether a solves the finite set of equations f1,..., fk.

2.6 Algebraic Integers

Previously, we encountered rings such as Z[i] and Z [\/—5 . We want to generalise these ideas to define rings
such as Z {e%}

Definition 2.6.1. A complex number oo € C is an algebraic integer if it is the root of some monic polynomial
f €Z[X]. Thatis, f(o)=0.

Example 2.6.2.
1. o =1 is an algebraic integer as f(i) = 0 for f(X) = X2 + 1.
2. a=/2 is an algebraic integer as f (v/2) =0 for f(X) = X? — 2.

Remark 2.6.3. There are only countably many polynomials with integer coefficients, and as each of these
can only have finitely many roots we deduce that the set of algebraic integers is countable. Therefore, not all
complex numbers can be algebraic integers as C is uncountable.

Definition 2.6.4. For « € C an algebraic integer, we write Z[a] < C for the smallest subring containing c.
More specifically,
Zla) := ﬂ S

S<C,a€cS

where the intersection is over subrings S < C containing «.

Equivalently, we can let ¢, : Z[X] — C be the homomorphism sending f to f(«), and let Z[o] = im (¢,) < C.

By Theorem [1.3.24| we have that
Zlo] = Z[X]/ ker (¢a)

where ker (¢,,) is non-empty by construction.

Proposition 2.6.5. Let o € C be an algebraic integer, and let ¢, : Z|X] — C be the homomorphism sending
f to f(a). Let I =ker (¢,) C Z[X]. Then the ideal I is principal with I = (fy), for some f. € Z[X] which
is irreducible and monic.

Proof. As « is an algebraic integer, there is some monic f € Z[X] such that f(o) =0 andso I #0. Let f, €1
be a non-zero polynomial of minimal degree in I. If f, is not primitive, we can write f, = ¢(fq) - f, for some
primitive f! € I and thus we can assume that f, is primitive. Let h € I. By the Euclidean algorithm in Q[X],
we can write

h = fa g+

for some ¢,r € Q[X], with r = 0 or deg(r) < deg(fs). By clearing denominators we know there is some
a # 0 € Z such that ag, ar € Z[X] with
ah = fa - (ag) + (ar).
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Evaluating at « shows that ar(«) = 0 and so ar € I. Since f, has a minimal degree among non-zero elements
in I, we must have ar = 0 which implies that » = 0. Hence, ah = (aq) - fo is a factorisation in Z[X]. Taking
contents we get

where equality is only up to associates. So a | ¢(aq) which implies ag = aq, for some ¢ € Z[X]. Since a # 0 we
must have ¢ = q¢ € Z[X]. Therefore, h = f, - q € I and so it follows that I = (f,). Since Z]a] < C and Z[X]/I
is an integral domain we know that I is a prime ideal and hence f, is prime which implies it is irreducible. Since
I contains some monic polynomial f and f, | f, the leading coefficient of f, must be a unit in Z, that is +1. If
it is —1, we take — f,,. Either way, we may assume f, is monic. O

Remark 2.6.6. Requiring f, to be monic in Proposition [2.6.5 ensures that f, is determined uniquely.

Definition 2.6.7. For « € C an algebraic integer, we call the polynomial f, of Proposition the minimal
polynomial of c.

Example 2.6.8.

1. a = (1 +i)V/3 is an algebraic integer as f ((1+1i)V3) = 0 for f(X) = X* + 36. In particular, the
linear factors of f over C[X] are (X — (£1+1i)v/3). As C[X] is a unique factorisation domain, f is a
product of some of these linear factors. The only combination leading to an integer polynomial gives rise
to f. Therefore, f is the minimal polynomial of c.

2. o =i+ /3 is an algebraic integer as f(a) =0 for f(X) = X* — 4X? 4 16. Using similar arguments as
to those made in statement 1 we deduce that f is the minimal polynomial of c.

Exercise 2.6.9. Show that 2 cos (27”) is an algebraic integer, and find its minimal polynomial.
I Lemma 2.6.10. Let o € Q be an algebraic integer. Then o € Z.

Proof. Let f, € Z|X] be the minimal polynomial of . Then f, is irreducible and primitive. Hence, by Lemma
2.4.10| we have that f, is irreducible in Q[X]. Since fo(a) =0 and o € Q we know that X — « | fo in Q[X].
Since f, is irreducible and monic this implies that f, = X — «. Since f, € Z[X] we must have a € Z. O

Example 2.6.11.

1l a= % (1 + \/3) is not an algebraic integer. Suppose it were an algebraic integer with f(a) = 0 for
f € Z[X]. As f(X(1 — X)) is monic it follows that a(1 — a) = —1 is an algebraic integer. However,
this contradicts Lemma

2. a= % is not an algebraic integer. Suppose it were an algebraic integer with f(a) = 0 for f € Z[X]
monic. As f (X?) € Z[X] is monic it follows that o® = 3 is an algebraic integer. However, this

contradicts Lemma|2.6.10

Remark 2.6.12. The set of algebraic integers is a subring of C.
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We now turn our attention to a specific subring of algebraic integers, namely Z[i]. This is a unique factorisation
domain for which we will characterise its prime, and hence irreducible, elements.

Proposition 2.6.13. Let p € N be a prime number. Then p is prime in Z[i] if and only if p cannot be written
as a® + b% fora,b € Z \ {0}.

Proof. (=). If p=a® + b?, then p = (a + ib)(a — ib). Meaning p is not irreducible and so it is not prime.

(«<). Suppose p is reducible in Z[i]. That is, p = uv with u,v € Z[i] non-units. Taking the norm squared, we
find that p? = |u|?|v|?. Since u,v are not units, we must have that |u|?, [v|?> # 1 and so |u|? = p and |v]? = p.
If w = a4+ ib, this says that p = a2 + b2. O

Lemma [2.6.14]is a technical lemma that will allow us to say more about the primes in Z[3].

Lemma 2.6.14. Let p € N be a prime number, and let F,, = Z/pZ be the field with p elements. Then
F) = Cp-1 is cyclic of order p — 1.

Proof. Note that [F)* has order p— 1, and is abelian. From the classification of finite abelian groups, if )} is not

cyclic then it contains a subgroup isomorphic to C,,, x C,,, for some m > 1. Consider the polynomial f = X" —1.

All elements of C,,, x C,, are roots of f, so f has at least m? roots and hence it has at least m? distinct linear

factors. However, F,,[X] is a unique factorisation domain so it cannot have more than m distinct linear factors.

Therefore, F; is cyclic and of order p — 1 meaning F; = C),_;. O

Theorem 2.6.15. The primes in Z[i] are one of the following, up to associates.
1. Prime numbers p € N C Z[i] which are equal to 3 mod 4.

2. z € Z[i] such that |z|? = p, with p € N a prime number which is either 2 or 1 mod 4.

Proof. If p € N is prime and equal to 3 mod 4, then p # a? + b? for any a,b € Z as any square number is always
0 or 1 mod 4. Therefore, using Proposition it follows that p is prime in Z[4]. Similarly, if |z|> = p is prime
and z = uw, then |u|?|v|? = p. Without loss of generality suppose that |u|? = 1 which implies it is a unit. Hence,
z is irreducible and thus prime in Z[i]. Now we show that irreducibles, and thus prime, elements of Z[i] satisfy
statement 1 or statement 2. Let z € Z[i] be irreducible. It cannot be a unit and so |z|? > 1. Moreover, Z is also
irreducible. So |z|? = 2% is a factorisation of |z|? into irreducibles. Let p € N be a prime factor of |2|? > 1. Then
p | 2Z in Z][i].

1. If pis 3 mod 4, then p is prime in Z[i]. Sop | z or p | Z. Noting p = p, either way, we must have p | z.
Since both p and z are irreducible, they must be associates. So z satisfies statement 1.

2. If pis 1 mod 4, then p — 1 = 4k for some k € Z and so IF; = Cy by Lemma Let a € IF; be an
element of order 4. Then a? is an element of order 2, of which there is only one, namely a? = —1. So there
is some a € Z with p | a® + 1. In other words, p | (a +i)(a —i) = a®> + 1. If p = 2, we also note that
pl(a+i)(a—1i)fora=1. As, pfa+ifor any prime p we note p is not prime in Z[i]. Thus we can write
p = 2129, With 21, 29 € Z[i] non-units. Taking the norm squared we deduce that

2 2 2
p” = a1 22"
. . 2 2 _ _ .
Since z1, 2o are not units, we must have |z1|° = |22|” = p. Therefore, p = 2121 = 292y = 2122 which

implies that 213 = z3. So p = 21z divides |2|? = zz. As z is irreducible and Z[i] is a unique factorisation
domain we must have that z = z; or z = z;. Either way |z|?> = p. and z satisfies statement 2.

O

Remark 2.6.16. The upshot of Theorem is that the problem of finding primes in Z[i] is made equivalent
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to finding sums of two squares which are prime.

Corollary 2.6.17. An integer n € N is a sum of two squares, n = x* + y?, if and only if when we write
n=pi*...py* as a product of powers of distinct primes, n; is even whenever p; is 3 mod 4.

Proof. (=). Suppose n = x? + y? so that n = |z + iy|>. Let z = = +iy. Write 2 = a1 ...q,, where each
o € Z[i] is irreducible. Then n = 2z = |ay|*... |qu|2. By Theorem each |ay|” is either p? for p equal to
3 mod 4, or is a prime p which is 2 or equal to 1 mod 4. Consequently, each prime which is 3 mod 4 appears an
even number of times in the prime factorisation of n.

(<). Write n = p!" ...py* as a product of powers of distinct primes. If p; is 2 or equal to 1 mod 4, then
2

. Since |- |? is

n;

p;°
multiplicative, we find that n = |3|? for some 3 € Z[i]. That is, n is the sum of two squares. O

Py = |ai|2 for some «; € Z[i] which implies that p}'* = |a;" 2 I p; is 3 mod 4, then pit =

Example 2.6.18. Consider 65 =5 x 13. As 5 and 13 are both congruent to 1 mod 4, Corollary|2.6.17 tells us
that 65 is a sum of two squares. Moreover, the proof of Corollary[2.6.17] gives us a way to write 65 as the sum
of two squares. First, we factor 5 and 13 into irreducibles in Z[i] as

5=(2+14)(2—1)

and
13 = (2 + 3i)(2 — 30).
Then we can write
65=12+i> 243> =[(2+)(2+3)> = |1 + 8> =1 + &
and
65=](2414)(2—30)> = |7 — 44> = 4> + 7%

As Zli] is a unique factorisation domain we know these are the only ways of writing 65 as a sum of two squares.

2.7 Solution to Exercises
Exercise [2.1.10

Solution. Let R = {rg,r1,...,75} be a ring where ro = 0 and ;1 = 1. For r € R\ {0} consider the map
¢r : R — R given by ¢,(r;) = rriy. If ¢.(r;) = @,(r;) then rr; = rr; which implies that r(r; —r;) = 0 meaning
r; = r; as R is an integral domain. Therefore, ¢, is injective and thus surjective as R is finite. In particular, ¢,
is a bijection. Therefore, there exists an r; such that ¢, (r;) = 1 which implies that rr; = 1. Moreover, as R is
commutative we have that rr; = 1, hence r; is the unique multiplicative inverse of r. Repeating this for each
r € R\ {0} we conclude that each non-zero element has a multiplicative inverse and hence R is a commutative
division ring, namely R is a field. O

Exercise 2.2.11]

Solution. Let p € R\ {0}. Then 1 = ¢gp + r for some ¢,r € R with 8(r) < 6(1) or r = 0. Since 6(s) = 0 for
every s € R it follows that » = 0. Therefore, 1 = ¢p which means that p € R*. It follows that R = R*{0}
which means that R is a field. O

Exercise 2.2.13]
Solution. Let ¢ : Z [V/2] — Z>¢ be given by

a—|—b\@|—>|(12—2b2 .
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For a,b,c,d € Z we have

¢ (<a+b\@) (c+d\@))

¢(ac+2bd+ (ad + be) \@)

|(ac)? + 4abed + 4(bd)* — 2 ((ad)? + 2abed + (be)?) |
|(ac)® + 4(bd)? — 2(ad)? — 2(bc)?|
|(a% = 26%) (¢* — 2d%) |

(a+b\/§) ¢(c+d\/§) .

Moreover, if ¢ (a + bv/2) = 0 then a* = 2b>. We can assume that a, b are positive, as if a, b is a solution then so
are —a,b and a, —b and —a, —b. Similarly, we can assume that a, b are non-zero, as if a = 0 then b = 0 and vice
versa. So 2|a meaning a = 2k, which implies that 4k? = 2b which implies 2k? = b2. Therefore, b = 2p which
implies that k2 = 2p%. As k < a and p < b we get ever smaller solutions which is a contradiction. Therefore, for
a+bv2 # 0 we have ¢ (a+ bv/2) > 0, and as it is an integer it must be greater than equal to one. Therefore,

P(zw) > p(w) for all z,w € Z [v2] \ {0}. Next, let a +bv2,c+dv2 € Z [V2]. Then

Zi;g = (ac 2bci)2t(2b;2— ad)V2 =71 +79V2€Q [\/ﬂ :

We can find ¢1,¢2 € Z such |ry — q1] < % and |rg — go| < % Then let
F=(r—q)+ (r2— q2)V2

so that

a+bv2= (q1+q2x/§) (c+d\/§) + (c+d\/§)f~

Note that (c+ dv/2) 7 € Z [v/2] as the two other terms in the above expression are in Z [/2]. Moreover,

o ((c+av2)7) =6 (c+dv2) o ()

Therefore, Z [\/ﬂ is a Euclidean domain.
Exercise [2.2.25|

Solution. As I; is an abelian group we have Op € I; which implies that Og € I. For z,y € I, we have that
x € I; and y € I; for some 7,5 € N. Suppose without loss of generality that ¢ < j, then as I; C I; we have
x € I;. As I; is an abelian group we have x 4y € I; which implies that x +y € I. Therefore, I is an abelian
group. Similarly, let 7 € R, then for = € I we have that z € I; for some i € N. As I; is an ideal we have rz € I},

which implies that rx € I. Therefore, I is an ideal.

Exercise 2.3.4]

Solution. Suppose that (a1, b1) ~ (ag,b2) such that a1by = agb;. It follows that

(a1,b1) + (¢,d) = (a1d + byc, bid)
= (board + bab1d, babi d)
= (agb1d + bab1d, babi d)
— (asd + bad, byd)
az, ba) + (¢, d).

~ o~~~
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Similarly,

(a1,b1)(c, d) =

(arc,bid)

= (baaic, bobid)
= (agbyc, babid)
= (azc, bad)

= (

ag; ba)(¢, d).

Exercise [2.6.9)
Solution. Let y = cos (2F) + isin (%) and a = 2cos (2°). Note that

1 1 1
v3+72+7+1+;+$+—:0.

As
] azv-l—%,
s a2 =72+ 2—i—2 and
. of —’y—i— L+ 3a

we deduce that
a3+a2—2a—1:0,

which implies that « is an algebraic integer. Moreover, this tells us that f,| X3+ X2 —2X —1. As X3+ X?-2X -1
is irreducible in Z[X] it follows that
fo=X>+X?-2X -1
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3 Modules

3.1 Definition and Examples

A module to a ring is similar to what a vector space is to a field. Various parts of the theory of vector spaces will
carry over, but many will not. In this section, we will consider a ring R that is not necessarily commutative.

Definition 3.1.1. An R-module is a set M with operations + : M x M — M, - : Rx M — M and an element
Opr € M such that (M, +) is an abelian group with additive identity 0p; € M. Moreover, for all r,r' € R and
m,m’ € M the following statements are satisfied.

1L (r+7) m=r-m+r-m.
2r-(m+m)=r-m+r-m.
3 r-(r-m)y=(©-r") -m.

4. 1R~m:m-1R:m.

Remark 3.1.2. In Definition [3.1.1 we multiply elements of M by elements of R on the left. Consequently,
we refer to such modules as left modules. There is an analogous notion of a right module, whose theory is
essentially the same.

An alternative characterisation of modules is given by homomorphisms. Recall that for an abelian group A, the
set End(A) is the set of group homomorphisms A — A. In particular, End(A) is a ring.

Definition 3.1.3. An R-module is an abelian group M equipped with a ring homomorphism ¢ : R — End(M).

Given such a ¢, for r € R and m € M we write r - m for (¢(r))(m).

I Proposition 3.1.4. Definition [3.1.1] and Definition [3.1.3 are equivalent.

Proof. Suppose that R x M +— R satisfies the structure of a left R-module as given in Definition [3.1.1] and
consider ¢ : R — End(M) where ¢(r)(m) =r - m.

= By the structure of a R-module we know that
@(r)(my+mz) =r-(mi+ma) =71 -my+r-mg=ep(r)(m)+e(r)(m).
Moreover, ¢(r)(0) =r -0 = 0. Therefore, ¢(r) : M — M is a homomorphism, and thus ¢ is well-defined.

= By the structure of a R-module it follows that
@(ry +r2)(m) = (r1+r2) - m=ri-m+ry-m=p(r)(m)+ ¢(rz)(m).

Moreover,
(p(r1) op(r2))(m) =711 (r2-m) = (r1-12) - m = @(r1 - r2)(Mm).

So, ¢ is a homomorphism.

Conversely, it is clear that if we have a homomorphism ¢ : R — End(M) then M possess the structure of
an R-module due to the properties of . Moreover, constructing the homomorphism on the R-module that
© represents is the same as ¢ which shows there is a one-to-one correspondence between Definition [3.1.1] and
Definition 3.1.3 O

One can think of an R-module as an R-action on an abelian group.
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Example 3.1.5.
= Let F be a field. Then an F-vector space is a F'-module.
» letI C R be anideal. Then I is an R-module, through the R-actionr-a:=r71-ga, forr € Randa € I.

= R is an R-module. More generally, for n > 1 we have that R"™ is an R-module through the R-action
(T, ) = (1T, )

» IfI C R is a two-sided ideal, then R/I is an R-module through the R-actionr - (a+I):= (r-a)+ I.

» A Z-module is equivalent to an abelian group. Let A be an abelian group. Forn € Z and a € A we let

a+---+a n>0
—_——

n

TETY(—a)+ -+ (-a) n<O.

In|
Alternatively, there is a unique ring homomorphism Z — End(A) and so we can use this to endow A
with the structure of a Z-module.
3.2 Constructions

Definition 3.2.1. Let My, ..., My be R-modules. Their direct sum written My & ... & My, is the abelian
group My X --- X My, with
re(my,...,mg) = (r-my,...,7 mg).

Example 3.2.2. As R is an R-module we can let R" = R® --- ® R.
—_———

n

Definition 3.2.3. A subset N C M is an R-submodule if it is a subgroup of M such that forr € R andn € N
we haver -n € N. In such a case, we write N < M.

Example 3.2.4.
1. For an R-module M, the sets {0} and M are submodules M.
2. A subset I C R is a submodule if and only if I is an ideal.

3. If F is a field, submodules and sub-vector spaces coincide.

Definition 3.2.5. Let N < M be a submodule. The quotient module M /N is the abelian group M /N, with
R-actionr - (m+ N) := (r-m) + N.

Remark 3.2.6. Groups have both subgroups and normal subgroups. Normal subgroups are a special type of
the former that ensures quotient groups are well-defined. Similarly, rings have subrings and ideals, neither of
which is a special type of the other but ideals ensure quotient rings are well-defined. Modules have submodules,
which are sufficient to ensure that quotient modules are well-defined.
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Definition 3.2.7. Let R, R’ be rings, with M an R-module and M’ an R'-module. Then M x M’ is an
R x R’-module, with action
(r,r") - (mym/) == (r-m,r"-m').

Definition 3.2.8. Let R be a commutative ring with S C R a multiplicative submonoid and M an R-module.
The localisation of M by S denoted S~1M, is the set of equivalence classes of pairs (m,s) form € M and
s € S where (m,s) ~ (m',s") if and only if there is at € S such that t(ms' —m's) = 0.

Remark 3.2.9. With the natural structure of the abelian group and the S~'R-action (r,t) - (m, s) = (rm,ts)
for (r,t) € ST'R and (m,s) € ST M the localisation of M by S is a S~' R-module.

3.3 Homomorphisms

Definition 3.3.1. A map ¢ : M — N between R-modules is an R-module homomorphism if it is a homomor-
phism of abelian groups, and ¢(r - m) =r - ¢(m) for allr € R and m € M.

An isomorphism is a bijective homomorphism.

I Proposition 3.3.2. The composition of R-module homomorphisms is an R-module homomorphism.

Example 3.3.3. The ideals (2), (3) C Z are distinct as ideals of Z. However, through the map ¢ : (2) — (3)
given by 2k — 3k we see that (2) and (3) are isomorphic as R-modules. More generally, if R is an integral
domain and r € R\ {0}, then R and (r) are isomorphic as R-modules.

Many proofs for this section are omitted as they follow analogous arguments as those made for rings.

Theorem 3.3.4 (First Isomorphism Theorem for Modules). Let ¢ : M — N be an R-module homomorphism.
Then the following statements hold.

1. ker(¢) < M.
2. im(¢) < N.
3. M/ker(¢) = im(¢).

Definition 3.3.5. The cokernel of an R-module homomorphism ¢ : M — N, written coker(¢), is the quotient
module N/im(¢).

Remark 3.3.6. The image of a ring homomorphism is not necessarily an ideal, similarly, the image of a
group homomorphism is not necessarily a normal subgroup. Therefore, the cokernel for these objects is not
well-defined.

Theorem 3.3.7 (Second Isomorphism Theorem for Modules). Let M be an R-module and consider A, B < M.
Then the following statements hold.

1. A+ B:={a+b:ac€ Abe B} <M.
2. AnNB< M.
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| 3. (A+ B)/A~ B/(AN B).

Remark 3.3.8. More generally, for S C N, if (Ai)ies is a collection of submodules, then

> A<M,

i€S
where the left-hand side is the set of finite sums of elements of the A;. Similarly

() 4i<M.

i€S

Theorem 3.3.9 (Third Isomorphism Theorem for Modules). For M and R-module consider N < L < M.
Then the following statements hold.

1. L/N < M/N.
2. M/L= (M/N)/(L/N).

Proposition 3.3.10. For M an R-module let N < M. Then there is a bijection between submodules of
M/N and submodules of M that contain N.

3.4 Generating Modules

Definition 3.4.1. Let M be an R-module and consider m € M. The submodule generated by m is
Rm:={r-m:re€ R} <M.
Alternatively, one can consider the homomorphism ¢,,, : R — M given by r +— r - m. Then
Rm = im(¢p,).
Using this we have ker(¢,,) < R which is referred to as the annihilator of m, in particular,
Ann(m):={re R:r-m =0} = ker (¢n,) -

As Ann(m) < R, it follows that it is a two-sided ideal of R. Moreover, by the first isomorphism theorem for
modules we have that
Rm = R/Ann(m).

Definition 3.4.2. An R-module M is finitely generate if there are elements {my,...,m,} C M, such that

M=Rmqi+---+ Rm,

={rimi+---Framy:71,...,7n € R}.

Example 3.4.3. If F' is a field and M is an F-module, then M s finitely generated as an F-module if and
only if it is finite-dimensional as an F'-vector space.

Lemma 3.4.4. An R-module M is finitely generated if and only if there is a surjective R-module homomor-
phism R™ — M.
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Proof. (=). Suppose M = Rmy + --- + Rm,, and let ¢ : R" — M be the R-module homomorphism given by
(F1,..yTn) > rimy + -« + rymy,.

Note that ¢ is surjective by assumption.
(«<). Suppose ¢ : R" — M is a surjective R-module homomorphism. Let

m; = ¢((0,...,0,1R,0,...,0)).
"

Then M = Rmy + ---+ Rm,, as ¢ is surjective. O

I Corollary 3.4.5. Let M be a finitely generated R-module. If N < M then M /N is finitely generated.

Proof. By Lemma [3.4.4] there exists ¢ : R" — M a surjective R-module homomorphism. As the quotient map
¥ : M — M/N is surjective, the composition ¢ o9 : R™ — M/N is also surjective. Therefore, by Lemma
it follows that M /N is finitely generated. O

Proposition 3.4.6. Let R = Z[X;,Xs,...] and let I be the ideal I = (X1,Xs,...) CR. ThenI < R is
not a finitely generated R-module.

Proof. We note that I < R as I C R is an ideal of R. Suppose I = (f1,..., fx) is finitely generated. Let p € N
be the largest number such that X, appears in any of the f;. Then X, 1 € I but X1 ¢ (f1,..., fr) which
contradicts (f1,..., fx) generating I. O

Remark 3.4.7. The converse of Corollary [3.4.5] does not hold. That is if M is a finitely generated R-module
and N < M, then it is not necessarily the case that N is finitely generated. An explicit example is given by
Proposition as R = R1 is a finitely generated R-module.

3.5 Free modules

Definition 3.5.1. Let S be a set. The free module over S, written RS, is

RY) = @R = {(xi)ies :x; € R, x; = 0 for all but finitely many Z}
i€S

with coordinate-wise addition and R-action.

I Proposition 3.5.2. For a ring R and a set S, the free module R\5) is finitely generated if and only if S is
finite.

Proof. («<). If |S| = n, then R) = R 5o there is a surjective homomorphism R" — R) . Therefore, by
Lemma it follows that R(S) is finitely generated.

(=). Suppose S is infinite and RY) = Rmq + --- + Rm,,. Write each m;, = (:cgk)) ‘ € R and consider
(S
T := {iGS:x,Ek)#Oforsomelgkgn}QS.
Note that 7" is a finite set, however, S is infinite and so we can find some s € S\T'. Let a = (a;);cg € R®) be

the element where
1 1=s
Qi = .
0 i#s.

Then a ¢ Rmy + --- + Rm,,, which contradicts {m;,...,m,} generating R(®). Therefore, if R(%) is finitely
generated it must be the case that S is finite. O
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Theorem 3.5.3. Let R be a non-trivial commutative ring. Then R is a field if and only if every finitely
generated R-module is free.

Proof. (=). Let R be a field and let M be a finitely generated R-module. Let n be the minimum size of a
generating set for M.

Claim 1: If S C M is linearly independent then |S| < n.

Proof of Claim 1: If |S| > n then {vy,...,v,41} C S is linearly independent. Suppose M is generated by
{mi,...,mu}. The for 1 <i<n+ 1 we can write

n
V; = E aijmj.
j=1

Let A = (aij) € M(u41)xn(RR), where recall R is a field. For z € R™ problem ATz = 0is a system of n + 1
equations in n variables and so there exists a non-zero solution = € R™ \ {0}. Hence,

n+1 n

-
inui = Z (A x)j mj =0,
i=1 j=1

which contradicts the linear independence assumption.
Claim 2: If S C M is linearly independent and v ¢ span(.S), then S U {v} is linearly independent.
Proof of Claim 2: Suppose that S U {v} is not linearly independent such that exists a,a; € R, with at least one

being non-zero, such that
n
av + Z a;v; = 0.
i=1

Since S is linearly independent it must be the case that a # 0. Since R is a field we have a € R* and so

n
_ -1
V=—a a;V;
i=1

which contradicts v not being in the span of S.

If M = {0} then M is free. If M # {0} let S1 = {v1} for some v; # 0. Then S is linearly independent as R
is a field meaning it has no non-zero zero divisors. If S; spans M then Sy is a basis for M and we are done. If
not, using Claim 2, we can extend S; to and linearly independent set So = {v1,v2} where vo & span(Sy). We
can continue this process, which must terminate by Claim 1. Therefore, M has a basis and is thus free.

(«<). Suppose that R is not a field. Then there exists an a € R\ {0} that is not a unit. Consider the R-module
M = R/(a). Let m € M, then a-m = 0. Thus if f : M — R is an isomorphism it follows that a - m = 0 for
all m € R®).

Claim 3: If r - m = 0 for all m € R then 7 = 0.

Proof of Claim 3: If S = () then the claim is true. Suppose S # (. Let s € S and let m = (z;);cs be such that
x, = 1. Restricting 7 - m = 0 to the s'" coordinate gives r =7 -1 =10 € R.

Using Claim 3 it follows that a = 0 which is a contradiction. Therefore, R is a field. O

Remark 3.5.4. Theorem[3.5.3 is equivalent to the axiom of choice.

Definition 3.5.5. A subset S C M generates M freely if the following statements hold.

1. S generates M as an R-module, namely

R-S:= {ers : rs € R with only finitely many non-zero} =M
ses
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2. For any R-module N, a map v : S — N can be extended to an R-module homomorphism ¢ : M — N.

Remark 3.5.6. Suppose that S C M generates M freely as formulated in Definition and suppose that
¢,¢' : M — N are extensions of the map ) : S — N. Then ¢ — ¢' : M — N is a homomorphism sending all
of S to zero, meaning S C ker (¢ — ¢'). Since S generates M, this implies ker (¢p — ¢') = M. In other words,
¢ = ¢’ and so the extension of ) to an R-module homomorphism is unique.

Definition provides an alternative, but equivalent, definition for a free module.

Definition 3.5.7. An R-module M is free if it is freely generated by some subset S C M. Such a subset
S C M is called a basis for M.

I Proposition 3.5.8. Definition and Definition are equivalent.

Proof. Suppose that M = R(5). Note that we can identify S as a subset of M by considering the elements
(77);cg Where

R 1 i=s
T = .
0 otherwise.

Then (7). generates M as an R-module. Let N be an R-module and let ¢ : S — N be a map. Then the
map ¢ : M — N given by

(@:),es = > wi - (i)

€S

is a homomorphism extending 1. Therefore, S generates M freely. Conversely, suppose that S C M freely
generates M. Let ) : S — R() be given by s (77);cg- This extends to a homomorphism ¢ : M — R®)

which is an isomorphism as the map (;);cg = > _;cg @i - @ is its inverse. Therefore, M = R, O

i€S

Lemma 3.5.9. Suppose M and N are R-modules where M is free with a basis S C M and N is free with a
basis T'. If there is a bijection between S and T then M = N as R-modules.

Proof. Consider the injective functions iy, : S — M, given by the inclusion map, and iy : S — N, given
by composing the bijection from S to T with the inclusion map of 7" into N. Since S generates M freely it
follows that iy extends to a R-module homomorphism 6y : M — N. Similarly, iy; extends to a R-module
homomorphism 05, : N — M. Note that 0y, 00y oipr = ipr and idps oipr = ips. Hence, ip7 1 S — M extends
toOppoln : M — M and idy; : M — M. As the extension is unique, by the arguments of Remark it
follows that 0, 0 85 = idjps. Similarly, we have O 06y, =idy and so M = N. O]

Definition 3.5.10. A set of elements {my,...,m,} C M is linearly independent, if whenever

Tl'm1+"'+7ﬂn'mn:0

forr; € R we haver; = --- =1, =0.

Proposition 3.5.11. For a subset S = {m1,...,m,} C M the following statements are equivalent.
1. S generates M freely.
2. S generates M and S is linearly independent.

3. For every m € M we can write
m=7ry-mip+...+7r, -my
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I uniquely for r; € R.

Example 3.5.12.

1. Consider 7./27. as a Z-module. Suppose Z./27 were freely generated by S C 7,/2Z, then S = {1} since
any set containing zero cannot be linearly independent. But S is not linearly independent as 2 -1 =0
with 2 # 0. Therefore, Z/2Z is not freely generated as a Z-module.

2. The subset {2,3} C Z generates 7, however, it is not linearly independent as 3 -2+ (—2) -3 = 0.
Therefore, {2,3} does not generate Z freely. For an F-vector space V' recall that if S spans 'V but is not
linearly independent, then one can discard elements of S to arrive at T' C S that is linearly independent
whilst still spanning V. However, no subset of {2,3} freely generates Z.

Definition 3.5.13. For a finitely generated R-module M, there exists a surjective R-module homomorphism
¢ : R" — M for somen € N by Lemma|[3.4.4 The relation module for those generators is ker ().

Definition 3.5.14. A finitely generated R-module M s finitely presented if there exists a surjective homomor-
phism R™ — M that has a finitely generated kernel.

Remark 3.5.15.

1. Equivalently, we can say that an R-module M s finitely presented if M is isomorphic to the cokernel of
some homomorphism ¢ : R™ — R™. To see this we note that a surjective homomorphism ¢ : R" — M
exists as M is finitely generated. Similarly, for some m there exists surjective homomorphism ¢ : R™ —
ker(¢). As ker(¢) < R™ we have that ¢ : R™ — R™. In particular, by the first isomorphism theorem,
we have that

coker(¢) = R™/ ker(p) = M.

2. Note that a finitely presented module is finitely generated, however, a finitely generated module is not
necessarily finitely presented.

I Proposition 3.5.16. Let M be an R-module with N < M. If M/N is free then M = N & M/N.

Proof. As M/N is free it has a basis S = (s; + N)jez € M/N. Let # : M — M/N be the map given by
m—m+ N. Let T = (¢;);ez C M be such that 7(¢;) = s; + N.

Caiml: M=NoR-T.

Proof of Claim 1: Suppose m € NN R-T, so that m = ), _,rit; for some r; € R with only finitely many r;
non-zero. Then m(m) = >, 7 7i(s; +N). Asm € N we also know that m(m) =0, andso 0 =, 7i(s; + N).
Hence, by the linear independence of the basis, we deduce that m = 0. Now for any m € M we can write
m(m)=m+N =3, ;ri(si +N). Let m" =3, 7it;. Then as

7(m—m')=n(m)—=n(m') =N,

it follows that m —m' € N, which implies that m —m’ = n for some n € N. Therefore, m =n+3, .7 rit;. In
conclusion, we have that M = N R-T.
As R-T = M/N we deduce that M = N & M/N. O

Example 3.5.17. Let M and M’ be R-modules with N < M and N' < M' where N = N’. One can use
Proposition to deduce that M = M' when M/N is free. However, knowing only that N is free is
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insufficient to deduce that M = M'. Indeed, let M = 7 x 7./27 be the Z-module with Z-action given by
r-(a,b)=(r-a,r-b).

Then, N = 3Z x {0} is a submodule of M with M/N = Z/3Z x Z/2Z. Similarly, let M' = Z x Z/3Z be the Z-
module with the same Z-action as M. Then, N' = 2Zx{0} is a submodule of M with M' /N’ = Z/27 < Z./3Z.
Observe that N is a free module as it is generated by the set {(3,0)} which is also a linearly independent set
in Z. Moreover, N and N' are isomorphic as Z-modules through the map (3k,0) — (2k,0). Similarly, M /N
is isomorphic to M'/N' as Z-modules through the map (a,b) — (b,a). However, M = 7Z x Z/27 and
M' =7 x Z/37Z are not isomorphic. Suppose that such an isomorphism ¢ : M — M’ existed and suppose
that ©(0,1) = (a,b). Then

(a,b) = ¢(0,1) =3-¢(0,1) =3 (a,b) = (3a,0)

which implies that b = 0 and a = 3a. Thus, ¢(0,1) = (0,0) which contradicts injectivity as we must have
©(0,0) = (0,0) for ¢ to be a homomorphism.

Let u1,...,um € R™ and vy,...,v, € R™ be the standard basis elements. Let ¢ : R™ — R"™ be an R-module
homomorphism. We can write

d(u;) =Y aijv;
=1

foreach j =1,...,m. Let A = (a;j) € Mpxm(R), then we can write
P(r)=¢ eruj :ergb(uj) :Zeraijvi =A-r
=1 j=1 J=1i=1

Thus, ¢ is given by right-multiplication by an appropriate matrix. If R is commutative, then we would equally
have ¢(r) = r - B. Hence, we arrive at a bijection between M,,,,(R) and the set of R-module homomorphism
R™ — R™. Recall that from linear algebra, for a field F'is F™* = F™ it follows that m = n. We will see that the
same is true from commutative rings.

I Theorem 3.5.18. Any commutative ring contains a maximal ideal.

Theorem [3.5.18] is equivalent to the axiom of choice.

I Theorem 3.5.19. Let R be a commutative ring, and suppose that R™ = R™ as R-modules. Then n = m.

Proof. Using Theorem [3.5.18| we can consider I C R a maximal ideal so that I' = R/I is a field. For M an
R-module, consider
IM = {i1~m1+-~-+ik-mk:ij el, m; EM}SM

Then M/IM is an R-module. In particular, M/IM is an F-module, where for r+1 € F and m+1M € M/IM,
we let
(r+I)-(m+IM):=(r-m)+IM.

If R = R™ as R-modules, it follows that
R*/IR" = R™/IR™ (3.5.1)
as F-modules. For k € N let ¢ : R*/IRF — F* = (R/I)* be given by
(riy.osmie) + IR (ri + 1, + 1)

It turns out that 1) is an isomorphism, meaning R* /I R* = F*. Consequently, from (3.5.1)) we get that F™ = '™
as F-modules. Since F'is a field, this implies that n = m. O
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Exercise 3.5.20. Let R be a ring and M the free R-module with basis (z;);en. Let S = Endr(M). Show
that S = 52 as S-modules.

Remark 3.5.21. The assumption that the rings are commutative is necessary for Theorem Indeed
Exercise|3.5.20, shows that without this assumption the result no longer holds.

Definition 3.5.22. An R-module is stably free if M & R™ is a free module for some n.
Definition 3.5.23. An R-module M s projective if M & N is a free R-module for some R-module N.

Example 3.5.24. Let Ry and Ry be non-trivial rings. Let R = Ry X Rs. Then Ry is an R-module with
R-action r - (r1,73) = (r - r1,72). Similarly, Ry is an R-module with R-action r - (r1,13) = (r1,7 - 13). As
R modules we have that Ry & Ry = R meaning Ry and Rs are projective R-modules. However, neither R,
nor Ro is free as R-modules. As an explicit example consider Z/6Z = 7./27. x 7./3, where Z/2Z and 7./37
are projective modules by our above arguments. However, they are not stably free. To see this note that any
stably free Z/67Z must have order 6" for some n. However, Z/27 and 7./37Z are both finitely generated with
orders 2 and 3 respectively.

3.6 Noetherian Modules

Definition 3.6.1. For a ring R and an R-module M, we call M Noetherian if every increasing chain
NoC N CNy C...

of R-submodules of M is eventually constant.

Remark 3.6.2. Note that R-submodules correspond to ideals of the ring R. Hence, a ring R is Noetherian if
and only if it is a Noetherian as an R-module.

I Theorem 3.6.3. An R-module M is Noetherian if and only if every R-submodule of M s finitely generated.

Proof. (=). Let N be an R-submodule of M. Let np € N and let Ny be the R-submodule of N generated by
ng. If Ng = N then N is finitely generated. Otherwise, let ny € N \ Ny and let N; be the R-submodule of N
generated by ny. If N is not finitely generated we can continue this process to generate R-submodules Ny of N
that are generated by ny € N with ny ¢ Ni_1. Consequently, we obtain a strictly increasing infinite chain

Ny CN; C...

of R-submodules of M which contradicts M being Noetherian.
(<). Let
NoCN; C...

be an increasing chain of R-submodules of M. Let N = Ufil N;, which we note is also an R-submodule and
thus must be finitely generated. Let
N:Rn0+~-~+RnT.

Each n; € N, for some j;. Let j = max;cq1,.. o3 (ji). Then {ng,...,n.} € N; fori > j and so N C N; which
implies that N; = N for all i > j. Therefore, the chain is eventually constant meaning NN is Noetherian. O
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I Corollary 3.6.4. Every principal ideal domain R as an R-module is Noetherian.

Proof. As R-submodules are ideals of R as a ring. Every R-submodule is finitely generated as the ideal is a
principal ideal. Therefore, by Theorem [3.6.3 we have that R is Noetherian. O

Proposition 3.6.5. If M is a Noetherian R-module, then a submodule N < M is Noetherian and the quotient
M/N is Noetherian.

Proof. Since M is Noetherian, any R-submodule is finitely generated by Theorem [3.6.3] Therefore, any R-
submodule of N is also finitely generated meaning N is Noetherian by Theorem [3.6.3] Let .J be an R-submodule
with .J its pre-image in N under the map ¢ : M — M/N given by m — m + N. Then .J is finitely generated,
with the image of the generating set of .J under ¢ being a generating set for .J. Meaning .J is finitely generated
and so we conclude that M /N is Noetherian using Theorem m O

Proposition 3.6.6. Let M be an R-module. If there exists a Noetherian submodule N such that M/N is
Noetherian then M is Noetherian.

Proof. Let J < M, then JNN < N and so it is finitely generated by Theorem[3.6.3] Let {j1,...,/n} generated
JON. Let ¢ : M — M/N be given by m + m + N and consider J := ¢(J). As J < M/N it follows by
Theorem that .J is finitely generated. Let {j,41,...,Jm | generate J and let ji, € J, for k € {n+1,...,m},
be such that ¢(ji) = jr. Now for any j € J, let j := (j). Then as j € M/N we can write

m
= S

k=n-+1

for some r, € R. Observe that for j' := j — j we have ¢ (j') = 0 and so j' € JN N. Consequently, we can write
n
3= rkin
k=1
for some ry, € R. Therefore,
m
3= Tk
k=1
which shows that .J is finitely generated. Using Theorem [3.6.3] we conclude that M is Noetherian. O

I Corollary 3.6.7. If M and N are Noetherian R-modules, then M @& N is a Noetherian R-module.
Proof. The map ¢ : M & N — N given by (m,n) — n is a surjection. It is clear that
ker(p) = {(m,0) :m € M} = M,

and so ker(y) is Noetherian. As
(M @& N)/ker(p) = N,

by the first isomorphism theorem, and N is Noetherian, it follows that (M @ N)/K is Noetherian. Therefore,
using Proposition [3.6.6] we have that M & N. O

Remark 3.6.8. Using Corollary([3.6.7] it is clear that if R is a Noetherian then so is R™ for any n € N.
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I Theorem 3.6.9. Any finitely generated module over a Noetherian ring is Noetherian.

Proof. Let M be a finitely generated R-module with a generating set {my,...,ms}. Let I be a free R-module
of rank s with a generating set {ej,...,es}. Then ¢ : F — M with e; — m; for each i is a surjection. In
particular,

F/ker(y) = M.

With Corollary[3.6.8|we have that Fis Noetherian. Thus, with Proposition [3.6.5|we have that ker(y) is Noetherian
as it is a submodule of F'. Therefore, with Proposition [3.6.5] we have that A is Noetherian. O

I Corollary 3.6.10. For a Noetherian ring R, every finitely generated R-module is finitely presented.

Proof. Let M be a finitely generated R-module, such that there exists a surjective map f : R™ — M for some
n. Since R is Noetherian it follows that R™ is Noetherian by Remark [3.6.8] Therefore, with Proposition
we have that ker(f) is Noetherian as it is a submodule of R™. Thus ker(f) is finitely generated, using Theorem
[3:6.3] which means it is finitely presented. O

3.7 Modules over Principal Ideal Domains

Theorem generalises the classification theorem for finitely generated abelian groups, which are just Z-
modules. An outline for the proof Theorem is as follows.

1. For R a commutative principal ideal domain let M be a finitely generated R-module.

2. Show that M is finitely presented, with M = coker (¢4 : R™ — R™) for some matrix A € M, xm(R),
where ¢ 4(x) := A - z.

3. Show that if B = PAQ, for invertible matrices P and @, then ¢4 and ¢p have isomorphic cokernels.

4. Show that for any matrix A over R, there are invertible matrices P and @ such that PAQ is a rectangular
diagonal matrix.

5. Combine these steps to prove Theorem 3.7.15]

Lemma 3.7.1. Let R be a principal ideal domain and N < R™ as R-modules. Then N = R* for some k < n.
In particular, N is finitely generated and free.

Proof. We proceed by induction on n.

» Ifn=0then R®= {0} andso N = {0} 2 R®. If n =1, the N C R is an ideal and so N = («) for some
« € R. Recall that a principal ideal domain is an integral domain, and so using Example [3:3.3] we have that

N>=R' a#0
N2R' a=0.

» Suppose the result holds when N < R"~!. Now let N < R" and consider the homomorphism ,, : R* — R
where
(F1y..oyTn) — Th.

Then 7,(N) < R as R-modules, and hence 7,,(N) = («) for some oo € R. Moreover, note that ker(r,,) =
R 1L

1. If a =0, then N < ker (m,) = R""!, so by the induction hypothesis we are done.
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2. If a # 0, we can pick some 8 € N such that m,(8) = a. By the induction hypothesis, there
exist {z1,...,2x} € N Nker(m,) which freely generate N Nker (m,), with &k < n—1. Let S =
{z1,...,25,8} C N. Let y € N. Then m,(y) = ra, for some r € R which implies that y — 5 €
N Nker (m,). Consequently, we can write

k
y—rB= Z T4
i=1
and thus
k
y=rpB+ Z TiZi,
i=1
which means that S generates N Nker(w,). Now suppose

0=riz+- - +rpzp +1rp,

for r;,r € R. Then

0=mp(riz1+ - +ryzp+1r8) =ra
which implies that » = 0. Since {z1, ..., 2k} is linearly independent, we must have ry = --- =7, =0
and hence S is linearly independent. Therefore, N is finitely generated and free.

O

I Corollary 3.7.2. Let M be a finitely generated module over a principal ideal domain R. Then M is finitely
presented.

Proof. As M s finitely generated there exists a surjective homomorphism ¢ : R" — M. As ker(¢) < R™ as
R-modules we can apply Lemma to deduce that ker(¢) = R* for some k € N. Let v : R¥ — R™ have
image ker(¢), then

M = R"/ker(¢) = coker (1)),

which shows that M is finitely presented. O

Definition 3.7.3. Let R be a ring. Matrices A, B € M, x.(R) are equivalent if there are invertible matrices
P e GL,(R) and Q € GL,,(R) such that B = PAQ.

For a matrix A € My, «xn(R) we can consider the corresponding homomorphism ¢4(x) = A - z. With this view
Definition is equivalent to say that there are isomorphisms f = ¢p : R — R" and g = ¢ : R™ — R™
such that fo¢gp =¢ao0g.

Exercise 3.7.4. Let A, B € M, xn(R). Show that the relation A ~ B if and only if A and B are equivalent,
as formulated in Definition is an equivalence relation.

Proposition 3.7.5. Let A,B € M,xn(R). If A and B are equivalent, then coker (¢p4) = coker (¢p) are
isomorphic R-modules.

Proof. Let f: R® — R™ and g : R™ — R be isomorphisms such that f o ¢p = ¢4 0g. Then

im (¢a) =im (paog) =im(fo¢p) = f(im(ép)). (3.7.1)
Let
¥ : coker (¢pp) = R"/im (¢pp) — coker (p4) = R"/im (¢p4)
be given by
z +im (¢p) — f(z) +im (da).
This is a well-defined homomorphism by and in particular an isomorphism as f is an isomorphism. O
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Remark 3.7.6. When R = F is a field, the result of Proposition[3.7.5] is an established result in linear algebra.
More specifically, in this case, equivalent matrices have the same rank. Hence, coker (¢4) and coker (¢5) have
the same dimension meaning that they are isomorphic.

Definition 3.7.7. Let A € M,,«(R). Then A is an elementary matrix if it is of one of the following forms.
1. A is the identity matrix, with A;; = ¢ € R for some i # j.
2. A is the identity matrix, with A;; = Aj; =0 and A;; = Aj; = 1 for some i # j.
3. A is the identity matrix, with A;; = ¢ € R* for some 1 < i < n.

Let A € M,,xn. Then an elementary row (column) operation on A is given by left (right) multiplying A by an
elementary matrix P.

= Elementary matrices of type 1 correspond to adding ¢ € R times the i*" row (column) to the j* row
(column).

= Elementary matrices of type 2 correspond to swapping the ith and jth rows (columns).

= Elementary matrices of type 3 correspond to multiplying the i*" row (column) by ¢ € R*.

Remark 3.7.8. Note that elementary matrices are invertible.

Proposition 3.7.9. Let A, B € M,,«n(R). If B is obtained from A by row and column operations, then A
and B are equivalent matrices. In particular, coker (¢4) = coker (¢5).

Definition 3.7.10. A matrix A € M, x(R) is in Smith normal form if A is a rectangular diagonal matrix,

dy 0
dy
A= 0
0 0
with all d; # 0 and d4|. .. |d,.
Example 3.7.11. The matrix
1 0 00
0 2 0 O
0 0 6 0

is in Smith normal form.

As R is a principal ideal domain it is also a unique factorisation domain and so the greatest common divisors
exist. However, it is only defined up to units.
I Theorem 3.7.12. Let A € M,,,«n(R) be a matrix over a principal ideal domain R. Then A is equivalent to

a matrix in Smith normal form.

Proof. Let A = (A;ij) € My,xn(R). If A =0 then we are done, and so assume that A # 0.
Claim 1: Given entries A;; and Aj; in the same row, ¢ = k, or column, j = [, we can modify A so that
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ged (Aij, Agr) appears in A.
Proof of Claim 1. Assume the entries are in the same column. Since invertible 2 x 2 matrices can be extended to

. . . . . . . a :
invertible m x m matrices, it suffices to prove the claim when m = 2. Consider a vector (b) € R?>. AsRis a

principal ideal domain we know that (a,b) = (d) C R as ideals for some d € R. It follows that d = gcd(a,b) and
there are some z,y € R such that za + yb = d. Since ged(a, b) = d, we must have that ged(z,y) = 1. Hence,
there exist elements u,v € R such that zu + yv = 1. Let

P (f1).

Note that det(P) = zu + yv = 1 and so P is invertible. Moreover,
fa\ _(x y\ [a
r()= () 6)

_( za+yb
~ \—va + ub

_ d
T \—va+ub)’
If instead A;; and Ay are in the same row then
(a b) P = (d —va—|—ub).

Claim 2: We can modify A so that Ay divides the rest of the first row and column, that is, A1y | A1, Ay; for all
1,7

Proof of Claim 2. For r € R\{0}, let 6(r) € Z>( be the number of, possibly repeated, irreducible factors of
r. Note that 7 is a unit if and only if 6(r) = 0. As R is a unique factorisation domain §(-) is well-defined.
Suppose A is not of the required form. As A is non-zero it must contain some non-zero entry, A;; say. Using
row and column operations, we can move this entry to the top left. So a; = A1 # 0. If A still is not of the
required form, there are some 1 <4, j <, not both equal to 1, such that A;; { 4;;. By Claim 1, we can modify
A so that ag = ged (A11, Ai;) appears in our matrix. Using row and column operations, we can assume this
entry is in the top left. Note that as | iy, but a2 and a are not associates since g | A;; but o 1 4;;. So
0 () < 0 (7). Hence, when A is not of the required form we can modify it so that the top left entry has strictly
lower 6. Repeating this process it must eventually terminate with Aq | A;; whenever i =1 or j = 1.

Returning to our original A we can modify it to be of the form stated in Claim 2. Since Ay; | Ay, for all j > 1,
subtracting multiples of the first column from the other columns, we can modify A to be of the form

A11 0 e 0
A21 A22
0 Amn

Similarly since A11 | A;1 for all i > 1, we can modify A to be of the form

A11 0 N 0
0 Ay
A= .
0 Amn
In other words, we have that
di 0 0
0
A= .

: A’
0

56



for some smaller matrix A" € M, _1)x(n—1)- We can apply the same process to A’ without changing the
equivalent class. By repeatedly applying the process, we eventually arrive at a matrix of the form

dq 0

0 0
It remains to show that dy|...|d,. For the case r = 2, note that gcd(dy, ds) = xd; + yds for some x,y € R.
Moreover, do = A - ged(dy, dz) for some A € R. Consequently,

di 0\ RimRi+ayR: (di yda
0 dg 0 d2

Cz>—>wg1+Cg (dl ng(d17d2)>

0 ds
Ry—)l'%\gjf)\Rl d1 ng (dl, dg)
—dy 0
Ciocy (ged(did2)  dy
0 —Ady
Ri—Ri+AR: (ged (dy, da) 0
0 —Ady
Ro——Ry (ged (dy,d2) 0O
0 Ady )

Now let ay = d;. If dy t d; for some i > 2, let ag = ged (dy,d;) and use row and column operations to move it to
the place of d1. Now as | o but o 1 g, so we have that § (az) < & (7). Once again this process terminates,
and we find that d; | d; for all i > 2. Repeating, we can modify A so that ds | d; for all i > 3 whilst preserving
dy | d; for i > 2. lterating this gives the required result. O

Remark 3.7.13. For the proof of Claim 1 made in the proof of Theorem|3.7.12, we multiplied A by a matrix that
is not the product of elementary matrices when defined over an arbitrary principal ideal domain. Therefore,
over a general principal ideal domain, we cannot transform a matrix into Smith normal form just by using
elementary row or column operations. However, over a Euclidean domain, we can transform any matrix into
Smith normal form just by using elementary row and column operations. Consequently, we have that for a
Euclidean domain every matrix in GL,,(R) is the product of elementary matrices. More generally, we say that
a ring R is generalised Euclidean if every matrix GL,,(R) is the product of elementary matrices.

Proposition 3.7.14. Let A € M,,«x(R) be in Smith normal form, that is,

di
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with dy,...,d,. € R non-zero and dy|...|d,. Then there is an isomorphism of R-modules

R R
DO ———~OR""

(d1) (dr)

where ¢4 : R™ — R™ is given by left multiplication by A.

coker (¢p4) =

Proof. Let ¢ : R™ — % DD % @ R™~" be the homomorphism given by

(@1, o yxm) = (@1 +(d1) o yxr + (dy) , Tpg1y e v oy Tn) -

Then
im (p4) = ker(¢)) = (d) ® - & (dy) 0SB O.
Therefore, -
Thm
coker (p4) = R™/im(pa) = R™/ker(¢) = % DD (f) ® R™T.

O

Theorem 3.7.15. Let R be a commutative principal ideal domain and M a finitely generated R-module.
Then

MZR'&R/(d)®---®R/(d)
for some dy, . ..,d,. € R non-zero, with dy|...|d,.

Proof.

1. Since R is a principal ideal domain it follows by Corollary that M is finitely presented. So M =
coker (¢p) for some B € My, xn(R).

2. By Theorem B is equivalent to a matrix A that is in Smith normal form. Let

dq

where dy] ... |d, are all non-zero.

3. Using Proposition it follows that

coker (¢4) = % - D (CI;)

4. By Proposition we know coker (¢4) = coker (¢p) and so

coker (¢pp) = (de) ®--- 0 (dR) ®R™.

o) RMT.

5. Consequently,
M=R"®R/(d)® --®R/(d).
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Remark 3.7.16. Another type of decomposition is known as the prime decomposition and represents M in the
form,

R R
ManEBTl@"'@Tk
(p1") (p"*)

for n; € N and p; € R irreducible. This follows from Theorem along with the fact that if d =
p?l e pzk' then

Moy B e
(d) (") (pp*)

Note that if we know how to compute the greatest common divisors, the proof of Theorem [3.7.15|is constructive.

Example 3.7.17. Let A be the abelian group generated by the elements a, b and c with relations

20 +3b+c=0
a+2b=0
5a 4+ 6b + T7c = 0.

Then

A= : = coker (¢x)

where

Il
— W N
SN =
D

We can put X into Smith normal form in the following way

W N
[en il NI
~N O Ot
2

\
—_
\
~

OO OO OO0OH+H OO+, OO~ O

O, O O, O = F=O
WO O WO Ik o

Therefore,
7 7 7
— & =& = =20Cs.

A 1Z ~1Z ~ 3Z

12
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I Corollary 3.7.18. Let R be a principal ideal domain. Then finitely generated projective R-modules are free.
Proof. Let M be a finitely generated R-module. Using Theorem [3.7.15 we have
M=R"®R/(d1)®...R/(d,)

for some dy,...,d, € R\ {0} with dy|...|d,. As M is projective, there exists an R-module N such that
M & N = RO for some set S. If di,...,d. € R*, then M = R™, and thus it is free. Otherwise, for some j
there exists an injective R-module homomorphism i : R/(d;) — R, Let i(1) = (x;);cs. Then as i(1) # 0,
as i is injective, it follows that there exists an s € S such that z, # 0. Since, d;i(1) = i(d;) = 0 we have that
djzs =0 € R. As R is an integral domain it must be the case that d; = 0 which is a contradiction. O

3.8 Jordan Normal Form

In this section, we will study modules over polynomial rings using Theorem Amongst other things, we will
deduce the Jordan normal form. Let F' be a field, V' an F-vector space and o : V' — V a linear map. Then we
can make V into a F[X]-module by defining the action

frvi=(f(a))(v)

for f € F[X] and v € V. Note that when f = X we recover a. We write V,, when we view V' as a F[X]-module
in this way. The structure of V,, as a F[X]-module will help us study the linear map a.

I Lemma 3.8.1. IfV is a finite-dimensional F-vector space, then V,, is a finitely generated F[X|-module.

Proof. Let vy,...,v, € V be a basis for V as a vector space. Then they generate V,, as an F[X]-module. [

Example 3.8.2.

1. Suppose V,, 2 F[X|/(X") as F[X]-modules. Then they are isomorphic as F'-vector spaces. Note that
L,X,...,X""!' € F[X]/(XT") is a basis for which multiplication by X is represented by the matrix

0 0
1
0 1 0

Hence, as a(v) = f-v for f = X, inV,, the linear map « is represented by the same matrix with respect
to the corresponding basis.

2. Suppose that V, = F[X|/((X —\)"), as F[X|-modules, for some A\ € F. Consider the linear map
B:V —V where 3 =a—Xl. Then Vg Z F[Y]/(Y"), for Y = X — X. So by statement 1 there is a
basis for V' such that B is given by the matrix

0 0
1
0 1 0
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Hence, « = 8 + AI has matrix

A 0
1
0 1 A

which is called a \ Jordan block.

3. Suppose Vo, = F[X]/(f), for f =ao+ -+ a,—1 X"~ + X" € F[X] some monic polynomial. Then V,,
has an F-basis given by 1,X,..., X", in which « is given by

0 0 —ao

1 - —a
Cf) =

0 1 —Qr—1

The matrix C(f) is called the companion matrix of f.

Theorem 3.8.3 (Rational Canonical Form). Let F' be a field, V a finite-dimensional F-vector space, and
a:V —V alinear map. Then

L o FIX) FIX]
‘T (fl) (fr)
with fi|...|fr all non-zero polynomials over F'. In particular, there is a basis for V in which « is given by the
block diagonal matrix
C(f) 0
0 C(fr)

Proof. As F[X] is a principal ideal domain, by Theorem [3.7.15| we have
FIX] FIX]
(fl) (fr)

with fi|...|fr. Since F[X] is not a finite-dimensional F-vector space, but V,, is, we must have n = 0. Let
b; := deg (f;), and consider the basis

12

Va

EBF[X]”

where X is the X in the 4t term on the direct sum. Then « is represented by

C(f) 0
0 C(fr)
with respect to this basis. Requiring the f; to be monic ensures this representation is unique. O

We now focus in on the case F' = C.

I Lemma 3.8.4. The primes in C[X] are, up to associates, X — A, for A € C.
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Proof. If X — X|fg for f,g € C[X] then X — \|f or X — A|g and so X — X\ € C[X] is prime. Now let f € C[X]
be prime. As f is non-zero and not a unit it is non-constant, so by the fundamental theorem of algebra f has
a root A\ € C, which implies that X — XA | f. Since f is also irreducible, we must have that X — X\ and f are
associates. O

Theorem 3.8.5 (Jordan Normal Form). Let « : V. — V be a linear map, where V is a finite-dimensional
complex vector space. Then there is an isomorphism of C[X|-modules

ClX] Cix]

e E E o™ et o™

for some n; € N and \; € C. Furthermore, there is a C-basis for V' in which o has the form of the block
diagonal matrix

Iny (A1) 0
0 I, (Ar)
where J,,(\) is the n x n Jordan block
A 0
ANE &
0 '. 1 A

Proof. Using Remark [3.7.16[on V,,, and Lemma it follows that

o X
(X =x)™) (X =A)")

Il

Va

for some n; € N and \; € C. Then taking a basis as in the proof of Theorem and noting that
C(X =N") =Ju(N)

we note « has a representation
Iny (A1) 0

0 I, (Ar)
O

Lemma 3.8.6. Let V be a finite-dimensional F-vector space, and let o, 3 : V. — V be linear maps. Then
Vo = V3 are isomorphic as F[X|-modules if and only if o and (3 are conjugate. That is, there is some
isomorphism v : V. — V such that yoa = o.

Proof. (=). Let v : V, — V3 be an F[X]-module isomorphism, so in particular it is an isomorphism of F-vector
spaces. Then for v € V we have g(v) = X ‘v U, where -y, denotes the F[X]-module action on Vg, and similarly
a(v) = X -y, v. Then,
(B © ’Y)(’U) =X Vs ’Y(v)
=7(X v, v)
= (yoa)(v)
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and so oy =vyoa. Thatis, a and 3 are conjugate.
(«<). Suppose a and f are conjugate, so there is an isomorphism v : V' — V such that S o~y =y 0 «. Note that
yoal= oy foralli>0,sofor f € F[X]and v € V we have

Y (f v, v) =v(f(a)(v))
= f(B(v(v))
= f v, 7(v).

So v is an F[X]-module homomorphism and a bijection since it is an F-linear isomorphism. O

Reinterpreting this with Theorem we obtain a classification result for square matrices over a field. It is a
weaker classification than Theorem form but it works over any field.

Corollary 3.8.7. Let F be a field. There is a bijection between conjugacy classes of n X n matrices over F’
and sequences of monic polynomials f1, ..., f. € F[X], such that di|...|d,, and }_._, deg (f;) = n.

Proof. Let A be an n x n matrix over F, let V= F" andlet « : V — V send v to A-v. Then by Theorem

[3.83 we know that
FX] FIX]

(f1) (fr)

for some unique sequence f; € F[X], with fi|...|f. all non-zero monic polynomials in F[X]. By counting
dimensions of both sides we note that ). deg(f;) = n. Furthermore, if A and B are conjugate matrices, then
Va and Vg are isomorphic F'[X] modules, by Lemma [3.8.6] and so they correspond to the same sequence of
polynomials. If fi|...|f. is any sequence of monic polynomials in F[X] with >~ deg(f;) =n, then

V, =

Vo FIX) FIX]

(A (fr)
is an n-dimensional F-vector space, with a linear map a: V' — V sending v to X - v, which determines a matrix,
up to conjugation, upon by fixing a basis. O

Example 3.8.8. Let us consider the conjugacy classes in Mayo(F). This corresponds to classifying F[X]-
modules of the form
F[X] F[X]

(f1) (fr)

with fi|...|fr a sequence of monic polynomials with y_._, deg (f;) = 2. So either r = 1 and deg (f1) = 2,
or v = 2 and deg (f1) = deg(f2) = 1. In the latter case, since f1 | fo and both are monic we must have
that fi = fo = X — X for some X\ € F. Since the companion matrix of X — X is the 1 x 1 matrix (X), the
corresponding matrix in Mayo(F) is
A0
(%)

In the former case, we write f; = X2 4+ aX + b for some a,b € F and so

0 —b
cm=(3 22).
If f1 is irreducible, we cannot simplify this any further for an arbitrary field F. However, if for example
F = 7Z/37Z then we could find all irreducible degree 2 polynomials, and arrive at a more detailed classification.

If f1 is reducible then f; = (X — \)(X — p), for some \,u € F. If \ = p, then fi = (X — \)? and so the
matrix is conjugate to the Jordan block
A0
G 3)
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If X\ % u, the matrix
0 —XAu
1 A+p

has distinct eigenvalues and so it is conjugate to
A0
0 u)°

Exercise 3.8.9. Find the conjugacy classes, along with a representative, in M10x10(Q) with minimal polynomial
X7 —4X3.

3.9 Solution to Exercises
Exercise [3.5.20

Solution. Note that for s € S, the action of s on {z; : i € N} fully determines s by the fact that s is a
homomorphism and {z; : i € N} generates M. Therefore, we can define s1,s5 € S by

Tri 1 even
s1(zi) = { 2

0 otherwise

and

( ) x# 7 odd
Solx;) = :
? 0 otherwise.

For s € S we can write s = a1 0 51 + a2 © S92 where a;(x;) = s (z2;) and as(z;) = s (x2;41). Moreover, suppose
that for a1, s € .S we have
a1 081+ g 089 =0.

Then for all 7 € N it follows that

0= (a1 081)(x2i) + (a2 0 82)(72:)
= al(.’L‘l)

Hence, ai; = 0. Similarly, by considering 29,11 we deduce that as = 0. Therefore, {s1, s2} are linearly independent
and hence are a basis for S as an S-module. On the other hand, {1}, where 1 € S is such that 1(x;) = z;
for all i € N, generates S as an S-module. Therefore, we can construct an isomorphism ¢ : S — S? where
s+ (a1, a2). We conclude that S = §2. O

Exercise [3.7.4]
Solution.
= With P =@ = I we have that A ~ A.

= Suppose A ~ B with B = PAQ for P € GL,(R) and @ € GL,,,(R). Then as P and @ are invertible we
have that A = P~1BQ~! which implies that B ~ A.

= Suppose A ~ B and B ~ C with B = PLAQ; and C = P,BQs for P;, P, € GL,(R) and Q1,Q2 €
GL,,(R). It follows that
C = (P1P2)A(Q:1Q2)

for PLP; € GL,(R) and Q1Q2 € GL,,,(R), which implies that A ~ C.
Therefore, ~ is reflexive, symmetric and transitive making it an equivalence relation. O

Exercise [3.8.9
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Solution. Let A € Migx10(Q), and let  : V — V be its corresponding linear map. Then from Theorem [3.8.3]

we have that 0lx x

X] | QX]
(f1) (fr)
for f1,..., fr € Q[X] monic, such that f1|...|f,, and }_;_, deg(fx) = 10. The possibilities of such {f1,..., f,}
are in bijection with the conjugacy classes. Note that g(A) = 0 if and only if fi|g for k =1,...,r. Therefore, f,
is the minimal polynomial of A, and so in this case f, = X7 — 4X?. Noting that f, = X3 (X? —2) (X% +2),
the following represent the only possible cases for {f1,..., fr}.

Vo &

1L {X3 X7 —4x3}.

2. {X (X2 -2), X7 —4Xx°}.
3. {X (X?+42), X" —4Xx3}
4. {X, X% X7 —4X°}.

5. {X, X, X, X" —4X°}.

The conjugacy classes above have the following corresponding representatives.

L (C (X3) 0 )

0 C(X7-4X?)

5 (C(X (X2 —2)) 0 )

0 C (X7 - 4X3)
C(X(X?*+2 0
> ( ( (0 ) C’(X7—4X3))'
C(X) 0
4 C(x?)
0 C (X7 - 4X3)
C(X)
; c(x)
' c(X)
0 C (X7 - 4X3)
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4 Matrix Lie Groups

We intend to investigate matrices over R or C. For ease of notation, we will write F to mean either R or C.

4.1 Matrix Groups

Let R be a commutative ring. Recall that M, (R) is the ring of n x n matrices over R, which is not a commutative
ring for n > 2. Note that we may identify M, (R) with R™.

Definition 4.1.1. The general linear group over R denoted GL,(R), is the unit group of M, (R). That is,
GL,(R) := M,(R)*.

The determinant function det : M,,(R) — R is thought of as in the usual sense of linear algebra.

Exercise 4.1.2. For M € M, (R), show that if M is invertible then det(M) € R*.

I Proposition 4.1.3. The centre of GL,,(R) is the set of matrices of the form A\, for some A\ € R*.

Proof. Note that if A = A\ for A € R* then A € GL,(R) with AM = MA for all M € GL,(R). Hence,
A € Z(GL,(R)). Instead, let A € Z(GL,,(R)). For 1 < u,v < n distinct, let E*¥ € GL,,(R) be the matrix

1 i=yj
(Euv)ij =05 +0uibpj =1 i=u,j=v
0 otherwise.
By assumption we have AE"" = E" A, and so for all 1 <i,j < n, we have
0=(E"A - AE“”)U
= Ej’ Aj — A B
= 6uiAvj - 6ujAui~

If u=14%# v =4, this tells us A;; = A;;. If i = j = u # v, this tells us A,; = 0. Therefore, A = A\, so by
Exercise we know that for A € GL,,(R) we need A € R*. O

When R = F we can discuss the topological properties of GL,,(R). In particular, we endow M, (F) with the
Euclidean topology and GL,,(F) C M, (F) with the subspace topology. In doing so, topological properties can be
considered in the natural sense with the subspace topology on F°.

Definition 4.1.4. Let (A;)men € M, (F) be a sequence of matrices. Then A,, converges to a matrix A if
each entry of A, converges to the corresponding entry of A.

I Proposition 4.1.5. The set GL,,(R) is not path-connected.

Proof.

» Forn =1, consider —1 and 1 in GL;(R) = R*. Suppose they are connected by + : [0,1] — R*. Then by
the intermediate value theorem, there exists a t € [0, 1] such that y(¢) = 0, but 0 ¢ R* and so we get a
contradiction.

= For n > 2 consider



and I. Suppose v : [0,1] — GL,(R) is a path from I to A. Then detoy : [0,1] — R is continuous,
and such that (detov)(0) = 1 and (detoy)(1) = —1. By the intermediate value theorem, there exists a
t € [0,1] such that (det oy)(t) = 0. However, v() is an invertible matrix, so we get a contradiction.

O

I Proposition 4.1.6. The set GL,,(C) is path-connected.

Sketch. Let A € GL,(C). We can write A = PBP~!, where B is in Jordan normal form. We assume for
simplicity that B is a single Jordan block, that is

A1 0
B = 1
0 A

As A is invertible we know that A # 0, and thus we can write A = e* for some z € C. Let v :[0,1] — GL,(C)
be given by

et t 0
7(t) = t
0 etz

Note that ~y(¢) is invertible for all ¢ € [0,1] and so « is well-defined. Moreover, v is continuous with v(0) = I
and (1) = B. Therefore, Py(t)P~! is a path between I and A, meaning that GL,,(C) is path-connected. [J

4.2 Topological Groups

Definition 4.2.1. A topological group is a group G with a topology, such that the multiplication map G x G —
G and the inverse map G — G are continuous. Moreover, G is Hausdorff.

Definition 4.2.2. A homomorphism of topological groups is a continuous group homomorphism.

An isomorphism of topological groups is an isomorphism of groups which is a homeomorphism.

I Lemma 4.2.3. The composition of topological group homomorphisms is a homomorphism of topological
groups.

Proof. Since the composition of continuous functions is continuous, and the composition of group homomorphism
is a group homomorphism, the composition of topological group homomorphisms is a homomorphism of topological
groups. O

Example 4.2.4.
1. Any group G equipped with the discrete topology is a topological group.
. (R, +) is a topological group.
- (@
. (R*,-) and (C*,") are topological groups. The map t — e*%* s a continuous homomorphism (R, +) —
(S

,+) is a topological group, and the inclusion Q@ < R is a homomorphism of topological groups.
’ )
) )

I Lemma 4.2.5. The group GL,,(F) is a topological group.
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Proof. Matrix multiplication M, (F) x M, (F) — M, (F) is polynomial in each entry, and therefore continuous.
For an invertible matrix M, the matrix det(M)M ~! has entries which are polynomials in the entries of M and
so is a continuous function of M. As det(M) is a continuous function of M, the quotient M ! is a continuous
function of M. O

Remark 4.2.6. For a subgroup G < GL,,(F), the multiplication and inverse maps are the restrictions of those
on GL,,(F), and so are also continuous. Hence, a subgroup G < GL,,(FF) is also a topological group.

Lemma 4.2.7. Let G be a topological group. Any subgroup H < G, when equipped with the subspace
topology, is a topological group.

Proof. The product H x H — H is the restriction of the product G x G — G, so is continuous in the subspace
topology. Similarly, the inverse is continuous, meaning H is a topological group. O

4.3 Matrix Lie Groups

Definition 4.3.1. A matrix Lie group is a topological group G, which is isomorphic, in the sense of topological
groups, to a closed subgroup H < GL,,(F) for some n € N.

Since GL,,(F) is Hausdorff it is metrizable. Thus any subspace is also metrizable meaning a matrix Lie group is
also Hausdorff.

Remark 4.3.2. An equivalent definition of a matrix Lie group is to say that any convergent sequence (A, )men C
G either converges to a matrix A € G or converges to a matrix that is not invertible. That is, if the limit is in
GL,,(F) then it is in G. Convergence of matrices is in the sense of Definition[4.1.4

Example 4.3.3.
1. The topological group (R*,-) = GL1(R) is a matrix Lie group.

2. Note Q* C R* js a subgroup but it is not a closed subgroup. However, this does not immediately imply
Q* is not a matrix Lie group, since it could be isomorphic to a closed subgroup of GL,,(F) for some
other n € N. We will see later that Q* is not a matrix Lie group.

Exercise 4.3.4. Show that the following are matrix Lie groups.

1. The special linear group SL,,(F) := {M € GL,,(F) : det(M) = 1} < GL,,(F).
The set of diagonal matrices in GL,,(F).
The orthogonal group O(n) := {M € GL,(R) : MM = I} < GL,(R).
The special orthogonal group SO(n) := {M € O(n) : det(M) = 1} < GL,(R).
The unitary group U(n) := {M € GL,(C) : MTM = I} < GL,(C).
The special unitary group SU(n) := {M € U(n) : det(M) =1} < GL,(C).

Z or any finite group equipped with the discrete topology.

© N & &0 A W N

The projective general linear group PGL,,(F) := GL,,(F)/Z(GL,(F)) with the quotient topology.
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9. The Heisenberg group

Example 4.3.5. Note that
_ cos(¢) sin(6))
S0l2) = {<_sm(9) cos(9)> S R}'

Let ¢ : SO(2) — U(1) be given by A + €. Clearly, ¢ continuous. Moreover, if z € U(1), it follows that
|z| = 1 which implies that z = ¢® = cos 6 4 isin for some § € R. Hence, ¢ is also surjective. Now let

A ( cos 61 sin@l)

—sinf; cos6;

and .
B— ( cos 0 sm92>.

—sinfy cos Oy

Then as

AB — COS(01 + 92) Sil’l(el + 92)
~ \—sin(f; +6) cos(61 + 62)

we see that (AB) = e(1102) = ¢i01ci02 — (A)p(B). Hence, o is a homomorphism. If p(A) = ¢(B)
then et = e'%2 which implies that 6, — 0y = 2kn for some k € Z. Which implies that A = B. Hence, ¢ is
injective, and thus SO(2) and U(1) are isomorphic as topological groups.

Lemma 4.3.6. Let G be a topological group, and let H < G. Then the closure H of H in G is a closed
subgroup.
Proof. Clearly, H C G is closed. Let g,h € H. Then there are sequences (Gn)peny € H and (hy,), oy € H, such
that g, — g and h;, — h. As multiplication is continuous it follows that g, - h,, — g - h. Since g,, - h,, € H for

every n € N, we have that g-h € H. Similarly, as g;;' € H for every n € N we get that g~! € H. Therefore, H
is also a subgroup. O

Remark 4.3.7. As a consequence of Lemma we have that the closure of G < GL,,(F) is a matrix Lie
group.

Example 4.3.8. The closure of Q*in R* is R*, which is a matrix Lie group as expected.

I Proposition 4.3.9. The group GL,,(R) is a closed subgroup of GL,,(C).

Proof. Consider the continuous map f : GL,(C) — M, (R) given by A + Im(A). As GL,(R) = f~1({0})
it follows that GL,(R) € GL,(C) is a closed subset. As it is a subgroup we conclude that it is a closed
subgroup. O

I Proposition 4.3.10. The group GL,,(C) is isomorphic to a closed subgroup in GL3,(R).
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Proof. Let ¢ : GL,(C) — GL,(R) be given by

Re(M) Im(M)

As ¢ is polynomial in its entry it is continuous. Moreover, ¢ is injective with ¢(I) = I. Let M, N € GL,(C)
with M = A+ iB and N = C +iD for A,B,C,D € M,(R). Then,

sone) = (5 5 (5 )

¢(MN) = ¢((AC — BD) + i(BC + AD)).
Expanding these out we see that ¢(M)p(N) = ¢(MN). Thus ¢ is a homomorphism. Let

and

J= (_OI é) € GLan(R).

Claim: im(¢) = {M € GLg,(R) : MJ = JM}.
Proof. Writing M = A +iB € GL,,(C) with A, B € M,,(R) we see that

A B 0 I 0 I A B
HM)T = Jo(M) = (B A> (I 0> - (I 0) <B A) =0
Now suppose that P € GL2,(R) satisfies P.J = JP. Then P is of the form
A B
=% 4

for some A, B € M,(R). Let M = A+ iB € M, (C). Multiplying P.J = JP on the left and right by P! gives
P~1J = JP~!. Therefore, P~! is of the form

. _[(C D
7= (% 2

for some C,D € M, (R). Let N = C +iD € M, (C). We can check that N is an inverse to M. Hence, ¢(M)
is well-defined meaning P € im(¢). Therefore, im(¢) = {M € GL3,(R) : MJ = JM}.

Consequently we have that im(¢) is the pre-image of {0} under the continuous map M — MJ — JM, so
im(¢) C GL2,(R) is closed. Therefore, we have that ¢ is isomorphic onto its closed image, implying that
GL,,(C) is isomorphic to a closed subgroup of GLa, (R). O

Exercise 4.3.11. Let M € GL,(C) with M = A+iB for A, B € M, (R). Show that it is not necessarily true
that A, B € GL,(R).

I Lemma 4.3.12. Let G < GL,(F) be closed and let H < G be closed. Then H < GL,,(F) is closed.

Proof. Being a subgroup is a transitive property and so H < GL,,(F). Similarly, closed subsets of closed subsets
are closed subsets, meaning H < GL,,(R) is closed and thus a closed subgroup. O

Corollary 4.3.13.
1. Any G < GL,(R) that is closed is also a closed subgroup of GL,(C).

2. Any H < GL,,(C) that is closed is isomorphic to a closed subgroup of GLa, (R).
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Proof.

1. Let G < GL,(R) be closed. Since GL,,(R) < GL,,(C) is closed by Proposition [4.3.9) by Lemma [4.3.12| we
have that G < GL,,(C) is closed.

2. Let H < GL,(C) be closed. By Proposition [4.3.10| there exists an isomorphism ¢ : GL,,(C) — K where
K < GLg,(R) is closed. In particular, H = ¢(H) with ¢(H) < K. So by Lemma we have that
H = ¢(H) < GLy,(R) where ¢(H) < GLo, (R) is closed.

O

I Corollary 4.3.14. A closed subgroup of a matrix Lie group is itself a matrix Lie group.

Proof. Suppose that G < GL,(F) is a matrix Lie group and let H < G be closed. Then by Lemma [4.3.12| we
know that H < GL,,(F) is closed and so H is a matrix Lie group. O

Suppose that G < GL,,(F) is a matrix Lie group. Then to be compact, we can apply the Heine-Borel conditions
by thinking of M, (FF) as F"’. That is, G is compact if it is a closed subset of M, (F) and it is bounded. Where
being bounded amounts to there existing a constant C such that for any A € G the absolute value of its entries
is at most C.

Example 4.3.15.
1. Consider the set
U(1) = {(z) e M(O): (2)" (2) =T = (1)}

={ze€C:zz=1}
={z€C:|z|=1}.

This is bounded as |z| < 1. Note that |- | is a continuous function and {1} is a closed set. So as U(1)
is the pre-image of {1} under | - | we deduce that U (1) is closed in M;(C). Hence, U(1) is compact.

2. The set GL,,(F) C F"*™ s not bounded, and hence it is not compact. To see this, consider the matrix
1 0 ... &k
0 1
€ GL,(F)
0 1
for k € N. As k — oo, the norm of this matrix goes to infinity and so GL,,(F) is not a bounded subset

of M, (F).

4.4 Matrix Exponentiation
Definition 4.4.1. For A € M, (F), its exponential, written e? or exp(A), is
ot = (4.4.1)

= ﬁ
k=0

Remark 4.4.2. For n = 1, Definition coincides with the exponential on TF.
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Theorem 4.4.3. Equation (4.4.1)) converges for all A € M,,(F). In particular, the following statements hold.

1. Equation (4.4.1)) converges absolutely and uniformly on compact subsets of M, (F).

2. The partial derivatives in the components of (4.4.1) converge absolutely and uniformly on compact

subsets of M, (FF).

Thus, exp : M, (F) — M, (IF) is continuously differentiable.

Example 4.4.4.
1. If A=0, then

2. If A= 1, then

1 1
3. IfA—<O 1),then

so that

A= (55 EET) -6 )

4. Let A= J,(\). Then, A= D + N where D = \I and

Note that

for 1 <n — 1 meaning

0
N = 1
1 0
0
N*= |4
1 k0
1
1
eV = 2
: -
(nfll)! 2 1
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Therefore, as DN = N D it follows that

1
1
eA:eDeNfe/\ 1
2
i . 1. '.
m e 5 1 1

Exercise 4.4.5. Using statement 4 of Example show that any A € GL,(C) can be written as the
exponential of a matrix.

Definition 4.4.6. For A € M, (F) its logarithm, log(A), is

X a\k+1 Nk
log(A) ;:Z( D +]£A D” (4.4.2)
k=1

Equation ((4.4.2)) does not converge for all A € M, (F). However, for A sufficiently close to I similar results for
(4.4.2) hold as those detailed in Theorem for (4.4.1).

Theorem 4.4.7. There is an open neighbourhood U of I in M,,(F) such that ({4.4.2)) converges for all A € U.
In particular, the following statements hold.

1. Equation (4.4.2)) converges absolutely on U, and uniformly on compact subsets of U.

2. The partial derivatives in the components of (4.4.2)) converge absolutely on U and uniformly on compact
subsets of U.

Thus, log : U — M, (F) is continuously differentiable.

Example 4.4.8.

1. When n = 1, Definition coincides with the logarithm on F. In particular, for this case, log(z)
converges for |z — 1| < 1. Similarly, for n > 1 we have that (4.4.2)) is guaranteed to converge on

1
U:{M:|Mij—5ij<, foreachi,j:l,...,n}.
n

2. Let A= (1 1>. Note that (A — I)k =0 for k > 2. Hence, (4.4.2]) converges with

0 1
log(A) — (8 (1)) _. B.

Moreover, we can check that eZ = A and so in this case '°8(4) = A.

When exp and log converge they are inverses of each other.

Proposition 4.4.9. Suppose (4.4.2)) is absolutely convergent for A € M, (F). Then exp(log(A)) = A.
Similarly, if the (4.4.2)) converges for exp(B), where B € M,,(IF), then log(exp(B)) = B.

The proof of Proposition amounts to writing the composition of exp(log(A4)) as a double power series in A
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and showing that it simplifies to A.

I Proposition 4.4.10. Let A, B € M, (F). If AB = BA then eAtB = e4eB.

Proof. Observe that

!
k=0
D) AT 1 [k
(1) 1 k-1 pl
23S (y) s
k=0 1=0
=11
=D a4
5=ttt
o AZ o B]
-(55) (55
i=0 §=0
_ oAB

where in (1) we use the assumption that AB = BA. Moreover, when we rearrange the infinite series we use the
fact the series absolutely converges. O

Remark 4.4.11. The requirement that AB = BA in Proposition[4.4.10] is necessary.
Exercise 4.4.12. Give an example of A, B € M,,(F) where eA+5 #£ eAeB.

I Corollary 4.4.13. For A € M, (F) we have that e*e=4 = e® = I. In particular, e is invertible.

Proof. As A and —A commute we can use Proposition [4.4.10] to deduce that

Remark 4.4.14. Using Corollary|4.4.13, it makes sense to write exp : M, (F) — GL, (F).

Example 4.4.15. As A and A* always commute, we deduce that A and e commute. Hence,

Lemma 4.4.16. Let A, B € M, (F) with A € GL,,(F). Then,

-1
ePAT = AP AT
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Proof. Note that (ABA~!)" = AB¥A~" for all k € N. So,

(ABA—1)"

o0
-1
eABAT! _ Z
k!

I Lemma 4.4.17. For A € M,,(F) we have that (e“‘)T =eA’,

Proof. Note that (AT)k = (Ak)T for all £ € N. So,

00 T\ k
AT (A )
et =) Kl
k=0
(%
k=0
= (e’
Example 4.4.18. Consider the upper-triangular matrix
/\1 X
A ==
0 An
Then
Ak X
Ak =
0 AE
Therefore,
o )\If
D k0 Tt X
et =
oo Ak
0 k=0 &

which is also upper-triangular. From this, we observe that

det (eA) =M, . et = ettl4)

Lemma 4.4.19. For A € M, (F) we have

det (eA) = etr(4),
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Proof. Write A= PBP~! where P € GL,(F), even for F = R we can do this, and B is in Jordan normal form.
Then

det (eA) = det ePBP?l)

= det (Pe"P71)

= det (eB)
and
ptr(A) _ tr(PBPTY)
= et(B),
Using Examplewe know that det (eZ) = €'*(®) and so det (e?) = (4, O

Recall from Theorem [4.4.3|that exp : M,,(F) — GL,(F) is continuously differentiable. Thus, for any A € M,,(F)
the function 74 : R — GL,,(F) given by y4(t) = !4 is continuously differentiable.

I Lemma 4.4.20. For any A € M, (F), let va : R — GL, (F) be given by y4(t) = e**. Then 44(0) = A.

Proof. Proceeding from first principles we get that

etA 0
. i
a(0) 150 t
kAk
— lim Eiiotk! —1
t—0 t
B 1 o0 tkflAk
=20 k!

O
Lemma 4.4.21. For A € M,(F) the map v4 : R — GL,(F) given by ya(t) = e is a continuous
homomorphism.

Proof. Since exp is continuous, 74 is continuous. Let s,t € R then

ya(s +1) = 04

W 54 tA

=74(s)7a(t)
where in (1) we are using Proposition [4.4.10/ as sA and tA commute. Therefore, 74 is a continuous homomor-
phism. O

Corollary 4.4.22. For A € M, (F) let y4 : R — GL,(F) be given by ya(t) = e*. Then for any to € R we
have that Y4 (to) = Ava(to)-

Proof. Since ~y4 is a homomorphism,
Ya(t) = ya(t —to)valto)
Differentiating both sides at ¢t = o and using Lemma it follows that

Ya(to) = 4a(0)ya(te) = Ae'os.

The derivative of exp at zero can be thought of as a linear map dexp, : M,,(F) — M, (F).
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I Corollary 4.4.23. The map dexp, : M, (F) — M, (F) is the identity map.

Proof. For A € M, (FF), note that the chain rule shows that the derivative of y4 at ¢t = 0 is d expy(A). Therefore,
using Lemma [4.4.20| we have that A = dexpy(A) for all A € M, (F) which implies that dexp, is the identity
map. O

Proposition 4.4.24. The map exp restricts to a continuously differentiable homomorphism from an open
neighbourhood of 0 € M, (F) to an open neighbourhood of I € GL,,(F), with a continuously differentiable
inverse.

Proof. Note that exp(0) = I. By Corollary [4.4.23| we know that exp is differentiable at zero with a derivative
that is an invertible linear map. Therefore, we conclude by applying Theorem [5.2.2] O
Example 4.4.25. Forn =1 we can take U = (—1,1) and observe that
exply: (-=1,1) — (eil,e)

is @ homeomorphism with inverse being log, which is continuously differentiable.

I Proposition 4.4.26. Any continuous homomorphism 1 : (R, +) — (R* ) is of the form 1(t) = e for some
AeR.

Proof. Let ¢ : (R,+) — (R*,-) be a continuous homomorphism. Then (1) =1 > 0, and so by the intermediate
value theorem we know that ¢ (¢) > 0 for all ¢ € R as otherwise there would be some s € R for which (s) = 0.
Let ¢ : R — R be given by t — log(u(t)). Note that ¢ is continuous and for s,t € R we have that

P(s + 1) = log(v(s + 1))

= log(¥(s)¥(t))

= ¢(s) + o(t)
and so ¢ is a homomorphism. As any continuous homomorphism (R, +) — (R, +) is of the form ¢t — At for some
A € R, we deduce that ¢(t) = At which implies that ¥(t) = e*. O

Note that in the proof of Proposition [4.4.26| we use the fact that log is defined for all positive real numbers. This
is not the case for n > 0 and so studying homomorphism R — GL;(C) = C* requires extra care.

Theorem 4.4.27. Let v : R — GL,(R) be a homomorphism of topological groups. Then ~(t) = et for
some A € M, (F).

Proof. Using Proposition [4.4.24 we can choose open neighbourhoods U of zero in M,,(F) and V of I in GL,,(F)
such that V = exp(U) and exp|y : U — V is a homeomorphism. By the continuity of v, there is some § > 0
such that y([—4,0]) C V. Let B:[—6,6] — U be given by t — exp~! |y (v(2)).

Claim 1: B(rd) = rp(d) for all r € [-1,1].

Proof. Let r = 2 € |0,1]N Q. Then
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where in (1) we used the fact that - is a homomorphism. As this equality holds in V' we deduce that ¢ (g) =

5(6). Similarly
= (0(5)) - (%)
- ()
—en(5())
- o0 (529)
and so

(2)-3p0

This can be extended to any r € [~1,1]NQ. For r € [~1, 1] we choose a sequence (1), .y € [~1,1]NQ, where
Th = %, converging to r and use the continuity of 8 to deduce that 5(r,0) — B(rd). As 8(r,d) = r,8(d) and
rnB(0) = rB(0), it follows by the uniqueness of limits that 5(rd) = r5(d).

Claim 2: For any t € R we have ~(t) = exp (Ligé))-

t

Proof. Let t € R. Then there exists some integer N > 0 such that |%‘ < 4. That is, N = rd for some

€ [-1,1]. Therefore, by Claim 1 it follows that

Therefore,

- (10

Theorem |4.4.27| shows that + is continuously differentiable.

Corollary 4.4.28. Let G < GL,,(F) be a closed. Then any continuous homomorphism v : R — G is of the
form v, for some A € GL,,(F).

Proof. Since G < GL,,(F), any continuous homomorphism v : R — G is a continuous homomorphism R —
GL,(F). Hence, we can conclude by applying Theorem (4.4.27 O

Example 4.4.29. For A € M, (R), we have that e* € SL,(R) if and only if tr(A) = 0. Indeed, recall by
Lemma we have that det (eA) = e(4) . So since tr(A) € R it follows that det (eA) = 1 if and only
if tr(A) = 0. In particular, consider vy : R — SL,(R) a continuous homomorphism. Then v = 4 for some
A € M,(R). Hence, e € SL,(R) for all t € R if and only if tr(tA) = 0 which happens if and only if
tr(A) = 0.

4.5 The Lie Algebra of a Matrix Lie Group
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Definition 4.5.1. Let G < GL,,(F) be closed and let A € G. Then the tangent space ToG of G at A is

T4G :={¥(0) € M, (F) : v : R — G continuously differentiable with v(0) = A} .

Remark 4.5.2. The ~y in Definition need not be a homomorphism. A group homomorphism has to satisfy
~v(0) = I, whereas ~y in Definition is such that v(0) = A.

Proposition 4.5.3. Let G < GL,,(F) be a closed subgroup. Then for any A € G we have that
TAG = A-TyG = T;G - A.

Proof. Let M € T1G with M = 4(0) for v : R — G a continuously differentiable function with v(0) = I.
Consider the function A-~ : R — G given by ¢ — A - ~(t). This is continuously differentiable with (0) = A.

Therefore,
d

dt
Hence, A - T7G C T4G. A similar argument with A~! shows that

(Ay(#))li=0 = A¥(0) € TaG.

AV T4G C TG

which implies that TAG C A-T;G and so TyG = A - T;G. Similarly, one shows that TG = TG - A. O

I Proposition 4.5.4. Let G < GL,,(F) be closed. Then for any A, the set T4G is a real vector space.

Proof. For A=1,let M, N € T;G and A € R. Let a, 8 : R — G be continuously differentiable functions such
that a(0) = B(0) = I, &(0) = M and 3(0) = N. Let v(t) = a(\t). Then since v : R — G is continuously
differentiable with v(0) = I and 4(0) = A&(0) = AM it follows that AM € T7G. Now let §(t) = «(t)3(t). Then
0 : R — G is continuously differentiable with 6(0) = I. Using the product rule we deduce that

5(0) = &(0)3(0) + a(0)3(0) = MI + IN = M + N € T;G.

Therefore, T7G is a real vector space. We generalise the arguments to 174G by using Proposition [4.5.3 O

Definition 4.5.5. The dimension of a closed subgroup G < GL,,(IF) closed is given by the dimension of TG
as a real vector space.

Recall that the commutator of A, B € M, (F) is

[A,B] = AB — BA. (4.5.1)

I Proposition 4.5.6. Let G < GL,,(F) be closed, and let M, N € T1G. Then [M,N] € T;G.

Proof. Let o, 3 : R — G be continuously differentiable with a(0) = 3(0) = I, &(0) = M and 3(0) = N. For
s,t € R let 6,(t) = a(s)B(t)a(s)t. Note that d5(t) : R? — G is a continuously differentiable function. In
particular, for fixed s the function d, : R — G is continuously differentiable with &,(0) = I and so 4,(0) € T;G.
By the product rule we have that

05(0) = a(s)B(0)a(s) ™t = au(s)Neu(s) L.

Letting s vary we observe that 55(0) : R — T7G is a continuously differentiable path with 50(0) = 1. So its

derivative at zero lies in T7G, that is
d

558(0)1520 e T;G.
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Therefore, as

@53(0”5:0 = <§sa(s)|s_0> "N -a(0)"! + a(0)- N - <§sa(s)l|s_o>
=a(0)- N -a(0)™" —a(0) - N - (—a(0)a(0)?)
=M-N-I-1-N-M

= [M, N]

we deduce that [M, N] € T;G. O

Proposition 4.5.7. For A, B,C € M, (F) and the commutator bracket [-,-], as given in (4.5.1)), the Jacobi
identity holds. That is,
[4,[B,CN + [B,[C, Al + [C, [A, B]] = 0.

Proof. Expanding the commutators we get that

[4,[B,C]] + [B,[C, A]] + [C, [B, A]] = ABC — ACB — BCA+ CBA
+ BCA— BAC — CAB + ACB
+CAB — CBA — ABC + BAC

=0.
O
Definition 4.5.8. A real Lie algebra is a pair (V,[,:]), where V is a real vector space, and [-,-] : V xV — R
is a bilinear map such that the following statements hold.
1. [,-]: V x V — R is anti-symmetric. Thatis, [A,B] = —[B, A] forall A,B€V.

2. The Jacobi identity holds. That is,
[A7 [Bv C” + [B, [Cv AH + [C, [A7 B]] =0

forall A,B,C € V.
Remark 4.5.9. Often a Lie algebra will just be referred to as V, where the [-,-] is dropped from the notation.

Definition 4.5.10. Let (V,[-,:]y) and (W, [-,-lw) be Lie algebras. Then f :V — W is a homomorphism of
Lie algebras if it is linear and

forall A,BcV.

Definition 4.5.11. For G < GL,(F) closed, its Lie algebra is (T7G,|[,-]) where [-,-] is the commutator of
matrices as given in ((4.5.1]).

Remark 4.5.12.

1. Definition [4.5.11) makes sense as T;G is a real-vector space by Proposition [-,-] on T1G is well-
defined by Proposition and satisfies the Jacobi identity by Proposition [4.5.7,

2. The convention is to denote Lie algebras using lowercase Franktur font. So GL,,(R) as a Lie algebra is
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denoted gl,,(R), similarly SL,,(R) is denoted s((R).

Proposition 4.5.13. Let v : R — GL,(F) be a continuously differentiable function with v(0) = I. Fort € R
we have "
. t
ty(0) — 1; il
0= (1)

Proof. By the same arguments as those made at the beginning of the proof of Theorem [4.4.27] we can write
v(t) = e for |t| < § for some § > 0 and j3 : [~4,d] — M, (F) a continuously differentiable function. Recall
dexp, : M, (F) — M, (F) is the identity map, so by the chain rule it follows that 5(0) = 4(0). Therefore,

() . (o )
2 fim (exp (:ﬂ(o) to (i))n>
= lim exp (W(O) o (2))

_ (0

where in (1) for have the fact that for large n we have ‘%’ < 4, and in (2) we have used a Taylor expansion for
v O

Remark 4.5.14. Note that if v is additionally a homomorphism in the setting of Proposition|4.5.13, it follows
that e!7(0) = ~(t).

Example 4.5.15. Forn =1 and v =1+t the result of Proposition gives the expected

t n
et = lim <1 + > .
n—o00 n

I Proposition 4.5.16. Let G < GL,,(F) be closed, and let M € g = T;G. Then eM € G.

Proof. Let v : R — G be a continuously differentiable curve with v(0) = I, and 4(0) = M. Then by Proposition

[A513] the limit
1 n
eM = lim v (>
n— o0 n
exists. Therefore, as v (%)n € G and G C GL,(F) is closed, we deduce that eM € G. O

Corollary 4.5.17. For G < GL,,(F), the continuous homomorphism v : R — G are exactly those given by
ya(t) = et4 for some A € g = T1G.

Proof. Any continuous homomorphism v : R — G is also a continuous homomorphism into GL,(R). Hence,

Y(t) = ya(t) = e for some A € M, (F) by Theorem As 74 is continuously differentiable it follows that

A =%4(0) € g. Conversely, if A € gthentA € g forallt € R. Then, by Proposition ya(t) = et € G for

all t € R. Moreover, by Lemma 74 : R = GL,(F) is a continuous homomorphism. Since im(y4) C G

when A € g it follows that v4 : R — G is a continuous homomorphism. O
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Remark 4.5.18.

1. From Corollary [4.5.17 we see that there is a bijection between g and the continuous homomorphism
R — G. Where A € g is mapped to 4 in one direction, and ~y to 4(0) in the other.

2. Let,0 : R — G be continuous homomorphism with G < GL,,(F) being closed. Then they are continu-
ously differentiable with +(0) + (5(0) € g = T7G, which corresponds to some continuous homomorphism
€:R — G given by t — exp (¢ (7(0) + 0(0))). Note that n(t) = ~(t) - d(t) : R — G is a continuously
differentiable map with _

1(0) =4(0) +(0) € g,

but ) is not necessarily a homomorphism as G may not be abelian. Therefore, we cannot deduce that &
and n are equal, but by using Proposition we can write

£(t) = e
e (()o(2))"

Theorem 4.5.19. Let G < GL,(F) be closed. Then there are open neighbourhoods U of zero in g and
V =exp(U) of I in G such that exp |y : U — V is a homeomorphism.

Proof. Let W < M,,(F) be a subspace such that g W = M, (F). Let exp: g & W — GL,(FF) be given by
(X,Y) — eXe¥. As X and Y might not commute this is not the modification of exp given by (X,Y) — eX*V.
However, exp and exp agree on g. Hence, it suffices to prove the statement for exp.

Step 1: The derivative of exp at zero dexp, : M,,(F) — M,,(F), is the identity.

Let (X,Y) g W. Let y(t) = e!Xe!Y = exp(tX,tY). Then

. d . _ d
Y(0) = <dt€tx|t—o> Y 407 (dtety|t—0>

=X-I1+1-Y
=X+Y.

By the chain rule 4(0) = dexpy(X,Y) and so dexpy(X,Y) =X +Y.

Using step 1 we can apply Theorem to obtain a neighbourhood U of zero in M,,(F) and a neighbourhood
V =exp (U) of I in GL,,(F) such that exp| : U — V is a homeomorphism.

Step 2: There is a neighbourhood Z of zero in U C M, (F) such that exp” "(G)NZ =gnN Z.

It suffices to show that for (X,Y) € Z C g W we have exp(X,Y) € G if and only if Y = 0. Suppose that this
is not true, so that for every neighbourhood of zero in M, (FF) there is some (X,Y) € g&® W with Y # 0 and
exp(X,Y) = eXe¥ € G. Then there is a sequence of vectors ((X;,Y;)),.y C 9 ® W converging to 0 such that
Y; # 0 and exp(X;,Y;) € G for all i € N. As —X; € g it follows that e=*¢ € GG and so e XieXie¥i = e¥i € G.
Since each Y; # 0 € W we can consider

h<

LeSli={yeW:|y =1}

il

~

the normalised Y;. By the sequential compactness of S¢ we can pass to a convergent subsequence, such that

|§f\ —Y € W for some Y € S¢. In particular, Y # 0. Now fix t € R, and choose an integer m; such that

milVi| <t < (m; + 1)|Yi]

my

for all i € N. Note that e™¥" = (e¥*)"" € G. Moreover, as

Y;
— = tY

m;Y; = (mz|Yz|)|Y|
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we deduce that e™¥i — €Y. As G C GL,(F) is closed it follows that e'¥" € G for all ¢ € R which implies that
Y € g. However, gNW = {0} and Y # 0 and so we get a contradiction.
Assume U = gN Z, where Z is given by step 1. Then by step 1 we have that exp|z : Z — im (exp|z) is a
homeomorphism to a neighbourhood of I in GL,,(IF). Restricting to U, which is an open neighbourhood of zero,
we see that

exply : U — im (exp|v)

is a homeomorphism. By step 2 we know that im (exp|y) = G N im (exp|z) where im (exp|z) is an open
neighbourhood of I. Hence G Nim (exp|z) is an open neighbourhood of I in G. O

Corollary 4.5.20. Let G < GL,(FF) be closed. Then for all A € G there is an open neighbourhood U of A
in G which is homeomorphic to an open subset of R?, where d is the dimension of G.

Proof. When A = I this follows from Theorem [4.5.19] since g is homeomorphic to R?. When A # I we note
that multiplication by A is a homeomorphism, and sends an open neighbourhood of I, which is homeomorphic
to an open subset of R?, to an open neighbourhood of A in G. O

Corollary 4.5.21. Let G < GL,(F) be closed. Then G is a discrete topological space if and only if its
dimension is zero.

Proof. (<=). If the dimension of G is zero, then every A € G has a neighbourhood homeomorphic to R" by
Corollary[4.5.20] which is just a point. Hence, all points in G are open, implying that G has the discrete topology.
(=). As there is an open neighbourhood U of I in G that is homeomorphic to an open neighbourhood of R,
where d is the dimension of G, it follows that G is discrete as U is discrete. Hence, d = 0. O

Example 4.5.22.

1. For G < GL,(F) closed, there is an open neighbourhood U of I in G which is homeomorphic to a ball
in R, We can say this as we can restrict open sets to open balls. In particular, this implies that U is
path-connect. For the topological group (Q,+), no open neighbourhood of zero in Q is path-connected.
So (Q,+) is not isomorphic to a closed subgroup of any GL,,(R). This shows that (Q,+) is not a matrix
Lie group.

2 Let
G:=U(1) x U(1) = {(g 3) 2,0 € C, || = [ :1}.

Let v: R — G be the continuous homomorphism given by

et 0
to () ivar) -

Then ~ is injective, but no open neighbourhood of I € im(v) is path-connected, due to the zeros on the
cross-diagonal. Hence, im(v) < G is a subgroup but cannot be closed as it cannot be a matrix Lie group.
Hence, images of homomorphism are not necessarily matrix Lie groups, which differs from the theory
of other abstract objects we have discussed so far. Note that injectivity follows for any other irrational
number in the position of v/2.

Example 4.5.23.
1. From Example[4.4.29, we see that
s, (R) = {4 € M,(R) : tr(A) =0}.
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2. Consider the Lie algebra of O(n), namely o(n) = T1O(n). Let A € o(n), then tA € o(n) for all t € R.
Hence, e € O(n) for all t € R which implies that

oth (etA)T -7

AsetA’ = (etA)T and we know that e=tA" s the inverse of e!A" | it follows that !4 = e=tA" . As exp
is not injective we cannot immediately deduce that tA = —tA". However, for sufficiently small t > 0,
we have that tA and —tAT lie in an open neighbourhood of zero in M, (FF) on which exp is injective.
Hence, tA = —tAT and so A= —AT which says that A is skew-symmetric. Conversely, suppose that A
is skew-symmetric. Then as A and AT = —A commute we have that

otA (etA)T _ ptAp—tA

e0

for all t € R. Hence, e!* € O(n). Letting y4 : R — O(n) be the continuous homomorphism given
by t — et4 it follows that A € o(n). In conclusion, we have shown that o(n) < M, (R) is the set of
skew-symmetric matrices.

» In particular, we can say that O(n) and O(m) are isomorphic if and only if n = m, as o(n) has
dimension $n(n — 1).
3. As SL,,(R) = O(n) N SL,(R) it follows that

so(n) =o(n) Nsl,(R) = {A € M,(R): A=—A"T, tr(A) =0} .

Definition 4.5.24. Let G < GL,(F) and H < GL,(F) be closed, and let ¢ : G — H be a continuous
homomorphism. Let ¢. : g — b be defined as follows. For A € g, let v4(t) : R — G be the continuous
homomorphism given by y4(t) = €. Then ¢ o~ : R — H is also a continuous homomorphism and so
(po)(t) = e'B for some unique B € . Consequently, we let

o« (A) = B.
Equivalently, ¢.(A) is characterised by the equation

Vé.(A) = Pova. (4.5.2)

Remark 4.5.25. Lettingt =1 in (4.5.2) we deduce that

(expog,) (A) = (¢ o exp)(A).

I Lemma 4.5.26. The map ¢. : g — b, as given in Definition[4.5.24, is linear.

Proof. Let A,B € g and A € R. Then for any t € R we have that

etqb*(AA) =9 (etAA)
— (tN)8(4)

_ O (A).
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Since this holds for all ¢ € R we deduce that ¢.(AA) = A@.(A). Note that for any t € R we have

_ HA+B)

s (o () (1))

Ya+B(1)

where we have used Proposition and that fact that if §(£) = v4(t)ys(t) then §(0) = A + B. Hence,

: t t\\"
Vo (A)+¢.(B) = Hm (%*(A) (n> V6.(B) n))
t t "
= (o0 (3)) o (0 (3)))
n— 00 n n
n t t\\"
() (3))
n—oo n n
2 t t\\"
o (n(5) ()
n— 00 n n
= ¢ (ya+5(t))
=Y. (a+B)(t),
where in (1) we use the fact that ¢ is a homomorphism, and in (2) we use the continuity of ¢. O

Lemma 4.5.27. Let G < GL,(F) and H < GL,(F) be closed, and let ¢ : G — H be a continuous
homomorphism. Then ¢, : g — b satisfies

¢+([A, B]) = [¢+(A), ¢:(B)]
for all A, B € g. In other words, ¢, is a homomorphism of Lie algebras.
Proof. Let
0s(t) = va(s)yB(t)ya(—5)
(0) tr

so that 55(0) = esABe 54, As s varies, §,(0) traces a continuously differentiable path in g. More specifically,

% (G.00)| = % (@] _ Bty eSAB% GO
= ABI — IBA
= AB — BA
—[A, B].

Similarly, let
Bs(t) = Y. (4)(5)76.(B) () Ve, (1) (—5)

so that as s varies BS(O) traces a continuously differentiable path in . As before, we note that

s=0

Since, ¢ o 05 = f3; it follows that ¢ (59(0)) = (3,(0). Taking the derivative with respect to s and evaluating it at
zero gives

¢«([A; B]) = [¢+(A), ¢+(B)]
for all A, B € g. In conjunction with Lemma [£.5.26] we conclude that ¢, is a homomorphism of Lie algebras. [

85



Lemma 4.5.28. Let G, H and K be closed subgroups of GL,(R). Let ¢ : G — H and ) : H — K be
continuous homomorphism. Then 1, o ¢, = (1 0 P)..

Proof. Let A € g. Recall that ¢.(A) is determined by the (4.5.2). Consequently, ¢.(¢4(A)) is determined by
the equation

V(prop.)(A) = VO Vg, (A) =P OPoya.
Similarly, (1) o ¢).(A) is determined by the equation

V(wog).(A) =Y o poya.
Therefore, (1 0 ¢)4(A) = ¥, (¢« (A)) for all A € g. O

Corollary 4.5.29. If G, H < GL,(F) are closed and isomorphic as topological groups, then their respective
Lie algebras g and by are isomorphic as Lie algebras.

Proof. As G and H are isomorphic as topological groups, there exists continuous homomorphisms f : G — H
and g : H — G that are inverses to each other. Using Lemma [4.5.28| it follows that

fs0gs= (ng)* = (IdH)* = Idy.
Similarly, g. o f. = Idg. Hence, f. and g. are inverses to each other. Thus, as f., is a Lie algebra homomorphism
by Lemma [4.5.27] it follows that g and b are isomorphic as Lie algebras. O
4.6 Solution to Exercises
Exercise [4.1.2]

Solution. Suppose M is invertible, with inverse M ~*. Then MM ~" = I which implies that 1 = det (MM )
det(M)det (M ~1). Therefore, det(M) € R* with inverse det (M ~1).

Exercise [4.3.4]

Solution.

1. Let My, My € SL,,(F), then

ol

det(MlMg) = det(Ml)det(Mg) = 1,
which implies that M; M, € SL,, (IF). Moreover, for M € SL,,(F) we have
1 =det(I) = det (MM ") = det(M)det (M)

and so 1 = det (M~') meaning M~! € SL,(F). Therefore, as I € SL,(F) we conclude that SL, (F) <
GL,(FF). Moreover, as det(-) is continuous and SL,,(F) is the pre-image of {1} under this map we deduce
that SL,,(F) is closed. Therefore, SL,,(F) is a matrix Lie group.

2. Let
D, = {M € GL,,(F) : M diagonal}.
Consider M € D,, given by M = diag(A1,...,An). As M € GL,(F), it follows that Ay # 0 for k =

1,...,n. In particular,
Mdi ! ! 1
iag | —,...,— | =1.
8 )\1 )\n

Therefore, M~ € D,,. Similarly, for My, My € D,, with My = diag(A1, ..., \,) and My = diag(p1, - - ., fin)
we have

M1M2 = diag(/\lul, ey )\n,un).
Hence, M1Ms € D,,. As I € D,, we have that D,, < GL,(F). Note that matrices converge if and only
if each of the entries converges to the entries of the corresponding limit matrix. Hence, a sequence in D,
converges to an element of GL,,(F) if and only if that element is in D,,. Therefore, D,, < GL,,(FF) is closed
and thus a matrix Lie group.
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3. Let My, M; € O(n). Note that
(M, My) T (MyMy) = My M My My = M, My = 1.
Moreover, if M € O(n) then M~1 = M T which implies that MM T = I. Hence, O(n) is a subgroup of
GL,(R). It is closed as M + M T M is a continuous map and O(n) is the pre-image of the closed set {I}
under this map. Therefore, O(n) is a matrix Lie group.

4. SO(n) is a subgroup of O(n). It is closed as det(-) is a continuous map. Therefore, SO(n) is a matrix Lie
group by Corollary 4.3.14

5. U(n) is a matrix Lie group by similar arguments as made for O(n).

6. SU(n) is a subgroup of U(n). It is closed as det(+) is a continuous map. Therefore, SU(n) is a matrix Lie
group by Corollary [4.3.14

7. Let G be a finite group of cardinality n € N. Then by Cayley’s theorem, G is isomorphic to a subgroup
of S,. Let ¢ : G — S, be an injective homomorphism. This is continuous on the discrete topology. Let
¥+ Sp = GL,(R) be given by o — P, where P, is the corresponding unique permutation matrix. Note
that P;1 = P, 1. Suppose ¢(01) = 1(02), then P,, = P,, and so

I=P,'P,, =P, :P,,
2
which implies that 02_1 o 0] = e meaning o1 = 02. Hence, 1 is injective, and it is also continuous on the
discrete topology. Therefore, ¢ = ¥ o ¢ : G — GL,(R) is an injective and continuous homomorphism.
Therefore, G is isomorphic to a subgroup of GL,,(R). Moreover, this subgroup is closed as all discrete
groups in the discrete topology are closed.

8. Recall from Proposition that

Z(GL,(F)) = {\[: A € F*}.
As the centre of a group is a normal subgroup, we have PGL,,(F) = GL,,(F)/Z (GL,(F)) is well-defined
and in particular a group. With Z (GL,,(F)) being closed it follows that PGL,,(IF) is closed in the quotient
topology. Therefore, PGL,,(F) is a matrix Lie group.

9. The determinant of any matrix in H, (F) is one, and so H,,(F) C GL,(F). Clearly, H,(F) is closed under
matrix multiplication. Let A € H,,(FF), then we know that A1 exists and is upper triangular as A is upper
triangular. Moreover, as AA™! = I it is clear that the diagonal of A=! must contain all ones and so
A=l € H,(F). Thus, H, (F) is closed under inverses. As I € H,,(IF) we deduce that H,,(F) < GL,(F) is a
subgroup. Now let (A,,)men € H, (F) be a sequence converging to A € M,,(F). Then it must be the case
that (A,,)i; — Aij for 1 < 4,5 < n and so A € H,(F) meaning H,,(F) < GL,(F) is a closed subgroup.
Therefore, H,, () is a matrix Lie group.

O
Exercise [4.3.11]
Solution. Consider M = <(1) ?) Then M is invertible as
1 0\/1 0\ (1 0
0 ¢ 0 —i) \0 1)
However,
1 0
A=Re(M) = (O O)
and
0 0
B=Im(M) = (0 1)
are not invertible. O
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Exercise [4.4.5)

Solution. For A € GL,,(C) we can write it in Jordan normal form as
A=P(Jp, (M) @@ Jy,(\)) PE

for some Ay,..., A, € C, P € GL,(C) and with J,,,();) denoting the n; x n; \;-Jordan block. As A is invertible,
each \; # 0 and so we can write \; = e for some z; € C. By statement . of Example we have

Ai

i

elni(%) = Ai
m ... ? )\i )\i

As the minimal polynomial of e”=i(*1) is (X — ;)™ we deduce that it has Jordan normal form J,,.(\;) and so we
can write J,, (\;) = Py exp (Jn, (2:)) P, = exp (PiJn, (2:)P; ') for some P; € GL,,(C). Therefore,

K2

A=P (exp (PlJn1 (zl)Pl_l) @ Dexp (P,«J»,LT(Z,,A)P;I)) p!
=exp (P (PiJn, (21) P & - @ Py, (2,)P7Y) P71

Hence, we conclude that any A € GL,,(C) is the exponential of some matrix. O
Exercise [4.4.12)

) 0 0 0 1
Solution. Let A = (1 0) and B = <O 0>. Then

A (10
(1)

and
so that

On the other hand,
k
0 1 1 k even
A+ B)k = =
(A+B) (1 0) {A+B k odd.

cosh(1) sinh(1
et = (sinh((l)) cosh((l))> # ete?.

0 0 1 0
an= (00 (2 ) ma

Therefore,

Indeed
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5 Appendix

5.1 Topology
Throughout let F be R or C.

Definition 5.1.1. A topology T on a set X is a collection of subsets of X, which are called the open subsets,
such that the following statements hold.

» 0, X cT.

» If (Ui);c; €T is a collection of open subsets of X, where I is a possibly infinite set, then

UUzET

iel
» If{U,...,U,} C T are open, then
m U, eT.

=1

A subset C C X is said to be closed if X \ C € T.

Example 5.1.2. The Euclidean topology on F™ says that U C X is open if, for all x € X, there is some ¢ > 0
such that for any y € X with |y — x| < € it follows that y € U. Henceforth, any topological reference involving
F™ will implicitly endow F™ with the Euclidean topology.

Definition 5.1.3. A function f : X — Y between topological spaces is continuous if for any open set U CY
the set f~1(U) is open in X.
Note that if f: X — Y is continuous and C' C Y is closed, then f~1(C) C X is closed.
Definition 5.1.4. Let (X,7) be a topology. Then for V' C X the collection
Tv={VnNU:UeT}
defines the subspace topology on V.

Lemma 5.1.5. If X CF" and Y C F™ have the subspace topology, then f : X — Y is continuous if and
only if for all x € X and € > 0, there is some § > 0 such that whenever y € X is such that |x — y| < §, we

have |f(z) — f(y)| <e.

Remark 5.1.6. The notion of continuity established in Lemma is the e-6 definition of continuity. Intu-
itively, it says that f is continuous at x if f(y) is close to f(x) for y sufficiently close to .

I Lemma 5.1.7. The composition of continuous functions is continuous.

Lemma 5.1.8. A function f = (f1,..., fn) : F™ — F™ is continuous if and only if each component f; :
F™ — [ is continuous.
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Example 5.1.9. Projection maps 7; : F* — F, given by (x1,...,x,) — x; are continuous. Moreover, if
f,9:F" — T are continuous, then so are f + g and f - g. Combining these observations, we deduce that any
polynomial, in multiple variables, is continuous. Hence, 1 : M,,(F) x M,,(F) — M, (F) given by (A,B) — A-B
is continuous, since each entry of A - B is a polynomial in the entries of A and B.

Definition 5.1.10. Let Y C F" have the Euclidean topology and consider X C'Y. We say X is dense in'Y
if X, the closure of X in'Y, is equal to Y. Equivalently, we have that for all y € Y and for all € > 0, there is
some x € X with |z —y| < e.

Example 5.1.11.
1. Q C R is dense.
2. Q[i] C C is dense.

Definition 5.1.12. A topological space X is path-connected if for all x,y € X, there is a path from x to y.
Where a path is a continuous function f : [0,1] — X such that f(0) =z and f(1) = y.

Lemma 5.1.13. Let z,y,z € X. If there is a path ~y from x toy and a path § from y to z, then there is a
path from x to z.

Proof. Let £ :[0,1] — X be given by

v(2t) t<i
£(t) = i
62t—1) t>3
This is a path from z to 2. O

Definition 5.1.14. A set X C F™ is bounded if there is some C' > 0 such that for all x € X we have |z| < C.

Definition 5.1.15. A set X C F" is compact if it is a closed and bounded subset of F™.

5.2 Differentiability

Definition 5.2.1.

= A function v : R — F™ s continuously differentiable, written ~y € Cl, if its derivative F(t) : R — F™
exists and is continuous for all t € R.

Ofi

5, exist

= A function f : R™ — R" is continuously differentiable, written f € C*, if all partial derivatives
and are continuous. The derivative at p is the matrix

Df(p) = < g:i (p)>ij :

Theorem 5.2.2 (Inverse Function Theorem). Let f : R™ — R™ be continuously differentiable. Suppose
xo € R™ s such that Df(xq) is an invertible matrix. Then there exists an open neighbourhood U C R™ of
xg such that f|, : U — f(U) is a homeomorphism, and is continuously differentiable with a continuously
differentiable inverse.
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Remark 5.2.3. Theorem says that if the derivative of f is invertible at x then f is also invertible in a
neighbourhood of xy.

Example 5.2.4.

1. Consider exp : R — R given by x — e®. This is not a homeomorphism as it is not surjective. However,
the derivative at zero is 1 € My (R), which is invertible. Hence, using Theorem|[5.2.2 we can find an open
neighbourhood, say (—1,1) such that

exp|_y 1y (=1,1) = (e_l,el)

is a homeomorphism. Namely, it is continuously differentiable and its inverse, log, is continuously differ-
entiable.

2. Consider exp : C — C, sending z — e*. The derivative at zero is the identity matrix, I = (é (1)>

which is invertible. It turns out, in this case, we can take U = {z € C: |2|* = 1}.

5.3 Abelian Matrix Lie Groups

Just as we can classify finitely generated abelian groups, we can also classify connected abelian matrix lie groups.

Lemma 5.3.1. Let ¢ : G — H be a homomorphism between matrix Lie groups. Then ker(¢) is a closed
topological subgroup of G, meaning ker(¢) is itself a matrix lie group. Moreover,

T[ ker(d)) = ker (QZ)* 3 T[G — T]H) o

Proof. Let (x,)nen C ker(¢) be a sequence converging to « in G. As ¢ is continuous it follows that ¢(z) = T
which implies that = € ker(¢), meaning ker(¢) is a closed subgroup of G. Recall, that we have a bijection
between T;G and continuous homomorphism v : R — G. Note that ker(¢.) consists of the v for which ¢ o v
is constant, which holds if and only if im(y) C ker(G), and so v : R — ker(¢) is a continuous homomorphism.
Therefore, using the associated bijection, this happens if and only if v € T} ker(¢). O

Lemma 5.3.2. Let G be a matrix Lie group with K<G a discrete normal subgroup. Then G/K is a topological
group. In particular, the quotient map w : G — G /K is a continuous homomorphism, for which there exists
an open neighbourhood U of I € G such that 7|y is a homeomorphism into its image.

Proof. Note that multiplication, G x G — G, when restricted to K x K maps K x K — K as K is a subgroup.
Therefore, (G x G)/(K x K) — G/K defines a continuous map. As (G/K) x (G/K) = (G x G)/(K x K) it
follows that the product on G/ K is continuous. Similarly, one argues that the inverse is continuous meaning that
G/K is a topological group. Now as K is discrete, we can choose a compact neighbourhood C' of I € G such
that 7| is an injective. Then 7|¢ is a continuous bijection onto its image. As C and 7(C') are both Hausdorff we
have that 7|¢ is homeomorphic onto its image. Taking U to be the interior of C' we find an open neighbourhood
U of I € G such that 7|y is homeomorphic onto its image. O

For each of the abstract objects we have considered, there have been corresponding isomorphism theorem. Similar
isomorphism results hold for matrix Lie groups.

Proposition 5.3.3. Let ¢ : G — H be a surjective homomorphism of matrix Lie groups, with a discrete
kernel. Then G/ ker ¢ and H are isomorphic topological groups. In particular, G/ ker ¢ is a matrix Lie group.

Proof. Note that ¢ respects the equivalence classes of G/ ker(¢). Hence, ¢ can be restricted to a continuous
homomorphism ¢ : G/ ker(¢) — H. In particular, ¢ is injective and surjective. Since ker(¢) is discrete it follows
that ¢, is injective. Moreover, since ¢ is surjective it follows that ¢, is surjective and thus defines an isomorphism.
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Therefore, there exists a neighbourhood U of I € G such that ¢|y is homeomorphic onto its image. Using Lemma
we have a neighbourhood V of I € G/ker(¢) such that ¢|y is homeomorphic onto its image. Implying
the ¢! is continuous in an open neighbourhood of I. Let A € H. As multiplication by A is homeomorphic, it
follows that ¢~ is continuous in a neighbourhood of A. Thus  is a homeomorphism meaning G/ ker(¢) and H
are isomorphic topological groups.

Example 5.3.4. Let G = R%/Z? and ¢ : R — G be given by t + (t,mt). One can associate G with
[0,1)2, where (x,y) € R is represented by (x mod 1,y mod 1. It is clear then that ¢ is injective due to the
irrationality of 7. Specifically if (t1,7ty) ~ (to, wto) it follows that t; —to € Z and w(t1 — t2) € Z, which is
clearly a contradiction. Moreover, ¢ is a continuous homomorphism, however, ¢ is not a homeomorphism. To
see why it is not a homeomorphism, take U as an open neighbourhood of 0 € im($). Then U contains no
path-connected neighbourhood of 0 due to the lattice lines. However, every neighbourhood of 0 € R contains
a path-connected neighbourhood of 0. Therefore, these spaces cannot even be homeomorphic. Therefore, it is
not always true that G/ ker(¢) is isomorphic to im(¢) when ker(¢) is discrete.

Lemma 5.3.5. Let G be an abelian matrix Lie group. Then the commutator vanishes on g. Furthermore,
exp : g — G is a homomorphism of topological groups.

Proof. Let A, B € g and let §,(t) = e*“etBe~54 be a path in G for each s. Recall that d,(0) € g for all s, and

is differentiable in s with derivative d

ds
As G is abelian it is clear that d4(t) = ' and so we also have that §,(0) = B for all s which implies that

05(0)

=lAB.

d .
4, B] ds 3t )5:0
In particular, this means that A and B commute and so we can write eAt8 = e4eB. Meaning exp is a
homomorphism as we already know it is continuous. O

I Lemma 5.3.6. Let G be a connected abelian matrix Lie group. Then exp : g — G has a discrete kernel.

Proof. Suppose that the kernel is not discrete. Then there exists a sequence (z;);eny C ker(exp) such that
x; — = € ker(exp) with x; # x for any ¢ € N. By replacing x; with z; — 2 we can suppose without loss of
generality that x = 0. As x; € ker(exp) we have exp(x;) = I for all i € N, with the added property that
x; — 0. However, as exp is injective on some open neighbourhood of 0. Therefore, for some i,5 € N large
enough the points z; and z; lie in this neighbourhood and it follows that ; = x; by the injectivity of exp, which
is a contradiction. O

I Lemma 5.3.7. Let G be a connected abelian matrix Lie group. Then exp : g — G is surjective.

Proof. Since G is connected, for any g € G we can write g = et ... e?* for some A1,..., A, € g. As exp is a

homomorphism it follows that g = eA*!*++4r ¢ im(exp). Hence, exp : g — G is surjective. O

Definition 5.3.8. For a finite-dimensional real vector space V', a lattice is a discrete subgroup A.

Lemma 5.3.9. Let A <V be a lattice. Then there is a basis {e;}._, of V such that

AN="Ze + -+ Zey
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I for some k < d. In particular, A is finitely generated.

Proof. We proceed by induction on the dimension of V. The case for dim(V) = 0. Moreover, the case for A =0
is clear, so we assume A # 0. Define some inner product on V" and let e € A\ {0} be an element which minimises
le|. We can do this as A is discrete. Now consider V' := V/(e), the quotient map 7 : V' — V' and A’ = 7(A). It
is clear that A’ is a subgroup of V’. Suppose that A’ is not discrete. Then there is some sequence (A}), .y € V'
such that \; — 0 and X, # 0 for any ¢ € N. For i € N, let A; € A be such that 7w(}\;) = A,. By adding multiples
of e where necessary we can assume that \; — 0. However, this contradicts the existence of e. Therefore, A’ is

discrete. So by the inductive hypothesis, there is a basis {e;}le of V' such that
N =7Zée\ + -+ Ze,.
For each i let e; be such that 7(e;) = ei. Then {e} U {e;}{_, is a basis for V such that
AN ="Ze+ Zey+ -+ Zey.
O
Theorem 5.3.10. Let G be a connected abelian matrix Lie group. Then G is isomorphic to (R/Z)* x R? for
some i,j > 0. Moreover, G is compact if and only if j = 0.

Proof. Consider the homomorphism exp : g — G. This is a surjective homomorphism with a discrete kernel, and
so it follows that G is isomorphic to g/ ker(exp). As ker(exp) is a lattice in g we can choose a basis {e;}%, C g
such that

ker(exp) = Zey + - - - + Zeg,

for some k < d. Therefore, G is isomorphic to R?/Z* which is isomorphic to (R/Z)* x R?~*. Moreover, we note
that (R/Z)" x R/ is compact if and only if j = 0 to complete the proof. O
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