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1 Introduction

1.1 Curves

A curve is a smooth map 7 : [a,b] — R™, here we consider when n € {2, 3}, where v/(¢) # 0 for t € [a,b]. Curves
in R? are referred to as planar curves and curves in R3 are referred to as space curves.

Exercise 1.1.1. Why do we need +'(t) # 0 for t € [a, b].

Figure 1.1.1: Examples of curves.

1.2 Surface

A subset S C R3? is a surface if locally it looks like R2.

(a) The surface on the left is the surface of a three-dimensional sphere. When the sphere has radius one this surface is
denoted S2. The surface on the right is the surface of a cylinder. When the cylinder has radius r this surface is denoted

Cr.

(b) These intersecting planes do not form a surface.

Figure 1.2.1: Examples and non-examples of surfaces.

1.3 Geometry

Geometry is the study of geometric notions such as lengths, angles, area, volumes and so forth. Topology is the
study of shapes where geometric notions are not present. In geometry, a map between geometrical objects that
preserves geometric notions is known as an isometry.



Figure 1.4.2: The extrinsic curvature of a planar curve.

1.4 Curvature

A recurring focus of study is curvature of which there are different types, namely intrinsic and extrinsic curvature.
Roughly speaking, an intrinsic property is preserved under isometries, whereas an extrinsic property is dependent
on the context.

Example 1.4.1.

1. A cylinder is not intrinsically curved. One can cut down a side of a cylinder and roll it out flat whilst
preserving geometric notions on the surface such as lengths, angles and areas. The process of transforming
the cylinder into a plane is an example of an isometry.

2. A sphere has intrinsic curvature as no isometry removes its curvature. That is, it cannot be flattened
without disturbing geometric properties such as length, angles and areas on the surface.
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LD gy =

Figure 1.4.1: The extrinsic curvature of a cylinder and the intrinsic curvature of a sphere in terms of the existence
of isometries.

Intrinsic curvature is absent when speaking about planar curves, every planar curve is intrinsically flat, Figure[1.4.2
Given a curve, we can stretch it out to a flat line. However, curves can exhibit extrinsic curvature. Intuitively,
extrinsic planar curvature should say that a straight line has zero curvature, whereas a circle should have a non-
zero constant curvature. More generally, a circle of radius r; should have more curvature than a circle of radius
ro when 1 < ro. For example, we can define the curvature of a circle of radius r to be % with a straight line
being thought of as a circle with infinite radius. Using the idea that general planar curves can be approximated

by circles, even of infinite radius, leads to the following definition of the curvature of a planar curve.

Definition 1.4.2 (Informal). A planar curve v : [a,b] — R? has curvature k., : [a,b] — R where k., (p) is given
by the curvature of the circle which best approximates  at p.

Remark 1.4.3.

1. The curvature of a planar curve ~y at a point p can be thought of as the failure of -y to be a straight line.



2. For space curves, we have an additional geometrical notion referred to as torsion, which can be thought
of as the failure of the curve to lie in a plane.

The curvature of a surface is more nuanced. Let S C R? be a surface with p € S and n the normal to S at
p. We can then consider the plane containing the normal and p. The intersection of this plane with S produces

a curve for which we can talk about curvature. Therefore, with this perspective, we are considering an extrinsic
curvature.

Figure 1.4.3: The curvature of the surface using an intersecting plane.

The principal curvatures x1(p) and k2(p) of S at p are the minimum and maximum values of the curvature of
the intersecting curves between S and the planes that pass through p.

Example 1.4.4.

1. For the surface S*> we have r1(p) = K2(p) = 1 for all p € S%.

2. For the surface C,. we have r1(p) = 0 and ka(p) = % for all p € C,.

T

r
| S
\
\ )
d ¢
Pt - T (e 4
i
f
av L
. VI g e

Figure 1.4.4: The intersecting planes corresponding to the principal curvatures on S% and C,.

Theorem 1.4.5 (Gauss Theorema Egregium). Let S C R3 be a surface, then the quantity K (p) = k1(p)ka(p)
is an intrinsic property of S.

Remark 1.4.6. The function Ks : S — R referred to in Theorem[I.4.5 is known as the Gauss curvature of S.

Example 1.4.7.
1. For S% we have Kg> = 1.

2. For C, we have K¢, = 0.

I Corollary 1.4.8. The surface S? is not isometric to the plane.

Proof. As (. is isometric to the plane, it follows from Theorem that Kp =0, where P is a plane. Therefore,



Kp # Kg» and so S? is not isometric to P by Theorem O

1.5 Geodesics

Geodesics are curves in a surface S that are as straight as possible. For example, on the cylinder, a geodesic
should have the property that under an isometry to the plane they map to straight lines. On S2?, all geodesics are
great circles, which are circles on a plane which passes through the origin.

= T

Figure 1.5.1: An illustration of how the geodesic of a cylinder transforms into a straight line under a cut and roll
isometry.

1.6 Geometry and Topology

Questions between geometry and topology arise naturally and are important in many applications such as solving
partial differential equations. A question one may ask is whether we can embed S?, as a topological space, into
R3 such that the Gauss curvature of the resulting surface is non-positive. Similarly, one may ask if there is an
embedding of S? into R? which contains non-intersecting geodesics.

Theorem 1.6.1 (Gauss-Bonnet). Let S C R® be a compact orientable surface. Then

/ K dAgs = 2mx(9),
S

where x(S) is the Euler characteristic of S as a topological surface.

Example 1.6.2. For S? we have x (S?) = 2. Therefore,

K dS? = 471 > 0.
S2

Therefore, S?> cannot be embedded into R3 such that K < 0.

1.7 Solution to Exercises
Exercise [I.1.1]

Solution. Ensuring 4/(t) # 0 for all ¢ € [a, b] means that the tangent at any point along the curve is well-defined.
More specifically, for a curve v : [a,b] — R"™, the tangent to the curve at the point v(¢o) is given by

s = v(to) + 57/ (to)-



2 Curves

2.1 Regular Curves

The map (-,-) : R™ x R™ — R will be the Euclidean dot product, that is

n
=1

The Euclidean norm will thus be

which provides a notion of length for R”.

Definition 2.1.1. A parameterised curve in R™ is a smooth map v : I — R", where I C R is an interval.
Moreover, ~y is regular if |/ (t)| # 0 for all t € I.

Remark 2.1.2.

1. Here we will only be concerned with n = 2 and n = 3, which we refer to as a planar curve and a space
curve respectively.

2. Note that a curve can either refer to a regular parameterisation v : I — R"™ or the image of a regular
parameterisation, namely v([a,b]) C R™. The former interpretation is akin to thinking of the curve as
the trajectory of a particle that is always in motion. Whilst the latter is a subset of R™ whose properties
such as length we will be interested in.

Example 2.1.3. Examples of regular curves include the following.

1. A straight line segment given by 1 : [0,1] — R? where 1 (t) = (2t — 1,3t + 2).

2. A circle with radius r > 0 given by 7y, : [0,27) — R? where v5(t) = (r cos(t), rsin(t)).
3. A helix given by 3 : [0,67] — R® where v3(t) = (cos(t), sin(t), t).
4

. Curves can be self-intersecting, 74 : R — R? where v,(t) = (t* — 4t,1? — 4).

5. The Folium of Descartes is the curve 5 : (—1,00) — R? where v5(t) = (%, %) This curve is

injective but not homeomorphic to its image.

An example of a non-regular curve is the following.

6. The curve 76 : R — R? given by v4(t) = (t3,t2) is a parameterised curve but it is not regular as

76(0) = (0,0). Note that vs(R) = {(x,y) ER?:y= x%} has a cusp at the origin.



Figure 2.1.1: Illustrations of the curves stated in Example

Definition 2.1.4. Let ~y represent a regular curve. Then the tangent line to v at v(to) is given by

{7(to) + 7' (to)s : s € R} .

Example 2.1.5. Being smooth is not sufficient to ensure that a tangent line is well-defined. Consider « :
(=1,1) — R3 given by
(exp (=) ,exp (=),0) >0
a(t) =< (0,0,0) t=0

(— exp (—t%) , €Xp (—t%) ,0) t <O0.

Then « is smooth, however, the tangent line to a at «(0) is not well-defined as o/ (0) = (0,0, 0).

Definition 2.1.6. Let J,I C R be intervals. If f : J — I is a diffeomorphism, that is f'(t) # 0 for every
teJ, and~:I— R" is aregular curve then yo f : J — R" s a reparameterisation of .

A

Remark 2.1.7. A reparameterisation of a regular curve as given in Definition|2.1.6, is a regular curve. Indeed,

Y (FE) = I (@I @] # 0.

Most properties of interest are invariant under reparameterisation.

2.2 Length

Let v : [a,b] — R™ be a regular curve and consider the partition

a=tyg<---<t, =0



Then the length of v denoted L(v), is approximated by

n—1 n—1
L(v) = Z [y(tiv1) — ()| = Z 1Y ()] [tie1 — tal,
=0 i=0

where the second approximation comes from the mean value theorem. The approximation becomes better as the
partition becomes finer.
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Figure 2.2.1: Approximating the length of a curve by using line segments between points of a partition.

Definition 2.2.1. The length of a regular curve v : [a,b] — R"™ is given by

b
Lfy) = / (1) dt.

Example 2.2.2. Using Definition[2.2.1) we can find the length of a few of the curves from Example[2.1.3,
1. L(m) = fy 1(2,3)|dt = v/13.
2. L(y) = fo% |(=rsin(t),r cos(t))| dt = OQW rdt = 27r.

3. L(vs) = J7|(—sin(t), cos(t), 1)] dt = 6v/2m.

Proposition 2.2.3. The length of a regular curve v : I — R™ s independent of the parameterisation. That
is,

L(y) = L(y e f),

where f is a reparameterisation as given by Definition[2.1.6

Proof. Let 7y : [a,b] — R™ be a regular curve, with f : [¢,d] — [a,b] a smooth function such that f'(s) # 0 for
all s € [¢,d] and f({c,d}) = {a,b}. Then ¢ ;= o f:[c,d] — R™ is a reparameterisation of v([a,b]). Since
f'(s) # 0 for all s € [¢,d] and f’ is continuous on [c, d] it follows that f > 0 on [¢,d] or f/ < 0 on [c,d]. Without
loss of generality suppose that f' > 0 on [c,d] such that f(c) = a and f(d) =b. With v(t) = (z1(¢),...,zn(t))
we have



Therefore,

O

Definition 2.2.4. A regular curve 7y : [a,b] — R™ is parameterised by arc length if |y'(t)| = 1 for all t € (a,b).

Remark 2.2.5.

1. With the interpretation that a curve traces the trajectory of a non-stationary particle, an arc length
parameterisation ensures that the particle moves at a unit speed along the curve. Consequently, the arc
length parameterisation is also referred to as the unit speed parameterisation.

2. Note that if a regular curve 7y : [a,b] — R™ is parameterised by arc length, then L(v) =b— a.

3. The arc-length parameterisation of a regular curve is not unique. In particular, one can reverse the
direction of an arc-length parameterisation and obtain a different arc-length parameterisation.

I Proposition 2.2.6. Any regular curve v : [a,b] — R™ can be parameterised by arc length.

Proof. Let 7 : [a,b] — R™ be a regular curve. Let h : [a,b] — R™ be given by

t
t»—)/ |7/ (u)| du + c.

+'(u) exists and is continuous for all u € [a,b], the function h is well-defined with h(a) = ¢ and h(b) =

As 7' (u)
L(y([a,b])) + ¢ =: d. Moreover,
W(t) = ()], (2.2.1)

which implies that h has a non-zero derivative at every point ¢ € [a, b]. In particular, this means that h : [a,b] —
[c, d] has a well-defined inverse. Let f : [¢,d] — [a, b] be the inverse of h : [a, b] — [c,d], which we note is smooth
with a non-zero derivative. Thus we can consider the reparameterisation ¢ := yo f : [¢,d] = R". As (ho f) =+,
for t € [c,d] we have B/ (f(t))f'(t) = 1, and so as the derivatives are non-zero we deduce that

1

Y — , 2.2.2
T (222

Using (2.2.1)) and (2.2.2)) it follows that

1
! — / ! — h/ — 1
[ (@) = 1 (f()f ()] = |[n'(f(2))] WD)

Therefore, ¢ is an arc length parameterisation of « : [a, b] — R™. O

10



2.3 Curvature

Recall that regular curves are intrinsically flat, that is they are locally isometric to a straight line. Therefore, the
curvature of a curve refers to an extrinsic property.

Definition 2.3.1. Let v : [0,I] — R™ be a regular curve parameterised by arc length. The curvature of y at

~(t) is
k(t) = v"(®)]

The curvature vector is given by k(t) = 4" (t).

Lemma 2.3.2. The curvature and curvature vector of a regular curve are independent of the arc length
parameterisation of the curve.

Proof. Let ~y be a regular curve parameterised by arc length. Let ¢ = v o f be an arc length parameterisation of
~. Then

L= = (FE)I @O = 1@
Thus,
fi&)==xt+c

for some constant c¢. Therefore, ¥(t) = v(£t + ¢) and so

() ="(1).

Example 2.3.3. Let v : [0,27) — R? be given by
~(t) = (Rcos(t), Rsin(t)).

Note that |y'(t)| = R and thus ~y is not parameterised by arc length. Let

h(t) = / /()] ds = R,

and set
t

00 = (r0.0)(0) = (Rsin () Rsin (1))

we note that |¢)'(t)| = 1, and so v is parameterised by arc length. Hence, we can write

0~ (f(5) - (3)

and k(t) = %. This corresponds to our osculating circle heuristic developed previously.

f()
Then with

Proposition 2.3.4. Let v : I — R™ be a regular curve parameterised by arc length. Then k(t) = 0 for all
t € I if and only if vy is a straight line.

Proof. Note that k = 0 if and only if 4"/ = 0 which happens if and only if v = at + b for some a,b € R". O

11



Remark 2.3.5. The curve must be parameterised by arc length in Proposition Consider ~y : [0,1] — R?
given by v(t) = (0,€"). Then v([0,1]) is a straight line, however,

~'(t) = (O,et) # (0,0).

Indeed,
()] = e,
which is not equal to one for all t € [0, 1].

Proposition 2.3.6. Let 7 : [a,b] — R™ be a regular curve parameterised by arc length. For every t € [a,b],
the curvature vector k(t) is perpendicular to the tangent vector v'(t) to the curve y([a,b]) at ¥(t).

Proof. As v is parameterised by arc length we have (v'(t),7/(t)) =1 for all ¢t € [a,b], thus & (v/(t),~'(t)) = 0
for all t € [a,b]. On the other hand,

% (0,7 (0) = ("(1),7' (1) + (' (1),7" (1) = 2 (k(t), 7' (1)) -

Therefore, (k(t),~'(t)) = 0 for all ¢ € [a,b] which means that k(t) is perpendicular to the the tangent line of
¥([a,B]) at 7(2). -

Remark 2.3.7.

1. For planar curves, the curvature vector can point in one of two directions whilst still being orthogonal to
the tangent vector, Figure[2.3.1, The direction of the curvature vector points depends on the direction
in which the arc length parameterisation is given.

2. Returning to the interpretation that a curve is the trajectory of a particle, we noted that with an arc
length parameterisation, the particle travels at unit speed along this trajectory. Thus, acceleration is
only experienced in the centripetal direction, that is the direction orthogonal to its motion. Hence, the
curvature gives the acceleration of the particle and can be thought of as being responsible for changing
the direction of the curve.

Figure 2.3.1: The tangent vector and curvature vector for a regular curve in R2.

Exercise 2.3.8. Let v : (a,b) — R? be a regular curve parameterised by arc length, with k. (ty) > 0 for some
to € (a,b). Forv € R?, let
C, = {p eR?%: lp —v| = |v(to) — U|}

12



and let f, : (a,b) — R? be given by
folt) = Iy (t) —vf*.
1. Show that C, is tangent to v at to if and only if f!(tp) = 0.

2. Show that there exists a v € R? such that f!(to) = f!(to) = 0 with C, having a radius ofm.

Remark 2.3.9. Note that C, from Exercise is a circle that passes through ~y(to). Thus, statement 2 of

Exercise says that the tangential circle that best approximates the curve «y at ty has radius m which
v

relates to our osculating circle heuristic.

Proposition 2.3.10. Let v : [a,b] — R® be a regular curve parameterised by arc length, and suppose that
|v(t)| achieves its maximum value at some tg € (a,b). Then,

|k(to)| =

[v(to)

Proof. Consider the function f : [a,b] — R given by

Then

and
F7(t) = 2(v(), 7" () +2 (v (1),7 (1))
=2(v(t),7" (1)) +2

where the second equality follows as 7 is parameterised by arc length. Then as f(tg) is a maximum, and ¢g is an
interior point of (a,b), it follows that f”(¢y) < 0. Thus,

2(v(to),7"(to)) +2 < 0. (2.3.1)
In particular, it must be the case that (v(¢o),7" (o)) < 0, and so

(v(t0), 7" (t0)) = = 1{7(t0), 7" (t0))! -

Thus, (2.3.1]) becomes
1< [{v(to), 7" (to))] -
Using the Cauchy-Schwartz inequality it follows that

1< |y(to)[ 17" (to)

= |v(to)||k(to)]-

Upon rearrangement we arrive at

|k(to)| =

Iy (to)|

2.4 Frenet Frames

Definition 2.4.1. Let v : [a,b] — R3 be a regular curve parameterised by arc length for which k. (t) # 0 for
every t € [a,b].

1. The unit tangent vector to 7y att € [a,b] is T(t) := ~'(¢).

2. The principal normal vector to v at t € [a,b] is N(t) :

13



3. The binormal vector to v at t € [a,b] is B(t) := T (t) x N(t).

The triple (T'(t), N(t), B(t)) for t € [a,b] is a positively oriented orthonormal basis for R? referred to as the
Frenet frame for v at t.

Remark 2.4.2.

1. The principal normal vector of ~y is well-defined as T’ # 0 by the assumption on . Moreover, as
T'(t) = k(t), it follows by Proposition that the principal normal vector is orthogonal to the tangent
vector.

2. In three dimensions there are infinitely many normal directions to the tangent vector. The principal
normal vector is chosen canonically such that N (t) lies in the osculating plane of y at t. The osculating
plane is well-defined when ~y is not a straight line and so that is why we require that k~(t) # 0.

!
A

{

Figure 2.4.1: The Frenet frame for a curve in R3.

Proposition 2.4.3. Let v : (a,b) — R3 be a regular curve parameterised by arc length, with |y"(t)| # 0 for
all t € (a,b). Then the following statements hold.

1. T'(t) = k(t)N ().
2. There exists a function 7 : (a,b) — R such that

B'(t) = —7(t)N(t)

and

Proof.
L. T'(t) =+"(t) = k,(t) = k(t)N(t) by Definition
2. As (B(t), B(t)) = 1 it follows that

0= 5 (B(), B) =2 (B (1), B)
Moreover,
B(#) = 3 (T(0) % N(1)



Hence, B’(t) is orthogonal to B(t) and T'(t). This implies that B(t) is proportional to N(t) and so there

exists a 7 : (a,b) — R such that
B'(t) = —7(t)N ().

In particular, as N(t) = B(t) x T'(t) we deduce that

O
Remark 2.4.4.
1. The equations of Proposition also referred to as the Frenet equations, can be written in matrix
form as
d T 0 k0 T
& = _k 0 T N
B 0 -7 0 B

2. The function T = 7., is referred to as the torsion on vy. Just as curvature can be interpreted as a measure
of the failure of a curve to be a straight line, torsion can be interpreted as a measure of the failure of a
curve to be planar.

3. From the Frenet equations it follows that torsion and curvature completely govern the Frenet frame.

Proposition 2.4.5. Let v : (a,b) — R3 be a regular curve parameterised by arc length, with |y"(t)| # 0 for
all t € (a,b). Then ~y is contained in a plane if and only if T = 0.

Proof. (=). There exists a unit vector v € R* and d € R such that (y(t),v) = d for all ¢ € [a,b]. Hence,
(+'(t),v) =0 for all t € [a,b] and so
(T'(t),v) =0

for all t € [a,b]. Again this means that (T"(t),v) = 0 for all ¢ € [a,b] and so
(E(t)N(t),v) =0
for all t € [a,b]. Since k(t) = |7"(t)] # 0 it follows that
(N(t),v) =0
for all ¢ € [a,b]. Thus, v is orthogonal to both T'(¢t) and N(¢). Therefore, as v is a unit vector we have that
B(t) = v which implies that 0 = B’(t) = —7(¢t)N(¢) and so 7 = 0.
(«<). It follows that B’ = —7N = 0 and so B(t) = c for some ¢ € R®. Observe that

S t),0) = (1), 0) = (7(0), By Lo,

where in (1) we have used the fact that B(t) = T'(t) x N(t). Therefore, (7(t),c) = d for some d € R, and so

A(t) € {(2,y,2) € R : ((2,9,2),¢) = d}

which is the plane perpendicular to the vector ¢ = B(t). Thus, v is contained in the plane spanned by T and
N. O
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Example 2.4.6.

1. Let vy : [0,27) — R3 be given by

1 (t) = (cos(t), sin(t), 0).
Then
T(t) = (—sin(t), cos(t), 0)
and so
N(t) = (— cos(t), —sin(t), 0).
Thus,
B(t) =T(t) x N(t) = (0,0,1).
In this case,

k(t) =T'()] =1,
and 7 = 0 as expected by Proposition

Let v, : R — R? be given by

Note that

- () =()1)
and so . .

N0 = (~oos (75 =sin (55) 0)
Thus,

B(t) = T(t) x N(t) = % (sin (\%) N ) ,1)

from which it follows that B'(t) = —+N(t). In this case k(t)

Figure 2.4.2: The curves of Example Note how the basis vectors of the Frenet frame are drawn with the
origin being the corresponding point on the curve at time ¢.

Definition 2.4.7. Let v : [a,b] — R3 be a regular curve parameterised by arc length. Then a rigid motion of
7 in R3 is a regular curve 1 : [a,b] — R? such that there exists a A € SO(3) and a c € R? with ) = Ay + c.
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Lemma 2.4.8. For a regular curve parameterised by arc length, its arc length, curvature and torsion are
preserved under rigid motion.

Proof. Let 7 : [a,b] — R® be a regular curve parameterised by arc length. Let A € SO(3) and ¢ € R?. Let
¥ : [a,b] — R3 be given by 1 = Ay + c. It follows that

W =[(Ay+o)| =14 =¥ =1
and so © is parameterised by arc length. Moreover,
ke = [ = [(Ay + ¢)"| = [AY"| = Y| = ky

and so ¢ has the same curvature as . Assume that v”(t) # 0 for all t € [a, b] such that 7, is well-defined. Note
that Ty = AT, and Ny = AN, so that

By =Ty x Ny
= AT, x AN,
=A(T, x Ny)
= AB,.

As By, = =1y Ny, we have that
AB! = (AB,)
= (By)'
=—TypNy
= —7y (AN,)
= A(=7yNy)

which implies that AB! = A(—74N,). As A is invertible we deduce that B! = —74 N, which implies that

TyNy =7y N, and so 7y = 7,,. O

Proposition 2.4.9. Let I C R be an interval and let A : I — R™ "™ be smooth. Then for any Xy € R™*"
there exists a unique function X : I — R™*"™ such that

for all t € I and X (tg) = X for fixed ty € I.

Theorem 2.4.10 (Fundamental Theorem of the Local Theory of Curves). For any smooth functions k :
[a,b] — (0,00) and T : [a,b] — R, there exists a regular curve 7 : [a,b] — R3 parameterised by arc length
such that k., =k and 7, = 7. Moreover, vy is unique up to rigid motions of R3.

Proof. Step 1: Uniqueness.
Suppose that regular curves v, ¢ : [a,b] — R3 are parameterised by arc length and have curvature k and torsion
7. There exists a rigid motion such that

T (a) Ty(a)
Ny(a) | = A | Ny(a)
B, (a) By(a)

Using Lemma [2.4.8| we can apply this rigid motion onto the curve ¢ whilst maintaining the curvature and torsion
values. Henceforth, v and ¢ will refer to the curves such that T, (a) = Ty(a), N,(a) = Ng(a) and B, (a) = By(a).
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Observe that,
1d
5& (<T¢ - T%Taﬁ - T’Y> + <N¢ - N%Ntzﬁ - N7> + <B¢ - B%Bqﬁ - Bv>)

=(Ty =Ty, T, —T,)+ (Ny — Ny,Ny — N.) + (By — B, B} — B.,)

=k(Ty — Ty, Ny — Ny) + (1{Ny — Ny, By — By) — k(N — Ny, Ty — T,,)) — 7(By — By, Ny — Ny)

=0.

Therefore, the expression (Ty, — T, Ty — T') + (Ny — Ny, Ny — N) + (Bg — B, B, — B,) is constant. Att=a

this expression is equal to zero, and so we deduce that

(Ty =T, Ty = T5) + (N = Ny, Ny = Ny) +(Bg — By, By — B,) = 0.

Consequently, we must have Ty —T), =0, Ny — N, =0 and By — By, =0, thus
t
o) = 6(a)+ [ Tol)ds

— o)+ [ 7,()ds
= ¢(a) —v(a) + ().

Therefore, ¢ =+ + ¢ for ¢ = ¢(a) — v(a) € R? a constant. Hence, v is unique up to rigid motions.

Step 2: Existence.

For k : [a,b] — (0,00) and 7 : [a,b] — R, fix (T,, N,, B,) a positively oriented orthonormal basis of R3, and
consider the unique functions T, N, B : [a,b] — R3, given by Proposition such that

T'(t) 0 k() 0 T(t)
N =|-k®) o o] |NQW (2.4.1)
B'(t) 0 —7r(t) 0 B(t)
with
T(a) T,
N(a) | = [ N,
(56)- ()
Let
— T(t) —
M@t)=|- Nt -
_ B(t) _
Then
% (MT(£)M (1)) = (M'(£) " M(t) + M(1)T M'(2)
0 k) 0 0 —k(t) 0
=|-kt) 0 T@)|MOME)+MOTME) | kE) 0 —7(t)
0 —7(t) 0 0 7(t) 0

Using the orthonormality of (T, N,, B,) it follows that M " (a)M(a) = I. Therefore, M " (t)M (t) solves the

linear system
0 k(t) 0 0 —k(t) 0
A(t) = | —k(¢) 0 T(t) | A(t) + A®¥) | k(t) 0 —7(t)
0 —7(t) 0 0 7(t) 0

with A(a) = I. Another solution to which is A = I, therefore, by Propositionit follows that M (¢) " M(t) = I
for all t € [a,b]. In other words, (T(t), N(t), B(t)) is an orthonormal basis. Let ~ : [a,b] — R? be given by



for t € [a,b]. Let T, N, and B, be the tangent, unit normal, and binormal vector of . Clearly, T, = T" which
means that k£, = k. Then,

where we have used the fact that |k(¢t)| = k(¢) and |[N(t)| = 1. Thus,
By (t ) (t) x 7( )

and so

~m(ON(E) =~ ()N, (1)

which implies that 7, = 7. O

Remark 2.4.11. Note how the range of k in Theorem does not include zero such that torsion for the
corresponding curve is well-defined.

Corollary 2.4.12. If y([a, b)) is a regular curve in R?® that has torsion T = 0, and curvature k(t) = ¢ € R~y,
then 7([a,b]) is a segment of a circle of radius

Proof. By generalising the argument of statement 1 from Example it follows that for » > 0 the curve of a
circle of radius r given by v, : [0,27) — R?® where

o= n(2) i (2))

has curvature k, = + and torsion 7, = 0. Therefore, if a curve ¢ : [a,b] — R? is such that ky = ¢ € R and
7 = 0, it follows by Theorem [2.4.10| that under rigid motions in R® the curve ¢ is equivalent to v1. Thus, ¢ is
a segment of a circle of radius <. O

Exercise 2.4.13. Let I C R be an interval and let v : I — R® be a regular curve parameterised by arc length
such that v (t) # 0, k'(t) # 0 and 7(t) # 0 for all t € I, where k is the curvature and T is the torsion of ~y.
Then ~(I) lies on a sphere of radius R > 0 if and only if

1 k/(t)2 R2

OB OO
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forallt e I.

2.5 Curve in R?

Theorem 2.4.10] can be considered a local theorem as its conclusions and derivation can be restricted to a
neighbourhood of the curve, and it does not take into account the global structure of the curve. To obtain a
global result for curves we focus on planar curves.

2.5.1 Signed Curvature

Consider ~ : [a,b] — R? a regular curve, not necessarily parameterised by arc length, given by

such that

Then let n : [a,b] — R be given by

(—y/ (1), (1) 251
Wor 253

One can interpret the construction of n as rotating the tangent vector to «y at ¢ and then normalising. Thus, n is

n(t) =

a normal tangent vector to v at t. Consequently, {%,n(t)} is a positively oriented orthonormal basis for R?.

Definition 2.5.1. Suppose v : [a,b] — R? is a regular curve parameterised by arc length. The signed curvature
of v is k : [a,b] — R given by

K(t) = (n(t),7" (1)) = ='()y" (1) — v’ )" (t). (25.2)

Remark 2.5.2. Recall, that for «y : [a,b] — R? a regular curve parameterised by arc length, its curvature is
given by
k(1) = ' (¢)].
Thus,
k(t) = 17" ()

(€9)

= (7' (), 7" ()] + [{n(t), 7" (1))

2

= [{n(t),y"(®))]

where in (1) we are expanding |y (t)| in terms of the orthonormal basis {~'(t),n(t)}, in (2) we use the fact
that +/(t) and ~" (t) are orthogonal. Consequently, we observe that |k(t)| = k(t) for all t € [a, b], which means
that x changes sign when the curve is traversed in the opposite direction.

Example 2.5.3. Consider v4 : [0,27) — R? given by
t — (cos(t), sin(t)),

and vy_ : [0,27) — R? given by
t — (cos(t), —sin(t)).

Then the normal vector to 4 is
n4(t) = (— cos(t), —sin(t))
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and so the signed curvature of 4 is

[/ (—cos(?) — cos(t)
) = <<— Sin(t)> ’ (— sin(t)>>
= cos?(t) + sin?(t)
=1.
Similarly, the normal vector to v_ is
n_(t) = (cos(t), —sin(t)),

so that the signed curvature of y_ is

0= (o) Ga)) ==

This verifies Remark [2.5.2 which states that signed curvature changes sign when the curve is traversed in the
opposite direction.

Tl Pl o )

\ [

Figure 2.5.1: Curves traversed in different directions have opposite signs for their signed curvature.

Proposition 2.5.4. Let v : [a,b] — R? be a regular curve. Then

(" (#), n(t))
@R

Proof. Let ¢(s) = (v o f)(s) be a reparameterisation of v with f’ > 0 such that |¢)'| = 1. Let

From Proposition we have f = h™! where

t
ne) = [ 1) at
a
Moreover, using (2.2.1)) and (2.2.2]) we note that

IO —

TN

Since y(f(s)) = ®(s) with v and 1 parameterised in the same direction, it follows that n.(f(s)) = ny(s).
Therefore,




On the other hand, k+(f(s)) = ky(s) and so
Ky (8)] = ky(s) = Ry (F(s)) = |ry (f(s))]-

Since v and 1) are oriented in the same direction we have that k4 (s) = k,(f(s)). Therefore, using (2.5.2) it
follows that

= (2(f())) (w(f ()" = (w(f () (2(f(5))"
= @ (f())y"(F(s) =y (F()a" (f()) (f(s))°
= (7"(f(9)): (=4 (F(s), ' (o)) (f'(s))°
_ (") n ()
' ()’
t=1(s) ("), 14 (1))
()1

Example 2.5.5.

1. Consider the ellipse v : R — R? given by

~v(t) = (acos(t), bsin(t)).

Then
v (t) = (—asin(t), bcos(t)),
and
7' (t) = (—acos(t), —bsin(t)).

Hence,

I ()| = \/a2 sin?(t) + b2 cos2(t)
and

ny(t) = (=bcos(t), —asin(t)) .

Va2 sin?(t) + b2 cos?(t)

Therefore,

Ky (t) = @b

3
2

(a2 sin®(t) 4 b2 cos?(t))
2. Lety: [a,b] — R? be the graph of f : [a,b] — R. That is,

V(t) = (& f(2))-

Then

Y () = (1, f'(t)
and

Y'(t) = (0,£"(t))-
Hence,

Y O] = 1+ (7))
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and

n,y(t) _ (7f/(t)a1)
1+ (f/(t))?
Therefore, ,

2.5.2 Winding Number

Definition 2.5.6. A curve 7 : [a,b] — R? is a smooth closed curve if v*)(a) = v¥)(b) for every k € N.

Remark 2.5.7. If~y is a smooth closed curve, then the map T'(t) =~'(t) : [a,b] — R? is also a smooth closed
curve.

Observe how a curve in R? can be associated with a curve in C. In particular, for v : [a, b] — R? given by

one can consider v : [a,b] — C where
V(t) = x(t) +iy().

Definition 2.5.8. Let «y : [a,b] — C be a closed curve. Then

is referred to as the winding number of ~y.

Remark 2.5.9. The winding number w(vy) measures the number of times v winds around the origin. In
particular, a positive winding number corresponds to a counter-clockwise traversal around the origin, whereas
a negative winding number corresponds to a clockwise traversal around the origin.

P R

Figure 2.5.2: Winding number measures the number of times a curve winds around the origin.

Proposition 2.5.10. Let 7 : [a,b] — C be a smooth closed curve given by

V(t) = 2(t) + iy(t).
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Then

Proof. Observe that

2772' z(t) + iy(t)
- QLM /a (' (t) + ;?t/)(;)_)t,_(;((tt))Z_ i(®) ,,
-k [ O
- (B log (x(t)? —i—y(t)Q)K i /ab xu)j('gz 158?@ dt)

where in (1) we have used the fact that v is closed. O

Theorem 2.5.11. If~ : [a,b] — R? is a regular closed curve, given by

then

where k is the signed curvature of 7.
Proof. Using Remark Proposition [2.5.10| can be applied to 4 : [a,b] — C to give
_ 1/b (@), (=y'(@), 2" @) o,

27 Ja ' (8)[?

sq 1 [°
ProP 27 / /i(t) dt.
™ a

w (v

Remark 2.5.12.

1. The quantity w (y") for v : [a,b] — C a regular closed curve is referred to as its index, or turning number
and is denoted Ind(vy). The index of a curve measures the number of times the unit tangent vector
rotates around the origin as ¢ is traversed, consequently, we have that Ind(y) € Z.

2. Theorem|[2.5.11| concerns global properties of a curve. In particular, it relates a topological property, the
turning number, to a geometrical property, the curvature.

3. One can observe that the turning number of a curve is robust to perturbations of ~y. Geometrically, a
small perturbation is unlikely to fully rotate the tangent vector of the curve. Concretely, the sign of the
curvature means that small perturbations are likely to be cancelled out as they are integrated over.
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Exercise 2.5.13. For each n € Z find a regular closed curve v : I — R?, where I C R is an appropriate
interval, such that Ind(v) = n.

2.6 Solutions to Exercises
Exercise 2.3.8]
Solution.

1. The tangent vector to a point on a circle is perpendicular to the line from the point of the circle to the
centre of the circle. Therefore, the circle C), is tangent to v at y(to) if and only if (7' (¢o),v(to) — v) = 0.

As
F1(8) = S0(0) = v,3(8) —v) = 2.0/ (6),(8) )

it follows that C,, is tangent to v at y(¢o) if and only if f/(t9) = 0.

2. Let v =(to) + %g Then

! - _9 ’ ’ WIl(tO) >_07
b <7 o P

as v/ (to) and v"(to) are perpendicular to each other, Proposition [2.3.6] Note that

fo (to) = 2(y"(t0), y(to) — v) + 2 (¥ (t0), 7' (t0)) = 2 (7" (t0),¥(to) — v) + 2

as vy is parameterised by arc length. Therefore,

7" (to)
f;/(to) =-2 <'7N(t0); W +2=-242=0.
Moreover, the radius of C,, is given by
17" (to)] 1 1
v—"(to)| = = = :
| (o) (o) 1" (to)l ke (to)

Exercise 2.4.13]

Solution. (=). Suppose that v(I) lies on the circle of radius R centred at pg. Namely, {(v(¢) —po,v(t)—po) = R
for all t € I. Differentiating this it follows that

(' (t),7(t) = po) = 0,

2

which when differentiated gives
(v"(£),7(t) = po) + (¥ (£),7' (1)) = 0
for all t € I. In particular,
k@)(N(t),7(t) = po) = —1,
where we have used the fact that y is parameterised by arc length. Differentiating this expression we deduce that

K (E)(N(£),7(t) = po) + k(t) (N'(t),7(t) — po) + k(t) (N (t),~'(t)) = 0.

Thus, since N'(t) = 7(¢)B(t) — k(t)T'(¢) it follows that

+ k(t) (r(0) B(t) — k()T(t),7(t) — po) = 0.
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Or equivalently,
K'(t)
k(t)?7(t)

Therefore, since {T'(t), N(t), B(t)} is an orthonormal basis, we have

(B(),7(t) = po) = —

R* = (y(t) — po,¥(t) — po)

-0t ‘k<1t> * (‘k(f;?(t))?

(«). Let p= 1 and o = 1 so that by assumption we have that
p*+ (po)’ = R?. (2.6.1)

Differentiating this it follows that
/
pp +(p'o) (p'o) =0,
thus
2 4 (o) =o. (262)

Now let o : I — R3 be given by
a(t) =~(t) + p(t)N(t) + p'(t)o(t) B(),

where {T'(t), N(t), B(t)} is the Frenet frame of ~ at v(t). It follows that

= T(t) + F(ON() + plt) (f{g - f(t))) LW (o) B + (7 (Do) (":ff)))
— B() (fjg L) (t))’)
2-:6-2 0

Therefore, a(t) = po for some py € R? and every t € I. In particular, as {T'(t), N(t), B(t)} is an orthonormal
basis it follows that

7 (t) = pol? = |p()N(t) + o' ()a () B(1)]> = p(t)> + (¢ (t)o(t))* == R2.
That is, y(¢) lies on the sphere of radius R centred at py. -

Exercise 2.5.13
Solution. For n > 0 let 7, : [0,27n) — C be given by
Y (t) = cos(t) + isin(t).

Then
i (t) = —sin(t) + i cos(t),

and so ~y,, is parameterised by arc length. Moreover,

Y (t) = — cos(t) — isin(t),
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and so
K, (t) = (—sin(t))(—sin(t)) — (— cos(t))(cos(t)) = 1.

Therefore,

1 2mn 1
Ind(v,) = %/0 K, (1) dt = %(271'77/) =n.

For n < 0 let v, : [0,27|n|) — C be given by
Yn(t) = cos(t) — isin(t).

Then
vl (t) = —sin(t) — i cos(t)

and so ~y,, is parameterised by arc length. Moreover,
V! (t) = — cos(t) + isin(t)

and so
Koy, () = (—sin(t))(sin(t)) — (— cos(t))(— cos(t)) = —1.

Therefore,

1 27 |n| 1
Ind(y,) = 5~ /0 (~1)dt = 5 (~2nln]) = .

For n = 0 consider 7y : [0,47] given by

] —cos(t) +1+isin(t) tel0,2n]
To(t) = {cos(t) — 1 —isin(t) t € [2m,4n].

Then
;o ) sin(t) 4 icos(t) t €10, 2n]
() = {_ sin(t) —icos(t) t e [2m 4],

and so 7y is parameterised by arc length. Moreover,

" N COS(t) —1 Sin(t) te [0’ 27T]
0 (1) = {—cos(t) —isin(t) t € [2m, 47],

and so

o (f) = {(sin(t))(—sin(t)) — (cos(t))(cos(t)) teo,2n] _ {—1 t e [0,2n]
0 (—sin(¢))(—sin(t)) — (— cos(t))(—cos(t)) ¢ € [2m,47] 1 te[2nm,4n].

Therefore, ) A
Ind(~o) :/ -1 dt+/ 1dt =0.
0 27
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3 Surfaces

Informally, a surface in R3 is a subset S C R? that locally looks like R2. As many notions for curves involve taking
derivatives, it is essential that on surfaces we ought to be able to perform classical calculus. Recall that for curves
a regularity condition ensured that one could perform calculus along the curve. Namely, a curve 7 : [a,b] — R™ is
said to be regular if |[7/(0)| # 0 for all ¢ € [a,b]. The curve v : R — R? given by (t) = (¢*,1?) from statement
6 of Example [2.1.3]is not regular, as it has a cusp at the origin which means that the derivative at the origin is
not well-defined. Consequently, the tangent vector field to =y is not well-defined and at the origin it is not locally
homeomorphic to a line. We would similarly like to define regular surfaces to avoid such issues. For a curve v the
regularity condition |y/(t)| # 0 can be equivalently stated as +/(t) is injective for all t € [a, b]. This rephrasing is
used to generalise regular curves to regular surfaces.

!

Figure 3.0.1: An example of a surface with a cusp that would not facilitate calculus to be performed along the
surface.

3.1 Charts

Definition 3.1.1. A regular surface is a set S C R? such that for all p € S there exists an open neighbourhood
V CR3 of p, an open set U C R?, and a smooth map ¢ : U — R? such that

1. o(U)=VnNS,
2. ¢:U — VNS isahomeomorphism, and

3. for all ¢ € U the derivative of ¢ at q denoted d¢, : R? — R3, is injective.
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Figure 3.1.1: A regular surface locally resembles a plane in R2, through the use of a chart ¢.

Remark 3.1.2.
1. The pair (¢,U) from Definition is referred to as a chart, or local parameterisation, of S at p.

2. Statements 1 and 2 of Definition say that S locally resembles R?. Statement 3 of Definition
ensures S is sufficiently regular near p, it is the generalisation of the regularity condition for curves.

Let S be a regular surface with (¢, U) a chart for S at p € S. Suppose that for (u,v) € U we have
d(u,v) = (x(u,v), y(u,v), z(u,v)) .

Then by statement 3 of Definition we have that

Z(q) 2%(q)
dog = %(q) %(q)
92(0) 52(q)

is injective. Observe that d¢, is injective if and only if the columns %(q) and %(q) are linearly independent.

Note that for ¢ = (ug, vg) the curves
u > ¢(u,vg)

and
v = ¢(ug,v)

are contained in S with the tangent vectors at ¢ given by 0,,¢(ug,vo) and 9,¢(ug,vg) respectively. Therefore,
d¢y, is injective if and only if the tangent vectors to the curves span a plane.

Example 3.1.3.

1. The set {z = 0} C R3 is a regular surface. It is specified by the single chart ¢ : R? — R3 given by
(u,v) — (u,v,0). Observe that ¢ is homeomorphic to its image and

dog =

o O =
O = O

is injective for all ¢ € R?. Note that ¢ : R* — R? given by ¢(u,v) = (u®,v®,0) would not be a chart
for {z = 0} as its differential is zero at the origin.

2. Let f:R? — R3 be smooth, then
Ty={(z,y,2) €R’: f(z,y) = 2}
is a regular surface. It is specified by the single chart

¢>(Uﬂ/) = (U,U, f(uvv))
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as ¢ is homeomorphic onto its image and

1 0
dpg=( 0 1
Ouf Ouf

is injective for all q € R2.

3. The unit sphere S* = {(z,y,z) € R : |z| =1} is a regular surface. However, more than one chart is
required to specify S? as S? is not homeomorphic to R?. Let ¢ : R? — S%\ (0,0,1) and ¢g : R? —
S2\ (0,0, —1) be the stereographic projections from the north of S?, that is (0,0,1), and the south of
S2, that is (0,0, —1), respectively. More specifically,

2u 2v —1 4+ u? + 02
Sl ) = ( )

14+u2+02" 1+u2+0v2" 1402+ 02

— (02 + 02
¢s(u,v)=< 2 2 1— (u2+ ))_

and

1+u2+0v2" 1+u2+02" 14+u2+02
Sets that are not regular surfaces include the following.

4. The cone
{(z,y,2) e R¥:2® +y* = 2%, 2 > 0}

is not a regular surface. There is no smooth chart at the origin.

5. Let ¢:(0,2m) x (—1,1) — R3 be given by

o(u,v) = (sin(u), sin(2u),v) .
Note that ¢ is smooth, and it is also injective since it is defined on open intervals. Moreover,

cos(u) 0
dog = | 2cos(2u) 0
0 1

is injective for every ¢ = (u,v) € U. However, it is not homeomorphic to its image and thus is not a
chart. More specifically, consider the point (0,0,0) € im(¢). Then the pre-image of the neighbourhood
V = Bs(0,0,0) C R3 for any § > 0 will be of the form (0,€1) U (27 — €2,2m) x (—4,08) which is
disconnected and thus cannot be homeomorphic to V' which is connected.

\
|
7l
N}

(c) A self-intersecting surface is not
(a) The stereographic projection (b) The cone, which is not a regular regular as charts are not homeomor-
map. surface due to the point at the origin. phic to their images.

Figure 3.1.2: lllustrations supporting the examples and non-examples of surfaces given in Example
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3.2 Constructing Surfaces

Let v : I — R? be a regular curve, with

Suppose that A(u) > 0 for all w € I. Then
S = {(A(u) cos(v), A(u) sin(v), u(u)) : v € I,v € (0,27)}
is a regular surface. More specifically, it is the surface of revolution of ~.
Example 3.2.1.
1. The helicoid is the set of points
{(ucos(v),usin(v),v) : u,v € R}.
A chart for the helicoid is given by ¢(u,v) = (ucos(v), usin(v),v).

2. The catenoid is the surface of revolution of the catenary curve, namely v : R — R? where vy(u) =
(cosh(u),u).

PN "

(a) The helicoid. (b) The catenoid.

Figure 3.2.1: Surfaces of revolution.

Surfaces may also be constructed as the level sets of functions.

Definition 3.2.2. Forn > 1, let U,V C R™ be open. Then amap f : U — V is a Ck—diffeomorphism, for
ke NU{oc}, if f: U — V is a homeomorphism, with f : U —V and f~':V — U in CF.

Remark 3.2.3. Although Definition[3.2.2 distinguishes between diffeomorphisms of differing regularity, we will
henceforth use diffeomorphism to refer to a C*°-diffeomorphism.

Example 3.2.4. The function f(x) = x3 is not a diffeomorphism. Although it is a homeomorphism, its inverse
is not smooth.

Theorem 3.2.5 (Inverse Function Theorem). Let  C R™ be open, f : & — R™ a smooth map. Assume
for some p € Q that df, : R — R"™ is invertible. Then, there is a neighbourhood U C ) of p such that
f:U — f(U) is a diffeomorphism.

Proposition 3.2.6. Let 2 C R? be open, F : Q0 — R a smooth function, and ¢ € R. Assume that VF(p) # 0
for every p € Q). Then
§:=F 1 (c)={(z,y,2) € Q: Fz,y,2) = ¢}

is a regular surface.
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Proof. As VF(p) # 0, at least one of g—f, % and %—f is non-zero at p. Without loss of generality suppose

9L (p) # 0 and consider g : © — R3 given by

g(:r7 y’ Z) = (x’ y? F(x’ y? Z))

i Vs
9 A
’—ﬁ 4-:
9 ﬁg—"a
.Lr P’
Figure 3.2.2
Then g is a smooth map on € with
1 0 0

=) G W)

Note that det (dg,) = %—f(p). Therefore, as by assumption we have %—f(p) # 0 it follows that dg, is invertible
and thus Theorem can be applied. In particular, there exists a neighbourhood U C Q of p such that
g:U — g(U) is a diffeomorphism. Let

W .= {(u,v) eR?: (u,v,c) € gil(U)},

such that W is the projection of the intersection of the plane z = ¢ with g~ 1(U). Since g=1(U) C R? is open it
follows that W C R? is open. Let ¢ : W — U be given by

(b(u,v) = g_l(uvvac) = (U,U, h’(uﬂ]))v

where h is some smooth function. In particular, ¢ is a smooth homeomorphism onto its image, as Theorem

ensures g1 is a smooth homeomorphism. Moreover,

1 0
deg=| 0 1
Ouh  Oyh
is injective for all g € W. Thus ¢ is a chart for S = F~!(c) at p. O

Definition 3.2.7. A surface S C R is a regular level set if there is an open set 2 C R3 and a smooth function
F:Q — R such that S = F~1(c) for some c € R and VF(p) #0 forallp € S.

Example 3.2.8.

1. Consider$* = {z? + y> 4+ 2% = 1}. Let Q@ =R3, F(z,y,2) = 2?+y?+2? andc = 1. ThenS* = F~(c)
and
VE(2.y,2) = (22,24,22) £0

for all z,y, z € S%. Hence, using Proposition it follows that S? is a surface. Indeed, it is the surface
of the unit sphere in R3.

2. Consider the torus

S = {(:z:,y,z) : (\/W—2)2—z2:1}.
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On the one hand, S can be viewed as the surface of revolution of the curve v : [0,27) — R? given by
~(t) = (2 + cos(t),sin(t)). On the other hand, let

Q={(z,y,2) eR®:2® +y* # 0}

2
and F(z,y,z) = (\/x2 +y? —2) — 2% Then S = F~1(1) with

2 2
Vet = (i (V- 2) 2 (VR -3) ).

So that if VF = 0 then z = 0 and either \/22 +y2 = 2 orx = y = 0. Therefore, VF # 0 on S and
thus S is a regular surface by Proposition [3.2.6,

3 Let Q =R3, and let F : R? = R be given by

F(z,y,2) = yz.

Then
VF(z,y,2) = (0,2,9),

and so Proposition does not apply to F~1(0) = {y =0} U {z = 0}.

°a

(b) Statement 3 of Example is not a surface as
(a) The torus. it is self-intersecting.

Figure 3.2.3: Surfaces as level sets.

Proposition 3.2.9. Let S C R3 be a regular surface. Then for p € S there is a neighbourhood V.C S of p
such that there is a smooth function f so that one of the following holds.

LV ={z=flz,y)}
2. V={y=f(z,2)}.
3 V={z=f(y,2)}
Proof. Let ¢ : U — S be a chart at p, where U C R? is open. In particular, let
(]S(U,/U) = (Z’(U,’U), y(u,v)7 Z(ua U))
and ¢ = ¢~ Y(p) € U. Then,
9z Oz
T
ou ov

dog =

is injective and thus has rank two. Hence, a 2 x 2 minor of d¢, is invertible. Without loss of generality suppose
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that
oz Oz
ou ov

g(u’ U) = (a:(u, U)? y(uv U))

is invertible. Let g : U — R? be given by

By construction we can apply Theorem to g to g to deduce there exists an open neighbourhood V' C U of
g such that g : V' — ¢g(V) is a smooth diffeomorphism. Then W = ¢(V) is an open neighbourhood of p = ¢(q)
in .S which is the graph of f: g(V) — R given by
-1
(@,y) == (u,0) = 2(u,v).

1

In particular, f = zo0 g™ ", which is smooth by the chain rule. O

Remark 3.2.10. From Proposition[3.2.6) we have that regular level sets are regular surfaces. With Proposition
[3.2.9 we have that a regular surface is locally a regular level set. Indeed, for p € S let V. C S be the open
neighbourhood of p given by Proposition Assume without loss of generality that V = {z = f(z,y)}.
Let G : V — R be given by G(x,y,2) = f(x,y) — 2. Then G is smooth as f is smooth, and G=1(0) = V.
Moreover,

VG(JL‘,%Z) = (fw(xay)vfy(xay)al) # 0,

meaning V is a regular level set.

Example 3.2.11. Consider the set

S:{(x,y,z)eR?’:z:\/M}.

If S were a regular surface then locally it is a regular level set. In particular, around the origin, S is the graph
of a smooth function.

= Suppose S is the graph of a function in x,y, that is locally around the origin we have (x,y, f(z,y)). By
the uniqueness of such a representation, it follows that f(x,y) = \/|y|, however, f is not smooth.

» Suppose S is the graph of a function in x,z, that is locally around the origin we have (z, f(z, z), ).
However, in any neighbourhood of the origin the points (z,2?,z) and (x,—2%,z) lie on S. Therefore,
f(z, z) is not a well-defined function. Similarly, one shows that locally around the origin the set S is not
a graph of a function in vy, z.

From the above observations, it follows that S is not a regular surface.

3.3 Tangent Vectors and Tangent Planes

Let S C R? be a regular surface. For p € S there exists a linear space that best approximates the surface S at p.

Figure 3.3.1: The best approximating plane to a surface at a point.
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We can use these approximating surfaces to find the derivatives of functions of the form f : S; — S5 where S;
and Sy are regular surfaces.

Definition 3.3.1. Let S C R® be a regular surface and let p € S.

1. A vector v € R? is a tangent vector to S at p if there exists a smooth map ~y : (—e,€) — S such that
7(0) = p and v'(0) = v.

2. The tangent plane of S at p is
T,8 = {7'(0) : v(—¢€,€) = S, smooth with (0) = p}.

That is, T,,S is the set of all tangent vectors to S at p.

Remark 3.3.2.

1. Note that vy is not required to be a regular curve. This is so that the zero vector can be a tangent vector
to the surface. Indeed, the zero vector is always in the tangent plane of a surface at a point as one can
Just take the curve v = p. The affine plane T),S + p is taken to be the plane that best approximates S
at p.

2. Note statement 2 of Definition[3.3.1] is independent of the chart used to describe S, which makes it a
difficult characterisation to compute the tangent plane in practice.

Figure 3.3.2: Using 1,5 + p to approximate a surface S at a point p.

Theorem 3.3.3. Let S C R3? be a regular surface. Let p € S and ¢ : U — S be a chart with ¢(q) = p. Then

d¢, (R?) = span (gi(q), gf(q)) =T,5.

In particular, T,,S is a two-dimensional vector space.

Proof. Note that d¢, (R?) is spanned by the columns of

N
dog = | 22(a) %2(a)

For any v = a%(q) + b%(q) € doy (RQ), let ¢ = (uo,v0) and consider « : (—e¢,€) — S given by

a(t) = ¢(ug + at, vy + bt).
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Then « is smooth with «(0) = p. Moreover,

0 0 0 0
1(0) = 52 (o, 10) 51 0) + 52 (i, 00) 57 (0)
09 0¢
= 5, Wat 5 ()b
= .

Therefore, v € T,,S and thus d¢, (R?) C T,,S. On the other hand, by Proposition we can assume without
loss of generality that S is given by z = f(x,y) near p. Therefore, ¢ : U — S is of the form

P(u,v) = (z(u,v), y(u,v), f(z(u,v), y(u,v))).
Let ¢ = ¢~ 1(p) = (up,vp). Moreover, consider ' : U x (—¢, €) — R? given by

F(uvvvt) = (x(u,v),y(u,v),f(x(u, U)ay(uvv)) +t) :
Then F(ugp,vp,0) =p and

zu :E'U O
dF(uo,vo,O) = Yu Yo 0
fotu + fylu  fo2o+ fyto 1

G )
Yu Yo
is invertible, from the proof of Proposition Thus, dF(y,,,0) is invertible and so Theorem can be

applied to F at (ug, vg,0) to obtain G = F~' a smooth homeomorphism near p. In particular, there are smooth
functions u(z,y) and v(z,y) such that

G(z,y, f(z,y)) = (u(z,y),v(z,y),0).

Assume that o/(0) € T,,S for a: (—e,€) — S a smooth map with a(0) = p. Let a(t) = (z(t),y(t), v(x(t), y(t)))
then

Since d¢, is invertible, the matrix

So by the chain rule it follows that

o'(0) = 2220+ 215 2 (0).

Thus o/(0) € dg, (R?) and so T,,5 C d¢, (R?). In conclusion, d¢, (R?) = T,S. O

Example 3.3.4. ConsiderS? = {2? +y?> + 22 =1} CR3 andp = (0,0,1) € S2. Let ¢ : {u? +v? <1} — §?

be given by

o(u,v) = (u, v,V 1—u2— v2)
such that ¢(0,0) = (0,0,1). Then
span o¢
P ou

—U
= span 1,0, ——
P <( vl—u2—v2)

= span ((1,0,0), (0,1,0))
={z=0}.

99
T,5° (0,0), %(o, 0))

u—v—0>

, 0,17_71)
u=v=0 Vv1— 02 —u2
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b

(a) The chart ¢ used to calculate the tangent plane. (b) The tangent plane for S at p.

Figure 3.3.3

Proposition 3.3.5. Let F': R?* — R be smooth, with VF # 0 on S = F~1(0). Then for any p € S we have
T,8 = {v € R®: (VF(p),v) =0} = (VF(p))".

Proof. Let 7y : (—¢,e) — S be a smooth map with y(0) = p. Then F(y(t)) = 0 for all ¢ € (—¢, €), which means
that % = 0. Hence,

0= S (PO,
= (VF(7(0)),7(0))

Hence, T,,S C (VF(p))". Therefore, as T,S and (VF(p))" are two-dimensional vector spaces, it follows that
T,5 = (VF(p)) " O

Remark 3.3.6. The set (VF(p))J‘ is referred to as the orthogonal complement.

Example 3.3.7. Let
S={(z,y,2) ER*: 2 =2 +y*} = F(0)

where F(x,y,2) = 22 +y? — 2. Let p=(1,3,10). As
VF(Z‘,y,Z) = (2$,2y,—1)

we have
VF(p) = (2767 _1)3

so that by Proposition[3.3.5 it follows that

T,S = (VF(p))" = {(z,y,2) €R®: 2z + 6y — 2 =0}
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Figure 3.3.4: Paraboloid

3.4 Smooth Maps on Surfaces

Definition 3.4.1. Let Sy, Sy C R? be regular surfaces.
1. Amap F :S; — R™ is smooth if F o¢: U — R™ is smooth for every chart ¢ : U — Sy for S;.
2. Amap F : S; — S5 is smooth if it is smooth when considered as a map into R3.
3. The differential of F' : Sy — S3 atp € Sy is the map dF, : T,S1 — Tr(;,)S2 given as follows. For ~'(0) €

T,S1, where v : (—€,e) — S1 is a smooth map with v(0) = p note that a(t) := F(y(t)) : (—e€,€) — S
is a smooth map with «(0) = F'(y(0)) = F(p). Let

o

. Y'©) IS
7 - \
(4 ~— a'(0) =:ohFp(x'o)

S
y o E(p)
(a) The composition Fo¢ is a map from an open subset (b) The differential map considers the tangent of
of R% into R™ for which we have a notion of smoothness. curves.
Figure 3.4.1

Exercise 3.4.2. Let S C R? be a regular surface. Forp € S, if Fo¢ : U — R" is smooth for a chart
¢:U — S of p, show that F : S — R™ is smooth as per statement 1 of Definition[3.4.1]
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Proposition 3.4.3. Statement 3 of Definition is independent of the choice of v. That is, if v1,72 :
(—€,€) = Sy are such that v1(0) = v2(0) = p and v;(0) = v4(0) then

dFp (11(0)) = dF}, (72(0)) -

Proof. Given the chart ¢ : U — Sy for Sy at p consider the smooth maps ¢ — (uq(t),v1(t)) and t — (ua(t), v2(t))
as constructed in the proof of Theorem [3.3.3| such that

71(t) = d(ui(t), vi (1))
and
Y2(t) = ¢(ua(t), va(t)).

Let ¢~ 1(p) = g, then
0 0 0 0
%(0) = 92(6) 2(0) + 92 () T2 (0)

and
¢, | Ousy 0¢ ,  Ova
/ —_ _ ___“ T R
Since v1(0) = ~4(0) and {%(q), g—f(q)} are linearly independent, it follows that v} (0) = u5(0) and v}(0) =
v5(0). Thatis, (u1,v1) and (ug, v2) have the same tangent vector at t = 0. On the other hand, as Fo¢ : R? — R3
is smooth the chain rule can be applied to obtain

dFp (7i(0)) = (F 2 7:)'(0)

d
= 3 (F o @) (wi(®),vi(t)))]i=o

= L2y 0) 4 AL ()% o)

Thus, dF}, (v1(0)) = dF), (75(0)) meaning dF), is independent of the choice of ~. O

Proposition 3.4.4. Let Si,S> be regular surfaces. For F': S — Sy and p € Sy the differential dF), : T,S1 —
T (p)S2 is a linear map.

Proof. Let v = ~4{(0) and w = ~5(0) be vectors in 1,51 with 71,72 : (—e,e) = S1. Let ¢ : U — S; be a
chart for S; at p. Then, as in the proof of Proposition there are smooth maps ¢ — (u1(t),v1(t)) and
t — (uz2(t),v2(t)) such that

71(t) = ¢(ua(t), vi(t))

and
Y2(t) = p(ua(t), va(t)).
Without loss of generality let ¢(0,0) = p. Let A € R and consider ~y3 : (—¢,€) — Sy given by
73(t) = P(ur(t) + Aua(t), vi(t) + Ava(t)).

Then 73(0) = p and

(0) = 92(0,0) (44(0) + Mb(0)) + 92(0,0) (v4(0) + A} (0))
=71(0) + M5 (0)
=v+ w.
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Hence,

dFy (v + Aw) = dF}, (13(0))
T dt
o M(O, 0) (v1(0) + Av5(0))
O(F o ¢)
O(F o ¢)

L (7 0 6)(us (®) + Xual®), v1(8) + Aea(®) 1o
_ M(O,O) (u (0) + Mty (0)) + =
. a(FO (;5) ’ /
= (2229 0. 0pu400) + 22D 0,040
o (2522 0,000 + 252 0.00500) ) (341)

Using the chain rule observe that

A9 0, 0y 0) + 2E2 0,0)04 (0) = (0 6)(un (1) w1 ()]s

— ar, (o (0.0l
— 4F, (+}(0)
— dF,(v).

Similarly,

K29 0, 0pus0) + 29 (0, 014 0) = ().
Therefore, becomes
dF, (v + Mw) = dF,(v) + ME,(w),
which shows that dF), is linear. O

- is a regular surface, then the differential of f: S =R atpe Sis : — R given by
If S CR? I f h he diff lof f:5—=R Sisdf, : 1,5 = R gi b

_df(y(1)
dt

df, (7'(0))

=0

All results for the differential of smooth maps between surfaces hold for d f,,, namely d f, is well-defined and linear.

Example 3.4.5. Recall that for S = {2? + y? + 2> =1} C R® and p = (0,0,1), we have T,S*> = {z = 0}.
The chart ¢ : {u® 4+ v*> <1} — S? given by

d(u,v) = (u, v,V 1—u?— v2)

is such that p = ¢(0,0). Let f: S* — R be given by f(x,y,z) =y. Then fo¢: {u>+v*> <1} — R is given
by

(fod)(u,v) =,
which means that f is smooth. The vectors {%(O, 0), %(07 O)} form a basis for T,S?. They are the tangent
vectors to the curves t — ¢(t,0) and t — ¢(0,t) respectively. Thus

9, ) _dfod)t0)|
a5, (20.0) SALGLY R
and
99 d(f 0 $)(0,)
dfy <av<°’°>> T

40



In particular, if w € T,S? we can write

9¢
ov

w = wl%(0,0) + wy

. (0’0) = (wl,wz,o)

to deduce that df,(w) = ws.

3.5 Normal Vectors and the Gauss Map

Recall the importance of the normal vector in defining the curvature of a curve. Thus, to start discussing the
curvature of a surface, it will be useful to investigate the normal vectors to surfaces.

Definition 3.5.1. Let S C R? be a regular surface. Given p € S, a normal vector N € R to S at p is such

that
(N,v) =0

for all v € T,,S. In particular, N is a unit normal vector if (N, N) = 1.

Definition 3.5.2. Let S C R3 be a regular surface. Then a smooth map N : S — S2 C R? is a unit normal
field if N (p) is a unit normal to S at p for every p € S.

Locally, unit normal fields always exist. If ¢ : U — S is a chart, with ¢(q) = p, then {%(q), %(q)} spans T),S.

Thus,

% (q) x 22(q)
N( ) _ ou v
P o) x 22(g)

is a unit normal field. Similarly, if S = F~1(c) for some smooth function F : R?® — R with VF(p) # 0 and
c € R, then T,,S = (VF(p))" and so
VE(p)
N(p) =
IVE(p)|

is a unit normal field. In this case, the unit normal field exists globally, however, this is not always the case.

Definition 3.5.3. A regular surface S C R3 is orientable if there exists a unit normal field N : S — S2.

Remark 3.5.4. The tangent plane at a point of a regular surface S C R? is a two-dimensional subspace of
R3. Consequently, there exist two unit normal vectors to the tangent plane. For regular level sets the canonical
choice is VF(p). In other cases, we refer to the choice as an orientation of the surface. In particular, an
oriented surface is an orientable surface for which the choice of normal has been made.

Definition 3.5.5. For an oriented surface S, the map N : S — S2 is referred to as the Gauss map of S.

Example 3.5.6.
1. The Mébius strip is a non-orientable surface.

2. Recall that S> = F~1(1) where F : R® — R is given by F(x,y,z) = x? + y? + 2. Therefore, S? is
orientable. In particular,

N(xvyvz) VF(m7y’Z;| = (x,y,z).

~ |[VF(z,y,2
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Hence, the Gauss map for S? is the identity map.

3. Consider S = {ax + by + cz = d} C R? for some a,b,c,d € R. Then S = F~1(d) for F : R® — R given
by F(x,y,z) = ax + by + cz. Thus,

(a,b,c)
VaZ +02+¢2’

N(z,y,z) =

which is constant.

Figure 3.5.1: The Mobius strip is not orientable as a global normal unit field will not be continuous, it will flip
along a boundary. The sphere and the plane are orientable surfaces.

Exercise 3.5.7. Show that the Gauss map for S? obtained in statement 2 of Example [3.5.6 can similarly be
obtained through the chart ¢ : {u? +v? < 1} — S? given by

d(u,v) = (u,v, vV1—u2— 1)2> .

Proposition 3.5.8. Let S C R? be an orientable surface with Gauss map N : S — S2. Then for eachp € S
we have T,S = T, S°.

Proof. Recall that ¢ € S? is normal to 7,S%. That is,
TnpyS® = {veR®: (N(p),v) =0} =T,8S.
O

The differential of NV at p € S, namely dN,, : T,S — TN(p)SQ, is a linear map. In particular, from Proposition
we see that AN, : T),S — T},S.

Example 3.5.9.

1. Let
Sg = {x2+y2+22 = r2} =p! (7“2),
where F(x,y,2) = 22 + y*> + 22. Then,

1
N(m,y7z) = ;(SL’,:%Z)
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Let v : (—e,€) — S2 be a regular curve with v(0) = p. Then

Thus, AN, : T,S? — T,S? is AN, = Lid.

2. For the plane S = {ax + by + cz = d} C R3 we have N = %ﬂrcz and so dN,, = 0.

These suggest a connection between dN,, and the curvature of a surface, as the map dN, conforms with our
intuition of the curvature of a surface.

The derivative of the Gauss map, AN, : T,,S — TN(p)S2, can be viewed from different perspectives.

1. As Proposition notes, the tangent plane Ty (,)S? consists of the vectors orthogonal to N(p), thus it
is the same as 7,,S. Therefore, we can view the derivative as a map dN,, : T,S — T},S.

2. For 4/(0) € T,,S, since N is the unit normal we must have (N (y(t)), N(v(t))) = 1. Consequently,

(AN (O, Ny 0)) = { M50 N2 (0) )

— %%(Np(’y(t)% Np(W(t))Ht:o
=0.

Thus, dN,(+/(0)) is orthogonal to N((0)), meaning dN,(7'(0)) € T},S.

Proposition 3.5.10. Let S C R3 be a non-empty, compact, connected and oriented regular surface. Then
the Gauss map N : S — S? is surjective.

Proof. Step 1: Characterise the normal vectors of S.

For v € S?, let f,(x) = (x,v). Suppose that f, has a maximum at p € S. For w € T,S there exists a smooth
map v : (—e,e) = S with v(0) = p and 7/(0) = w. Let f := f, oy. Then f has a maximum at ¢t = 0 as
~(0) = p. It follows that

df d
0= -~ = —(~(t = (~'(0 = (w,
2 =200 = 0(0)v) = (w,0),
which implies that v € (T,,S)", and so v is normal to S at p.
Step 2: Show that v as characterised in step 1 is an outward normal vector to S.
For v € S? suppose that f, is maximized at p € S, that is

(x,v) < (p,v) =:¢c
for all z € S. Note that {z € R3: (z,v) = c} is a plane containing p that divides R3. In particular,
SQ{xER3:<w,v>§c},

meaning v is an outward normal to S.
Step 3: Deduce that NV is surjective.

Observe that for any v € S? we have

‘fv(sl) - fv(s2)‘ =




where (1) is an application of the Cauchy-Schwartz inequality. Hence, we see that f;, is continuous. In particular,
as S is compact this means that the function f, : S — R achieves its maximum at some point p € S. We
know from steps 1 and 2 that v is an outward normal to S at p. Therefore, N(p) = v which implies that N is
surjective. O

3.6 Second Fundamental Form

Throughout, let .S be an oriented surface with p € S.

Definition 3.6.1. The second fundamental form of S at p is the map A, : T),S x 1,§ — R given by

AP(z7y) = —<$,de(y)>,

where N : S — S? is the Gauss map of S.

Example 3.6.2.

1. For S2, the sphere of radius r, as N = 1id we have that

Ayl ) =~ (z,9)

for all p € S2.

2. For S a plane, as N is constant we have that A,(z,y) =0 for allp € S.

I Proposition 3.6.3. The second fundamental form A, : T,S x T},S — R is a symmetric bilinear map.
Proof. Observe that

Ap(z, My + Aaz) = —(z, AN, (My + A22))
= —(z, \1dN, (y) + XA2dNp(2))
= =M1z, dNy(y)) — Ao (z, dNp(2))
= MAp(z,y) + XA,(z, 2),

and

Ap(>\1$ —+ )\Qy, Z) = —<)\1.’E + )\2yv dNP(Z)>
=M1z, AN, (2)) — Ao (y, AN, (2))
= )\1Ap($, Z) + /\2Ap(y7 Z)7

meaning A, is bilinear. Let ¢ : U — S be a chart for S at p, and let ¢ = ¢~!(p). Then

A (520 520) = - (Searam, (3w))
- (520. 25 w). 361)

Since N o ¢ maps into vectors normal to S, and % is in the tangent space of S we have

0¢ B
<8U,No¢> =0.
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Differentiating with respect to v it follows that

_ d¢ ¢ 9¢ O(N o ¢)
O_au<aN ¢> <8v8 Ne ¢> <au’ v >

] 9 9¢ O(N o ¢)
0_<aua No ¢> <5‘1}’ ou >

where we have exchanged the order of differentiation in the first inner product as ¢ is smooth. Combined with

it follows that
A, (gi( ), gf(q)) - <g‘5( ), (Na;(b)(q)>

(. (Vo))
(520,252 w)
=4, (gzzjs(q)vgi(q))

Therefore, as {%(q), %(q)} forms a basis for T,(.S) we deduce that A, is symmetric. O

Similarly,

Remark 3.6.4. If ¢ is a chart for S at p, then as {g—i(q), %(q)} is an orthogonal basis for T},S we can recover
dN,(z) through

(o) = { 320N (0) ) S200) + (S ayfa) ) S21a)

a0 - (S02) B

forx € T,,S.

Proposition 3.6.5. The differential of the Gauss map dN,, : T,S — T,,S is diagonalisable with real eigenvalues.
That is, there exists A1, \a € R and an orthonormal basis {X1, Xa} for T,,S such that dN,(X1) = -\ X3
and de(XQ) = _AQXQ.

Proof. Let {v,w} be an orthonormal basis for T),S with

(a1 a2
u=(ir )
being the associated matrix for dV,,. That is,
dN,(v) = a1v + asw
AN, (w) = byv + baw.
Using Proposition [3.6.3| we have
az = (w,dN,(v))
= —Ap(w,v)
=—A,(v,w)
= (v, dNp(w))
= by.
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Thus, M is a real symmetric matrix and thus diagonalisable with real eigenvalues. O

Definition 3.6.6.

1. The real numbers \; < Ao from Proposition|[3.6.5] are referred to as the principal curvatures of the surface
S at p.

2. The orthonormal tangent vectors { X1, X} from Proposition are referred to as the principal direc-
tions of S at p.

Remark 3.6.7.
1. One should understand \1 and X\ as functions of p € S.

2. Note that
Ap(X1, X1) = —(X1,dNy(X1)) = (X1, M X1) = M| Xa1]? = M(p).

Simi/ar/y, AP(XQ,XQ) = )\2(p) and Ap(Xl,XQ) = Ap(XQ,Xl) =0.

Proposition 3.6.8. If A\1(p) < Aa(p) are the principal curvatures at p € S, then
A =min{A4,(z,z) 1z € T,S, |z| = 1}

and
Ao =max {4,(z,z): z € T,,5, |z| = 1}.

Proof. For z € T,S with |z| = 1, one can write z = ¢; X1 + c2 X5 where ¢§ + ¢ = 1. Then as A, is bilinear it
follows that

Ap(x7x) = Ap(Cle + CQXQ, Cle + CQXQ)
= C%Ap(Xth) =+ 2C1CQAP(X1,X2) =+ CgAp(X27X2).

Therefore,
Ap(z,2) =GN+ 3A2 > EN +3M = A,
and
Ap(z,2) = AN+ 3ha < GXha + c3hg = Ao
With A1 and A; being realised for z = X; and = = X, respectively. O
Example 3.6.9.

1. For S2, the sphere of radius r, we have that A,(z,y) = ,%@7 y) for all x,y € T,,S. Thus,

M) = Xa(p) =

for all p € S2. If one were to re-orientate the surface such that N points inward, the sign of the principal
curvatures would switch.

2. If S is a plane then Ap(z,y) =0 for all z,y € T,,S, and so
for allp € S.
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Figure 3.6.1: The intersecting planar curves for the sphere and the plane.

Exercise 3.6.10. Suppose S is a connected surface with A\1(p) = \a(p) = 0 for all p € S. Show that S must
lie in a plane.

3.7 Normal Curvature

Let v : (—€,¢) — S be a regular curve parameterised by arc length in .S with «(0) = p. The curvature vector of
7 at p is k(0) :=+”(0) € R3. In particular,

k(O) = <k(0)v N(p)>N(p) + ktang(o)a

where (k(0), N(p))N(p) € (T,,5)* and kiang(0) € T,,S. The curvature component perpendicular to S, namely
(k(0), N(p))N(p), measures the curving of S at p in the direction of 4/(0). We refer to k,(0) := (k(0), N(p))
as the normal curvature of S at p in the direction +/(0).

Theorem 3.7.1. Let S C R3 be an orientable regular surface. Let p € S and v € T,S with |v| = 1. Then,
the normal curvature of S at p in the direction of v satisfies

kn(p) = Ap(v, v).

Proof. Let v : (—e,€) — S be a regular curve parameterised by arc length, with v(0) = p and 4/(0) = v. Then
for t € (—¢, €) we have

(Y'(t), N((t))) = 0.
Differentiating this with respect to ¢, and evaluating at ¢t = 0 yields

(77(0), N(%(0))) + (+'(0), AN o) (7'(0)))
= (k(0), N(p)) + (v, dN,(v))
k —

0

3 =

—~
he} (e
- =

Remark 3.7.2.

1. A regular curve v : I — S is an asymptotic line if the normal curvature at every point ~(t) is zero. That
is, (k(t), N(y(t))) =0 for all t € I.

2. Theorem says that for any x € T,S with |x| = 1, the planar curve
$ Nspan {z, N(p)} C span {z, N(p)}

has curvature A,(x,x) at p.
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Figure 3.7.1

Thus, in conjunction with Proposition [3.6.8, it follows that the principal curvatures of an orientable
surface are the minimum and maximum values of the normal curvature at p along all directions in T},S
respectively.

3.8 Gauss and Mean Curvature

Definition 3.8.1. Let S be an oriented surface with Gauss map N : S — S2.

1. The Gauss curvature of S is the map K : S — R given by

K(p) = det (ANp) = A1(p) X2 (p)-

2. The mean curvature of S is the map H : S — R given by

M(p) + Aa(p)

H(p) = —%tr (dN,) = .

Remark 3.8.2.

1. The map K can be thought of as the geometric average of principal curvatures, whereas H is the
arithmetic average.

2. The constructions of A1, A2, K and H are very much extrinsic. However, as an object K is an intrinsic
object, which is made precise in Theorem [3.14.1]

Example 3.8.3.
1. The sphere of radius r, namely S?, has A1(p) = A2(p) = —1% for all p € S2. Thus,

and

for all p € S2.
2. The planeTI, has A1(p) = Aa(p) =0 for allp € I1. So K = H = 0.

3. Consider the cylinder
C,:= {(x,y,z) eR3: 22+ = r2} =F! (r2)
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where F(z,y,z) = 2% + y>. Note that
VF(J:’ Y, Z) = 2(333 Y, 0)7
and so VF(x,y,z) # 0 on C,.. Hence, C, is a regular level set. In particular,

2(x,y,0)

m = ;(%y’ )-

N(z,y,2) =
Given v = (v1,v2,v3) = 7'(0) € T(4,,2)Cr, where v : (—¢,¢€) — C.. is some smooth map, we have

dN(x,y,z)(”) -

hence,
1

- (vywy + vaws) .

A(r,y,z,) (/Uu w) =

Observe that X; = (0,0,1) and Xy = L(—y,x,0) are unit tangent vectors with

dN(z,y,2)(X1) =0

and 1 1
dN(m,y,z)(XQ) = ﬁ(_ywxao) = ;XQ

Therefore, X1 and X5 are the principal directions and the corresponding principal curvatures are A\1(p) = 0
and Xo(p) = L. In particular, K(p) = 0 and H(p) = 5~ for all p € C..
These surfaces are examples of constant mean curvature surfaces. Moreover, the plane is an example of a
minimal surface as H = 0.

4. Consider the surface
S={2®> -y’ =2} =F(0)
where F(x,y,2) = x? — y* — z. Observe that
VF(J:’Z/VZ) = (2'1:’ _2y7 _1) 7é 0
on S. Thus,
VF (2z, —2y, —1)

N(x,y,2z) = = .
(@y,2) |VF| 4(z2+y?)+1

In particular,
N(0) = (0,0,—-1).

For (v1,vs,v3) € TyS let v : (—e,e) — S be a smooth map such that v(0) = 0 and v/ (0) = (v1,v2,v3).

Then )
VAM )2 +72(8)?) +1
Note that
4(y1 (®)y1 ()72 (#)v2 (8) ) 271 (8)
4 271(t) _ 20OVA O + 20 +1- - 4(11@)2172(:)2)31 :
At \ /4 ()2 +72(t)?) +1 4(n1(t)? +12(t)?) +1
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so that

g 2,}/1 (t) = 2’[}1.

dt \ /A1 ()2 +72(t)2) + 1 t=0
Similarly, one shows that

dt\ VA2 +®?)+1) |,

and

da( 1 =0

@\ VI w0 1) |,
so that

dNo(’Ul, Vg, Ug) = (27]1, —2’1}2, 0)
Then note that X; = (0,1,0), Xo = (1,0,0) € TS are unit vectors with
ANy (X)) = —2X,

and
dNy(X2) = 2X,.

Thus A1(0) = —2 and \2(0) = 2. This implies that K(0) = —4 and H(0) = 0.

Figure 3.8.1: A surface with negative Gauss curvature.

Exercise 3.8.4. Compute the Gauss curvature and mean curvature for the
1. helicoid, and

2. catenoid

from Example[3.2.1}

Remark 3.8.5. If the orientation of S is reversed, that is N is replaced with — N, then the sign of H changes
whereas the sign of K does not.
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I Proposition 3.8.6. For a compact regular surface S, there exists a p € S such that K(p) > 0.

Proof. There exists a point p € S that attains the maximum of the continuous map « +— |z|. Thus, for any curve
v : (e,€) = S with y(0) = p by Proposition [2.3.10| we have that
1 1

|k, (0)] = O

Recall, k+(0) is equal to the normal curvature of the surface S at p in the direction 4/(0). Thus, from Theorem

as |7/(0)| = 1, we have that

(3.8.1)

k5 (0)] = |4, (v/(0),~'(0))] -
Thus, using (3.8.1)) it follows that for any v € T,,S with |v| = 1 we have

1
|4, (v,v)| > —. (3.8.2)

Ip|
Now suppose K(p) < 0, then assuming A1(p) < A2(p) it must be the case that A\i(p) < 0 and Az2(p) > 0. In
particular, by continuity and using Proposition it follows that there exists a v € T},S such that A,(v,v) =0,
which contradicts ([3.8.2) as ﬁ > 0. Therefore, A1(p) and A2(p) have the same sign and thus K (p) > 0. O

Exercise 3.8.7. Let v: I — S be an asymptotic line as given by statement 1 of Remark|[3.7.2
1. Show that K (p) <0 for all points p € vy(I).
2. Moreover, show that if k(t) # 0 for all t € I, then |T(p)| = /—K (p), where T is the torsion of .

3.9 Umbilical Points
Definition 3.9.1. Let S be an oriented surface.
1. A pointp € S is referred to as an umbilical point if A\1(p) = A2(p).

2. The surface S is totally umbilic if every point p € S is umbilical.

Remark 3.9.2. At umbilical points, dN,, = —A(p)id and A,(x,y) = A(p){x,y).

Henceforth, we assume that all surfaces are connected.

Theorem 3.9.3 (Classification of Totally Umbilic Surfaces). Let S be an orientable surface that is totally
umbilic. Then S is an open subset of either a plane or a sphere.

Proof. Let ¢ : U — S be a chart. There exists A : S — R such that A1(p) = A2(p) = A(p) for all p € S.
Step 1: Show that A is a constant function.
Observe that

W(Q) = dNy(q) (gi(@) = —/\(qﬁ(q))%(q) (3.9.1)
and
W(Q) = dNy(q) @f(fﬂ) = *A(¢(q))%(q) (3.9.2)
for all ¢ € U. Hence,
0%(N o ¢) B o 826
T —0y(Ao ¢)87u —(Xo ¢)8uav

51



and
9?(N o ¢) B 0¢ 0%¢
udv “Ou(Ae qb)% — (Ao ) Oudv

where we have used the fact NV o ¢ and ¢ are smooth and so the derivatives commutes. Thus,

9 _ 9¢
v ou

Ou(Ao o) Oy(Ao )

in U. However, since {%, %} are linearly independent it follows that

8u()\ o ¢) = au(>\ o d)) = 07

thatis Ao ¢ : U — R is constant. As ¢ is an arbitrary chart it follows that A is constant.

Step 2: Show that A = 0 implies S is an open subset of a plane.

In this case, AV = 0 which implies that N(p) = v for some v € S? and all p € S. Let p,p’ € ¢(U). Consider
v :[0,1] = U a smooth curve with ¥(0) = ¢~ (p) and y(1) = ¢! (p’). Then W(t) € TS forallt € 0,1]
and hence orthogonal to v. Therefore,

et = (22 0.0) o

In particular,
(p,v) = (3(7(0)),v) = (¢(¥(1)),v) = (p',v) .

As ¢ is arbitrary and S is connected it follows that

<p7 ’U> = <p/7 U>

for all p,p’ € S, that is S is contained in a plane.
Step 3: Show that X\ # 0 implies S is an open subset of a sphere.
Let us assume without loss of generality that A = Ag > 0. From (3.9.1)) and (3.9.2)) we obtain

0 1
au<¢+A0(No¢>) =0

and
0

1
— — (N =0.
o (04 5 es)
Thus, ¢ + x-(N 0 ¢) is constant on U and thus constant on S. Let ¢ + 3-(N 0 ¢) = v € R?, then

1

1
|¢—v:|AO<No¢>\=AO,

which means that ¢(U) is contained in the sphere of radius )\io with centre at v. As S is connected we deduce
that all of S is contained in the sphere of radius /\% centered v. O

3.10 Elliptic, Parabolic and Hyperbolic Points

Exercise 3.10.1. For an oriented surface S, let v : (—e,e) — S be a smooth map. Then,

Ay (V)7 () = (Y'(), N (7(#))) -

Principal curvatures are indicative of the local shape of the surface, and thus provide a method to categorise the
points of a surface. In particular, for a surface S let ¢ : U — S be a chart with 0 € U and ¢(0) =p € S. Given
c,d €R let v: (—e,e) = S be given by v(t) = ¢(ct,dt). Note that

0¢ 0¢

1y = 29 @
' (t) = 5 (ct,dt) + d@v (ct, dt)
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and oy oy 5
" 2
V(1) = 5+ 2ed ot d? o

Hence, using Exercise |3.10.1| it follows that

Ap( gi( )+da¢( ), cgi(o)wg‘f(o)) = <c gf( )+ 2¢ daa;;( >+d23 f( 0), N(p)>. (3.10.1)

Suppose without loss of generality that ¢(0) = 0 € R?® and

9¢

52(0) = (1,0,0)
and 06

520 = (0,1,0)

are the principal directions at zero.

Proposition 3.10.2. Let ¢ : U — S be a chart for S as above. Then as u,v — 0 we have
1
ou,0) = (0.3 O+ 2?) ) + Rl ),

where \1, Ao are the principal curvatures at zero. In particular, R(u,v) is a function such that

R3(u,1}) -0
u,v—0 u? —+ v2 o
and
Ri(u,v)
wso ful + o]
fori=1,2.
Proof. Using a Taylor expansion we have
9%¢ 9%¢ 0%¢ ~
2 — .10.2
o(u,v) = (u,v,0) + (8 2(O)u + Sudo (0)uv + 902 (0)v > + R(u,v), (3.10.2)
where _
R(u,v)
u,v—0 u2 —+ ’[}2
Note that 5 ”
52(0) x 22(0
N(0,0,0) () g”( ) (0,0,1)
52(0) x 52(0)|
Hence,

<1 (62¢(0)u2 +2 20 0y + %(o)&) (0,0, 1)> L 40 ((,0,0), (u, v, 0))

u uov ) 2
Ay (’LLX1 +vXo,uXq + ’UXQ)
(Ao(X1, X1)u? + Ag(X2, Xo)v?)

(/\1u + /\21} )

I\DM—‘[\D\H[\')M—‘
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Thus, (3.10.2) can be written as

d(u,v) = (u, v,% (A1u2 + )\21)2)) + R(u,v)

where
R3(U,U) _
u,v—0 u2 +’U2 -
and
Ri(uvv) _
w0 Jul + Jo] ~
fori=1,2. O

Remark 3.10.3. Proposition [3.10.2 says that locally around zero, S is approximated by the graph of the
function f(z,y) = 3 (Ma? + Aay?).

Definition 3.10.4. Let S be an oriented surface.
1. A point p € S is elliptic if K(p) > 0. That is, \1(p) and A2(p) have the same sign.
2. A point p € S is hyperbolic if K(p) < 0. That is, A\1(p) and A2(p) have the opposite sign.

3. A point p € S is parabolic if K(p) = 0 and H(p) # 0. That is, exactly one of \i(p) and Aa2(p) is
non-zero.

4. A point p € S is planar if K(p) = H(p) = 0. That is, A1(p) = A2(p) = 0.

Example 3.10.5.
1. Every point on S? is elliptic.

. Every point on C,. is parabolic.

2
3. Every point on {x? — y* = 2} is hyperbolic.
4. Every point on the plane is planar.

5

. Every point on the paraboloid {z = 2* + y?} is elliptic.

Proposition 3.10.6. Let S C R? be a regular surface. For p € S the following statements hold.

1. Ifp is an elliptic point, then there is a neighbourhood V' C R® of p such that SNV lies on one side of
p+T,S and (SNV)N(p+T,5) = {p}.

2. Ifp is a hyperbolic point, then on any neighbourhood V.C R? of p, SNV meets both sides of p+ T,S.

Proof. Let ¢ : U — S be a chart for S at p, with ¢(0,0) = p. Then by Taylor's theorem

_ 9 o¢
¢(u7 U) —¢(0, 0) + (au (07 O)U + 8’0 (07 O)”)
1 /0% 9 0?¢ 0%¢ 9
B <8u2 (0,0)u” + 28u8v(0’ 0)uv + w((), 0)v ) + R(u,v)
in a neighbourhood of zero and where
R(u,v)

li ——
(u,'U)l—>rn(0,0) u2 + v?
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Since, 22(0,0)u + 22(0,0)v € T,S it follows that

(¢p(u,v) —p,N(p)) = % <22uf(0,0)u2 + 28(1251) (0,0)uv + %(0, O)UQ,N(]))>
+ (R(u,v), N(p))
A (gi’(o,mu + 920,000, 220, 0pu+ 2 0 O)v>
+ (R(u,v), N(p))- (3.10.3)

= If K(p) > 0, then without loss of generality suppose that A2(p) > A1(p) > 0. Then by Proposition [3.6.8
it follows that for every w € T,,5 \ {0} we have

Ap(w,w) > Ay (p)|w|* > 0.
Thus, with ((3.10.3)) it follows that
<¢(U7U> - D N(p)> >0

for small values of u and v with (u,v) # (0,0).
= If K(p) < 0 then A1(p) and Aa2(p) have different signs. Thus when w points in a principal direction we
have that A, (w,w) = A1 (p)|w|? or Ap(w,w) = Xa(p)|w|?. Thus, A, takes on both positive and negative

values. Therefore, from ((3.10.3) it follows that (¢(u,v) — p, N(p)) takes positive and negative values in
any neighbourhood of (0,0).

O

—
Sl ?Wﬁm
P1TpS

Figure 3.10.1: An illustration of the conclusions of Proposition |3.10.6

3.11 Gauss and Mean Curvature in Charts
Definition 3.11.1. Let S be an oriented surface with a chart ¢ : U — S.

Pt
ov

2
1 Let M := (? g) where E = |22|", F = (52,52} and G =

2 tetn = (5 1) where e = 4, (32.32) = (5250, £ = 4, (3. 8) = (£, N)) and

9=4,(5.5) = (5. N0).

Remark 3.11.2. Note that functions E, F,G, e, f and g of Definition [3.11.1] are functions U — R.
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Proposition 3.11.3. With the notation of Definition[3.11.1 we have

e eq — f2
Kot = deb (471%) = S0 = 7

and
1 1y _ leG+gE -2fF
H(¢p(u,v)) = 2tr (M~'%) = 5 EC_FZ

Proof. Fix an orthonormal basis for T,,S and represent AN ¢(u,v), ¢, and ¢, in the basis such that

_ _ | |
= (_ 21: _) (_dN¢(1|L,v)(¢u) _dN¢(’l|L,’U)(¢’U))

_ _ .
— (_ f;z _) (—qub(u,v)) (‘ﬁlu (ﬁy) .

It follows that,

det(X) = det ((‘ z _)> det (—dNy(u,0)) det ((% ¢))
= A1(p)A2(p) det ((: f;“ :) (qb:u ¢:))

= K(¢(u,v)) det(M).

Similarly,

So that,

Remark 3.11.4. When % and % are the principal directions we have M = I and ¥ = </\1(§p) A\ (zp)>
2

Therefore,
K(p) = det(X) = A (p)A2(p)

and
A1(p) + A2(p)

Hp) = s (x) = 22

as expected.
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Example 3.11.5. Let S = {z =2 —y?}. Then a chart for S is ¢ : R* — S given by

o(u,v) = (u,v, u? — v2) .

Note that 96
— =(1,0,2
22 = (1,0,20)
and 96
— =(0,1,-2
Ov 0,1 =)
so that o o &
22 X ZE —2u,2v,1
Ng(u,) = e - R D)
96 o @‘ V1 + 4u? + 402
ou ov
Moreover,
2
92 =(0,0,2)
82
2% = (0,0,0
Lyf = (07 Oa _2)
so that )
1+ 4u —4uv
il = < —dyw 1+ 4112)
and
2 0
T = V1+4u?2 4402 5 .
0 T V1t4u2t4v2
Therefore,
K(¢(u,v)) = det (M~'%)
4
_ T 1+4uz+402
(14 4u?) (1 + 4v?) — 16uv?
. 4
(1 + 4u2 + 402)°
and
H(¢(u,v)) = Lo —L (1 +dv? du ) Ve v
’ 2 1+ 4u2 4+ v2 duwv 1+ 42 0 —\/ﬁ
2(1+4v?) Suw
_ L tr | Vit Faz 14 4u?+40°
2(1 + 4u? + 4?) Buv _2(i4d?)
V1+4u2+402 V1+4u2+402
4v? — 42

(1t 42 d?)E
Exercise 3.11.6. Repeat Exercise[3.8.4 by using Proposition[3.11.3

Example 3.11.7. Using the computations of Exercise[3.11.6 one can identify the asymptotic lines of the helicoid
and catenoid.
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1. For the helicoid S, consider the chart ¢ : U — S given by
d(u,v) = (ucos(v),usin(v),v).

Then a regular curve v : I — S can be written as v(t) = (¢ o o)(t) where o : I — U is given by
o(t) = (u(t),v(t)) for smooth curves u,v. In particular,

V() = 22u(0) + S0/ (1),

Therefore,

where

2= (G 9)

is the matrix of A, ;) with respect to the basis {g—i, %} as determined in Exercise|3.11.6, Therefore, ~y

is an asymptotic line if and only if

for all t € I. That is, either v'(t) = 0 orv'(t) = 0. Therefore, the asymptotic lines of the helicoid are

(t) = (ccos(v(t)), esin(v(?)), v(t))

and
7(t) = (u(#) cos(c), u(t) sin(c), ¢)

for c € R.

2. For the catenoid S, consider the chart ¢ : U — S given by
od(u,v) = (cosh(u) cos(v), cosh(u) sin(v), u).

Then a regular curve v : I — S can be written as v(t) = (¢ o 0)(t) where o : I — U is given by
a(t) = (u(t),v(t)) for smooth curves u,v. In particular,

V() = 22u(0) + 500/ (1).

Therefore,

where

(3 2)

8—¢} as determined in Exercise|3.11.6, Therefore, ~y

is the matrix of A, ;) with respect to the basis {

is an asymptotic line if and only if

- @ (1) +(@®)° =0
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for allt € I. That is, either u'(t) —v'(t) = 0 or u'(t) + v'(t) = 0. Therefore, the asymptotic lines of the
catenoid are

~(t) = (cosh(u(t)) cos(u(t) + ¢), cosh(u(t)) sin(u(t) + ¢), u(t))

and

~(t) = (cosh(u(t)) cos(c — u(t)), cosh(u(t)) sin(c — u(t)), u(t))

for c € R.
3.12 First Fundamental Form
The intrinsic geometry of a surface is captured by the first fundamental form.
Definition 3.12.1. The first fundamental form of a surface S at p € S is the bilinear map g : 1,5 x 1,5 — R

given by g(x,y) = (z,y).

Remark 3.12.2. The first fundamental form at a point p is the restriction of the Euclidean dot product onto
the tangent space of S at p.

If : U — Sis a chart for S, then T},S = span (%, %). In particular,

0 d¢p 0 0
g(fc,y)=g< a£+baf ad)+daf)

—ac <g¢ a¢>+(ad+bc)<g¢ g¢>+bd<gf g‘f>
~(a b)M@.

That is, M is the matrix of g with respect to the basis {g—i, %} In particular, this allows us to write intrinsic

notions of curves such as length using the first fundamental form. More specifically, let «y : (a,b) — S be a regular
curve and suppose that v((a,b)) C ¢(U). Recall that

Then supposing that v(t) = ¢(u(t), v(t)) it follows that

1) = | 2 ) 22 ey o)+ fi;’a)%(u(t),v(t))\ at
(Y et (Y Gu

Similarly, one can express angles using the first fundamental form.

Definition 3.12.3. Let S1, S5 C R? be regular surfaces. A smooth map F : S; — Sy is a local isometry if it
preserves the first fundamental form. That is, for any p € S1 we have

(dFy(2), dFp(y)) = (z,y)
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for all ,y € T,,S1. Moreover, F' is an isometry if it is a local isometry and a bijection between S; and S.

Remark 3.12.4. Let F' : Sy — S5 be a local isometry.
1. Then dF, : T,S1 — Tr(y)S2 is a bijection for all p € Sy. Indeed, if dF,(v) = 0 then
[0]* = (v,v) = (dF,(v), dFp(v)) = |[dF,(v)[* = 0
and so v = 0. Therefore, since T;,S1 and Tr(,)S2 are finite-dimensional linear spaces it follows that dF,
is surjective.

2. From Theorem there are neighbourhoods Uy C Sy of p and Uy C Sy of F(p) such that F|y, :
Uy — Us is a diffeomorphism.

Example 3.12.5.

1. Rigid motions of R3 induce isometries. Let S C R3, then for A € SO(3) we can consider
S'=A(S)={Ap:pe S}.

Then let I : S — S’ be given by p — Ap. Observe that F is smooth. Moreover, for any p € S let
v € T,S. Then fory: (—€,e) — R3 with v'(0) = v we have

AAYE)) 4t = Av.

i) = dt =0

Therefore,

(dF,(v), dF,(w)) = (Av, Aw)
= (Av) T (Aw)
=v AT Aw
=v'w

= <Uv ’LU>
which means that F' is a local isometry. As A is invertible, F' is an isometry.

2. Let Sy = {(z,y,2) €ER®: 2 =0} and S5 = {(z,y,2) ER®: 2> +y?> =1}. Let F : S} — S5 be given
by
F(z,y,0) = (cos(z),sin(z), y).

Then for any (x,y,0) € Si, the tangent plane is S1, namely T,,S1 = Si. In particular, for any v =
(v1,v2,0) € T,,S1 write ¥(t) = (z + tvy,y + tve,0) so that v(0) = (x,y,0) and v'(0) = v. Then,

dF((t))

AFay.0)(v) = dt t=0

d
== (cos(x + tvy),sin(z + tvy), y + tve) |t=0

= (—wvy sin(x), vy cos(x), va).
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Hence,

<dF(x7y70)(v),dF(x7y70)(v)> = (v1)2 (sinQ(x) + cosz(x)) + (v2)2
= (v1)® + (v2)?
= (v,v).

It follows that
<dF(x,y,0) (x)ﬂ dF(r,y,O) (y)> = <.’E, y>

for all x,y € T),S,. Indeed,

(lz +y> = z> = |yI?)
z,Y).

Thus, F is a local isometry, however, it is not an isometry as F' is not injective.

1
)
1
)
= (z

Lemma 3.12.6. Let ¢ : U — S and ¢ : U — S be charts. Suppose that

= (el Ge?) - <<¢fﬂ|;u> o) =

1

Then f : o(U) — S given by f = @ o p~! is a local isometry.

Proof. Let p = ¢(q) where ¢ = (q1,¢2). Then

AFy(pu(@) = S F (Pl + t,2)

d
t,
=~ a¥ (a1 +1.g2)
= Gu(q)-
Similarly, df, (¢4(q)) = @u(q). Therefore, for v € T,,S we have

(dfp(v),dfp(v)) = (dfp(apulq) + bpu(q)), dfp(apu(q) + bpu(q)))
= <a¢7u(Q) + 0Py (Q)7 apy, (Q) + 0Py (Q>>

= (apu(q) + bpu(q), apu(q) + bpu(q))
= (v, v).

Therefore, f is a local isometry.

Exercise 3.12.7. Let
S1 = {(cosh(u) cos(v), cosh(u) sin(v), u) : (u,v) € R*}

be the catenoid and let
Sy = {(ucos(v), usin(v),v) : (u,v) € R*}
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be the helicoid. Show that Sy and Ss are locally isometric.

Proposition 3.12.8. Let ' : S — Sy be a smooth map between regular surfaces. Then F is a local isometry
if and only if F' preserves the length of all curves. That is, for any smooth curve v : (a,b) — S; we have

Lg, (7) =Ls, (F © 7)'

Proof. (=). Using (F o~)/(t) = dF,, (+/(¢)) it follows that
Ley(Fon) = / [(F o) ()] dt
/ |dFy ) (' ()] dt
- [k v/dF 0 (1)) By ((0) d
2 [ rm e

/w )| dt

= LSI )

where in (1) the local isometry property of F' is used.
(«). Let p € S; and consider v € T),S;. Choose 7 : (—e¢,€) — S1 a smooth curve such that v(0) = p and
~'(0) = v. Then for all 0 < t < € we have

Ls, (V(=ey) = Lsy (Fo)l(—ew)) -

d [t , d rt ,
@/_y(sndst:o:a/_e\(mw<s>|dst

Therefore, |7/(0)| = [(F o ~)’(0)], or in other words, |v| = |dF},(v)|. As p and v were arbitrary it follows that

Consequently,

o] = [dF} (v)]

for all p € S; and v € T,,S1 which means that F is a local isometry using the same reasoning as that used in
statement 2 of Example[3.12.5 O

Example 3.12.9. Consider the regular surfaces

S1 = {é(u,v) = (ucos(v),usin(v),log(u)) : u > 0,v € R}

and
Sy = {(u,v) = (ucos(v),usin(v),v) : u > 0,v € R}.

One can show that the Gauss curvatures of S and Sy are equal, namely

1

Ksg, (d)(uvv)) = Ks, (z[z(u,v)) = _m'

Consider F : S; — Sy given by F =0 ¢~L. Then,

1
(0u6,0u0) =1+
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whereas
<dF¢(u,v) (au¢) 7dF¢>(u,v) (8u¢)> = <8u1/)7 au'(/)> =1
Therefore, F' is not a local isometry.

3.13 Christoffel Symbols

Let ¢ : U — S be a chart of a regular surface S with Gauss map N : S — S2. Then {gi, gf,N} forms an

orthonormal basis for R3. With z! := « and 22 := v, let

_ (00 9o\ _ /99 99
g”_g<8:c“8zj)_<8xi78xj>

for i,5 = 1,2. Moreover, let ( ) be the inverse of the matrix M = (g;;). That is,

: 1=
> gig" =] = {0 £
Pt 177

Note that Lg’j can be written as

¢ L 09 o 09
Qxt 0z _P”a ! +F”8 2

+ AN (3.13.1)

for some functions Ffj : U — R with 4,5,k = 1,2, and where

0%
Aig = <8$i8acj’N>

_ 4 [ 9¢ 09
=4 <8xi’8xj) '

Definition 3.13.1. The functions Ffj :U — R fori,j,k = 1,2 as determined by (3.13.1)) are referred to as
the Christoffel symbols of the chart ¢.

Remark 3.13.2. As ;22 = 00 for i, j =1,2 it follows that Ty =T% fori,j=1,2.

g 81’3

Proposition 3.13.3. Let ¢ : U — S be a chart for a regular surface S. Then

2
g*

fori,j, k=1,2.
Proof. Using (3.13.1)) we have
R AT AN
Ozidxi’ dal 9\ 9zt Oxl

=T9u + T390,

d¢ 0¢ 09
2 -
T <8$2’ aml> + A <N’ 8xl>
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for I = 1,2. Hence,

9.0 9¢ 99
v gt = a 29’ Ot

(00 0o\, 06 o
"\ Oxidzi’ Ozl 0x7’ Oxtox!

2
= Z ij gml + F?llgj'rn) . (3132)
m=1
Similarly,
2
i git Z T Gt + Tl gim) - (3.13.3)
and ,
m=1

Considering ([3.13.2)+(3.13.3)-(3.13.4) it follows that

2
Origit + Opi git — 031955 = Z 205 gma-

m=1

Multiplying by 1'% and considering I = 1,2, we conclude that

2 2 2
1
> ngl o195t + Oui Git — 00 gi) = > > T gmig™
=1 m=1 [=1
2
k
= Tijo,
m=1
k
=17

O

Remark 3.13.4. Let F': S — S be a local isometry. By shrinking U if necessary, the map Fo¢:U — S is a
chart for S. In particular,

Oxt T Oxd
_ 0o ¢
- (o () o (55))

/90 a¢>>

= Gij-

- <8(Fo¢) 6(Fo¢)>

Thus, from Proposition we have that
ok _ Tk
Fz‘j(ua“) = Fij (u,v)

fori,j,k = 1,2 and for all (u,v) € U. In other words, Christoffel symbols are an intrinsic property of a surface.
Consequently, any object expressible in terms of the first fundamental form is said to be an intrinsic property.
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Example 3.13.5.
1. Let S; = {z = 0}. Then ¢ : R? — Sy given by ¢(u,v) = (u,v,0) is a chart. In particular,

o _ o _ o _
o w2 Oudv

so
k _
;=0
fori,j,k=1,2.

2. Let So = {a? +y?>=1}. Then F : S; — S, given by F(z,y,0) = (cos(z),sin(z),y) was shown to
be a local isometry in statement 2 of Example|3.12.5, For the chart 1(u,v) := (F o ¢)(u,v) of S the
Christoffel symbols of Sa vanish as expected by Proposition [3.13.3 Indeed,

g% = (—sin(u), cos(u), 0)
35 =(0,0,1)
N = (cos(u), sin(u), 0)

so that )
zuf = (—cos(u), —sin(u),0) = =N
82
6gg)v = (O’ O’ O)
g4 =(0,0,0).

Exercise 3.13.6. Let S be the graph of a smooth function f : R? — R with chart ¢ : R? — S given by

$(u,v) = (u,v, f(u,v)).

Compute the Christoffel symbols Ffj.

3.14 Theorem Egregium

Theorem 3.14.1 (Egregium). The Gauss curvature K of a regular surface S is intrinsic. More specifically,
with S, S and F as in Remark it follows that

K(¢(u,0)) = K (4(u,v))
where K is the Gauss curvature of S. Indeed,

Y (u,v)G(u,v) — X (u,v)F(u,v)
det(M (u,v))

K(o(u,v)) = (3.14.1)

where
X =T1,T1, =TT + 9y (T12) — 8y (T1y)
and
Y =TT5 + T35, — Tl — (F%2)2 +8, (I'f;) — 8. (T%,) .

Proof. It suffices to show (|3.14.1)) as M and the Christoffel symbols, Proposition [3.13.3} are invariant under local
isometries. Let ¢ : U — S be a chart for S. Since ¢ is smooth its partial derivatives commute, in particular,

0 2?0\ K 0%¢
v \Oudu )  Ou \ dudv )’
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which can equivalently be written as

9 ¢ D¢ d ¢ ¢
% (1—‘%1%+F%181}+A11N) :7u (Fh%—‘rr%QaU + A1oN |,

where N is the Gauss map. Thus,

(F%ld)uv + (F%l)v ¢u) + (F%Nbvv + (Ffl)v ¢v) + ((All)v N+ Alle) - (F%2¢uu + (F%Q)u ¢u)
+ (M9duu + (1)), 60) + ((A12), N + A12N,) . (3.14.2)

As {¢u, v, N} is linearly independent we can write the vectors ¢yy, vy, Guu, Ny and N, in terms of these
vectors. Indeed, we know that

2

Puv = % = F%lqsu + F%1¢v + AN
2

¢'uv = ng = F%Q(Z)u + F%2¢)v + A22N (3143)
2

¢uu = % = F%l(z)u + F%l(bv + AllN-

On the other hand, we know that
N, = a¢u + b¢'u
Ny = ¢y + doy,

for some a,b,c,d € R as each is orthogonal to V. Then

_All = _A(¢u7¢u)
= <¢uu dN(¢u)>

Recalling that 3 = (A;;), through similar computations we arrive at the matrix equation

a c¢
eup D)
a ¢ _ 1 G —F All A12 _ 1 M712
b d)  det(M)\—F E )\Aa Ax)  det(M)

In particular, substituting the values of a and c into ([3.14.2)) along with ([3.14.3) and comparing the coefficients
of ¢, it follows that

Therefore,

FAy —GAyp
INNINTES (F%l)v +THT5 + A <det(]\4) =TI, + (Fb)u
FAy — GA11)

2 1

Using the fact that Ffj = F?i for all 4,5,k = 1,2, we obtain

(A12A21 — A11A) F

(1), = (T2), = Pl = ThT'5, + det (M)

With K = (‘f:tt((ﬁ)) we can write

KF =T}, —THT5 + (Fb)u - () X.

v
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Similarly, comparing the coefficients of ¢, yields
KE =T}, T3, +T1 T3 — T =TI, + (F%I)v - (F%2)u =Y.
Therefore,
_ K det(M)
~ det(M)
K (EG - F2)
© det(M)
_YG-XF
— det(M)

as required. O

Remark 3.14.2.
1. It follows that det(X) is an intrinsic quantity, despite ¥ itself being extrinsic.

2. As a plane has K = 0 and a sphere of radius v has K = r% it follows from Theorem |3.14.1| that the
plane and sphere are not locally isometric. More generally, for regular surfaces Sy, 5> C R*® with Gauss
curvatures Ky and K respectively, if F' : S1 — S5 is a local isometry then Ko o F = K.

3.15 Surfaces of Constant Curvature

Theorem 3.15.1. Let S be a compact connected regular oriented surface. If S has constant positive Gauss
curvature, say K > 0, then S is a sphere.

Proof. Let A1(x) < A2(x) be the principal curvatures for 2z € S. By the compactness of S there exists a p € S
such that

Xa(p) = max Ao ().

Since Aq(2)2(x) = K > 0, it follows that

M(p) = glensl A1(x).

By a rigid motion in R and a translation we can assume without loss of generality that p = (0,0,0) and the
principal curvatures at p are X; = (1,0,0) and X5 = (0,1,0). In particular, near p, from Proposition [3.10.2| we
know that S is the graph of a function of the form

A1(p)u? 4 Ao (p)v?
D

F(u,v) = + R(u,v).

Consider the chart ¢ : U — S given by
d(u,v) = (u,v, F(u,v)).

Note that

¢ = (1,0, Fy)

¢v = (0,1, F)

Dun = (0, 0, Fuu)

Our = (0,0, Fuy)

Guv = (0,0, Fyp).

Thus, the unit normal to S near p is

_ ¢)u X ¢v (_Fua_Fval)

- |¢ux¢v| B \/1—|—‘VF|2
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and the second fundamental form is

2:(<N,¢>uu> <N,¢>w>>: 1 (Fuu Fu>
(N;bou)  (Nsdw)) T |VFE \Fou Fon)’

At each (u,v) € U consider
_ Pu (1,0, Fy(u,v))

e1(u,v) = — = —==—== €T, S
1( ) |¢u| 1+ Fg(u, 1}) d(u,v)
and
ea(u,v) = Ov _ —(0’ L P (u,v)) eT, S
2 ) |¢v| 1 T FE(’L“U) d)(u;u) .

Then consider,

hi(t) := Ago,)(e1(0,1),e1(0,t))
= T A0 (040.0.6.(0.1)
1
= THF2(0,0) (N(0,1), duu(0,1))
1 Fou(0, 1)

1+ FZ(0,t) \/1+[VF(0,1)[?

and similarly,

hg (t) = A¢,(t,0) (62 (t, 0)7 () (t, O))
1 Fy(0,1)

T+ F0.6) T+ [VEQO, B

Note that
hl(o) = Ap((l,0,0), (17070)) = Al(p)

and
hQ(O) = Ap((07 L, O)a (07 1, O)) = )‘2(17)'

Since A; is minimised at p, and A, is maximized at p it follows by Proposition 3.6.8| that

h1(0) = A1 (p)
< Ai(#(0,1))

= min A¢(O,t) (LU, l')
:L’ET(?)(O)‘), ‘lel

< A¢'(0,t) (61 (O’ t)7 €1 (O’ t))
= hy(t).
Similarly,
Y ha(0) = Aa(p) > ha(t).

Thus hi(t) has a local minimum and ha(t) has a local maximum at ¢ = 0. Thus, h{(0) > 0 and h5(0) < 0,
meaning
RY(0) — K5 (0) > 0. (3.15.1)

Recall that
VF(u,v) = (M(p)u, Aa(p)v) + O (Jul? + [v]?)

so that
[VE(u,v)[* = X (p)u® + A5 (p)v* + O (Jul® + [v]?) .
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Therefore,

1 Fuu (0, t)
10 1+ X2(p)2 + O (%)

(1-0(tY) (1 - %)\g(p)tQ +0 (t3)> Fuu(0,t)

= (1 — ;)\g(p)t2> Fuu(0,1) + O (t3) :

Similarly,
hy(t) = (1 — ;Af(p)tz’) Fou(t,0)+ O (£%) .
Therefore,
W (1) — B (1) = ((1 - W) P 0,1) = N0t P (0,1) + O (t2)>
— ((1 - W) Fouu(t,0) = A (p)tFy (t,0) + O (t2)>
and thus
0 =10 = (1= 225 Fonn (0.0~ 280t Funn(0.0) = )P 000) + 010 )
— ((1 — W) Fvvuu(t7 O) - 2)‘%(p)thvu(t7 O) - )‘f(p)Fvv(tv O) + O(t)) .
Hence,
h/ll(o) - /2,(0) = A?(p)Fvv (Oa 0) - /\g(p)Fuua)’ 0)
= A (p)X2(p) — A3(p) M1 (p)
= A1(p)A2(p)(A1(p) — A2(p))

With (3.15.1)) it follows that
K(p)(M(p) — X2(p)) > 0.

This implies that A1 (p) — A2(p) > 0 as K(p) > 0 and so A1(p) > Aa(p). However, as we assumed A1 (p) < A2(p)
it follows that A1(p) = A2(p). Thus, we deduce that \i(z) = Aa(z) for all z € S. Therefore, S is totally umbilic
with non-zero curvature and so from Theorem [3.9.3]it must be contained within a sphere. Since S is compact it
must be the case that S is a sphere. O

3.16 Integration of Surfaces

Let S C R3 be a regular surface, and let ¢ : U — S be a chart. For simplicity let 0 € U and assume that
0 < 04,0, < 1 are such that R := [0,d,] x [0,d,] € U. In particular, note that R has area 0,,0,. Under
the transformation ¢ the rectangle R is approximately mapped to the parallelogram P spanned by ¢,(0,0) and
©+(0,0) scaled by d,, and J,, respectively. More specifically, P is the parallelogram with corners

{p7p + 0uPu (Oa 0),p + 6v¢v(0a 0),]? + 6udu (Oa 0) + 6y by (07 O)}

where p := ¢(0,0). In particular, P has area given by

area(P) = [6,64(0,0) X 8,6(0,0)| = 848, |6u(0,0) x ¢,(0,0)|.
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B —c

.7d'v_

AN
du

15(42)

Figure 3.16.1: Area element on a surface.

Definition 3.16.1. Given D C U compact, let

area(¢(D)) = /D | (u, v) X &y (u,v)| dudo.

Proposition 3.16.2. Let S be a regular surface with charts ¢ : U — S and ¢ : U’ — S. Suppose that for
compact sets D C U and D' C U’ we have ¢(D) =+ (D’). Then,

area(¢(D)) = area (¢ (D')).
Proof. Consider f : U’ — U given by f = ¢~ 0, and in particular assume that

f(u,v) = (m(u, v),y(u,v)).
Then
Q/J(U,’U) = (¢ © f)(uvv) = (;S(z(u,v),y(u,v))
and so

81/) 3w 8¢8z+8¢6‘y y 6¢8x+8¢8y
Bu v \ 9z ou Oy Ou Or v Oy dv

20 06 (020y Oyou

8:)6 oy Judv  Oudv
where we have used the bilinearity and anti-symmetry properties of the cross-product. Therefore, recalling the
change of coordinates formula, it follows that

area (¢ (D'))—/ 9% 81/)

8u ov

A 1 () I
D’ ox Ty Yo
x’dxdy

WAL

=area (¢(D)).

dudv

The area of a surface can also be expressed in terms of the first fundamental form.

Proposition 3.16.3. Let ¢ : U — S be a chart for a regular surface S. Then for a compact set D C U we
have

area(qS(D)):/D\/det(M(u,v))dudv
:/ VEG — F?dudv
D
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where

e (8 )= (85 %)

Proof. Let v,w € R3 with v non-zero. Then, v is orthogonal to w — <‘Uv’|“2’>v and so
2
lv x w|* = v x (w-— (v, whv
|v]?
— |U|2 _ <’U,’LU>’U
|v]?

In particular, with v = ¢,, and w = ¢, it follows that

|¢u X ¢v|2 = |¢u|2 |¢v|2 - <¢ua¢v>2 = PG — F2.

Therefore,
area(6(D) = [ [ou x 6] dudo
= /D VEG — F2 dudv
_ /D et (M (a, v)) du dv.

O

Definition 3.16.4. Let S be a regular surface, let f : S — R be smooth, ¢ : U — S a chart and D C U
compact. Then the integral of f on ¢(D) is given by

/ fdA::/(f0¢)(u,v)\/EG—F2dudv.
#(D) D

If S'is a compact surface, then we can write S = Ule S; such that the following hold.
= For i # j we have S; N S; C 95; N AS;.
» Fori=1,...,k thereis a chart ¢; : U; = S and D; C U; such that ¢;(D;) = S;.

Hence, we let

k
/SfdA::;/qs(Dj)fdA
:zk:/ (f o ¢:) (%U)\/W—Ffdudv.
i=1"Di

This is independent of the chosen decomposition of S.
Example 3.16.5. Let ¢ : (¢,2m — €) x (e, ™ — €) — S? be given by

Y(0,¢) = (cos(8) sin(¢), sin(6) sin(¢), cos()).
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Note that 1) is a chart for the surface
S? .= Y((e,2m — €) x (e,m —€)).

We cannot construct a chart for S? directly since the poles and meridian lines cause problems, the surface S2
avoids these points. Observe that

{ % = (—sin(0) sin(¢), cos(f) sin(¢), 0)
8% — (cos(9) cos(6), sin(6) cos(@), — sin(4))

such that . 5
¢ 8'(/; (— cos(0) sin?(¢), — sin(8) sin®(¢), — cos(¢) sin(g)) .

In particular,
‘ % gﬁ /cos2(0) sin'(9) + sin? (6) sin® (6) + cos?(6) sin(9)

= \/sm (sin®(¢) + cos?(¢))
= sin(¢).

2m—e
area / / sin(¢) d¢ dd

(2 — 2¢)(2 cos(e)).

Therefore,

Strictly speaking, we should only compute the area using compact sets, which (€,2m — €) X (e, ™ — €) is not.
However, this detail turns out to be insignificant, so in any case sending ¢ — 0 it follows that

area (SZ) =47

as expected.

Figure 3.16.2
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Exercise 3.16.6. Let S C R3 be a compact, connected, nonempty surface with curvature K. Suppose K > 0
everywhere on S. Show that fs KdA > 4.

3.17 Solution to Exercises
Exercise [3.4.2

Solution. Suppose that 1) : U’ — S is another chart for p € S. More specifically, ¢ (U’) = VNS, where V C R?
is an open neighbourhood of p with ¢ (U) =V NS. Then as ¢ : U — V N S is a homeomorphism we can write

Foyp=Fo(pop ')oy:U — 8.

As dg, is invertible it follows that ¢! o 1) is smooth. Therefore, as F o ¢ is smooth it follows that F o1 is
smooth. In particular, this means that F o1 is smooth for any chart ¢, and so F' : S — R" is smooth as per
statement 1 of Definition O

Exercise 3.5.7

Proof. Observe that

9 (1%
ou U Vi —2

and
L N
o\ VI—wE—?)
So that,
@X%— u v 1
ouw” v \V1i-w2—v2 V1-—uZ—22" )
Noting that
9 9| _ 1
ou ov 7\/1—u2—v2
it follows that
N(¢(u,v)) = 72—
) )
5% X By

\/1u21)2< Y Y ,1>

VI—u? =02 /1 —u2 -2

= (u,vm/l—uz—?ﬂ).

Therefore, the Gauss map S? is the identity map. O
Exercise [3.0.10

Solution. Let ¢ : U — S be a chart for S at p such that U C R? is connected. Then for any p’ € ¢(U) there
exists a smooth path v : [0,1] — U with v(0) = ¢~ 1(p) and (1) = ¢~ (¢'). In particular, po~:[0,1] — S is
a smooth path from p to p’. As A\; = X2 = 0 we have that dN,, = 0, thus N = v for some v € S, Therefore, as
%(gbo Y)(t) € Ti(v(1))S it must be perpendicular to v. Hence,

0= HEO@v) = FOOO)).

Hence, (¢(7(¢)),v) is constant and so (p’,v) = (p,v). As S is connected it follows that (p’,v) = (p,v) for all
p’ € S, which means that S lies in a plane. O

Exercise [3.8.4]



Solution.

1. A chart for the helicoid S is
d(u,v) = (ucos(v), usin(v), v).

In particular,
x = ucos(v)
y = usin(v)

Z=".

Observe that

and

Hence,

In particular,

N(z,y,z) = m (sin(z), —cos(z), vz + y2) .

For (vi,v2,v3) € T{(g,y,-)S, let v : (—€,€) — S be a smooth map such that 7(0) = (z,y, 2) and ¥'(0)

(Ul, Vo, 1}3). Note that

d Sin(vs( ))
\/’71 24 y(t)2+1

and similarly,

d COS(%( ))
VO F(F 1

B (2% 4+ y* + 1) cos(z)vs — sin(z) (zv1 + yv2)
3
—0 (22 +y2+1)2

(2% + y? + 1) sin(2)vs + cos(z) (zv1 + yvo)

= 3
—0 (.’EQ + y2 + 1)2
Moreover,
d 71( )? Jr’72( )? _ Tv1 + Yva
VP @+ 1) | @42+ )E Va4
therefore,
22 + 3% + 1) cos(z)vs — sin(2) (2v1 + yvg)
dN(x,y,z)(vlav%’US) = ( ) 3 y
(@2 +y2+1)2
(2% + y? + 1) sin(z)vs + cos(z)(zv1 + yv2)
(a2 +y2 + 1) ’
TV + Yv2
(22 +y2 + 1)% /22 1 2
Let Y7 = <\/¢21+7y2’ \/ﬁT!,z’()) and Y5 = (—y,z,1). Then

<Y1,N(I7yvz)> = <Y2,N(I,y,z)) =0.
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Moreover,

dN(Ly,z) (Yl) = }/2

1
(a2 +y2 + 1)

and
1

——N
/$2+y2+1

Therefore, X1 := Y, — /22 + 32 + 1Y5 and X5 := /22 + y? + 1Y1 +Y5 are tangent vectors to the helicoid
at (z,y,z). Moreover,

dN(z,y,2) (Y2) =

1
ANz, H(X1) = ————F5—
(2.9.2) (X1) 222+ 1700
and 1
ANy 1 (X2) = —————— X5,
(z.9.2) (X2) 22 f 2 172
Hence, X; and X, are the principal directions with A\i(z,y,z) = —m and A\o(z,y,2) = m

Therefore, K(x,y,z) = & and H(xz,y,z) = 0. This means that the helicoid is a minimal surface.

1
(z24y2+1
. A chart for the catenoid S'is
od(u,v) = (cosh(u) cos(v), cosh(u) sin(v), u).

In particular,
2 = cosh(u) cos(v)
y = cosh(u) sin(v)

z = u.
Observe that 5
9 _ (sinh(u) cos(v), sinh(u) sin(v), 1)
u
and
99 .
50 = (— cosh(u) sin(v), cosh(u) cos(v), 0).
v
Hence,
g2 (u,0) X 52 (u,v)
N(u,v) = g;: g;’)
S (u,v) x m(um)’
= 12 (= cosh(u) cos(v), — cosh(u) sin(v), sinh(u) cosh(u)) .
cosh”(u)
In particular,
T Y
N (- - tanh(z) ) .
@y,2) ( cosh?(z)”  cosh?(z) o (Z)>

For (vi,v2,v3) € T(g,y,)S5, let v : (—¢,€) — S be a smooth map such that y(0) = (z,y,2) and ¥'(0) =
(’Ul, Vo, U3). Note that

d (_ "(t) ) ‘ _ (005h2(73(t))%(t) - 2008}12(73(75))75@)%(75))
dt \| cosh?(v3(t)) /) lt=0 cosh?(y3(t))

2uzx — 11

~ cosh?(z)

it (i)
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and similarly,
203y — va

t=0  cosh?(z)




Moreover,
V3

t=0  cosh?(z)’

< (tanh(15(1)))

therefore,
23T — U1 203y — V2 U3 )
dN(; ) (v1,02,v3) = ) )
(wy,2) (1, V2, V3) ( cosh?(z) " cosh?(z) " cosh?(z)
Note that
<(IE, 7y70)7 N(x’ y,Z)> = 0
and
de z y 70 == > ’O ’
( 'Y, )(I Yy ) COShQ(Z) (I Y )

Similarly, note that

and

1

1 1 1 1
dN(z,y.2) < sinh(z) cosh(z), = sinh(z) cosh(z), 1) =—— ( sinh(z) cosh(z), = sinh(z) cosh(z), 1) .
2 cosh® \ 2 2

Therefore, A\ (z,y,2) = CObhz(z) and Ao(z,y,2) = W Hence, K (z,y,2) — — oy and H(z,y,z)=

0. This means that the catenoid is a minimal surface.
O

Exercise 3.8.7]

Solution.

1. Let p = ~(t) for t € I. Then ~/(t) € T,S and |y/(t)] = 1. Using Theorem it follows that
A, (' (t),v'(t)) = 0. Therefore, using the characterisations of the principal curvatures provided by Propo-
sition it follows that A;(p) < 0 and A2(p) > 0. Therefore, K(p) = A1 (p)Aa2(p) <0

2. Let {7y, N,, B, } be the orthonormal Frenet frame at p = 'y(to) for tq € I. Since «y is parameterised by arc
length we have T, = v/(tg). Thus, N, = k(to) ¥ (to) = o )k(to). Therefore,

(N, N(7(to))) = (k(to), N(v(to))) = 0.

b

k(to)

Meaning N, is orthogonal to N(v(to)) and so {T’,, N,,} forms an orthonormal basis for T},S. Furthermore,

as N(~y(to)) is also orthogonal to T, it follows that N(vy(t9)) = +£B,. Note that
(@N(T). 1) = { HVO0)

T
t:t07 ’Y>
= (B, Ty)

= F7(to) (N, Ty)

=0.

d

Similarly,

(AN (1), Ny) = <iBIwNV>
= F7(to) (Ny, Ny)
= F7(to).
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Therefore, the matrix of dN,, with respect to the basis {T’,, N, } is

Therefore,

and so

Exercise [3.10.1]

Solution. Observe that

Exercise [3.11.0

Solution.

K(p) = det(Sp) = —|7(to)]

0
(:‘:T(to) (ANp(Ny), Ny)

1. With the chart of Exercise [3.8.4] we have that

F7(to)

)

0
873 = (cos(v), sin(v), 0)
and b
87(5 = (—usin(v),u cos(v), 1)
so that,
N($(u,v)) =~ (sin(v), = cos(v), u).
Moreover, 2
29 _ (0,0,0)
2 .
a(r;gv = (—sin(v), cos(v), 0)
92 = (~ucos(v), —usin(v),0)
so that,
1 0
M= (0 u? + 1)
and 1
Y= ( 01 - U2+1> :
_ 0
Vuz+1
Therefore,
1 1 1
- () s -
and L
1 1 w?+1 0 0 WV
o 1 u?41
(p) 2t1" <U2+1 < 0 1> <_ ué-i—l 0



2. With the chart of Exercise 3.8.4l we have that

g—i = (sinh(u) cos(v), sinh(u) sin(v), 1)
and
% = (— cosh(u) sin(v), cosh(u) cos(v), 0)
so that,
N(¢p(u,v)) = costh(u) (— cosh(u) cos(v), — cosh(u) sin(v), sinh(u) cosh(u)) .

Moreover,

gif = (cosh(u) cos(v), cosh(u) sin(v), 0)

Oz:g“ = (—sinh(u) sin(v), sinh(u) cos(v), 0)

% = (— cosh(u) cos(v), — cosh(u) sin(v), 0)
so that,

M- cosh?(u) 0
B 0 cosh?(u)
and .
s (1)
Therefore, X
Kip) = _cosh4(u)
d
o Hp) — 1t 1 cosh? 0 -1 0)) _ 0
(p) B § ' cosh4(u) 0 COSh2 0 1 e
O
Exercise 3.12.7]

Solution. We have the charts p; : R x (0,27) — S; given by
©1(u,v) = (cosh(u) cos(u), cosh(u) sin(v), u)
and @9 : R x (0,27) — Sy given by
w2 (u,v) = (ucos(v), usin(v), v).

Let (u,v) := @1(u,v) : U = S1 and @(u,v) := @a(sinh(u),v) : U — S3, where U := R x (0,27). Observe
that

©u = (sinh(u) cos(v), sinh(u) sin(v), 1)

©y = (— cosh(u) sin(v), cosh(u) cos(v), 0)

and
@y = (cosh(u) cos(v), cosh(u) sin(v), 0)
Py = (— cosh(u) sin(v), cosh(u) cos(v), 0).
Therefore,
_ (sinh®(u) + 1 0
M= ( 0 coshQ(u)>
[ cosh?(u) 0
- 0 sinh?(u)
=M.
Therefore, using Lemma [3:12:6] it follows that S; and Sy are locally isometric. O
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Exercise [3.13.0

Solution. Note that
¢u = (15 07 fu(u7 ’U))
¢v = (Oa 1, fv(uvv))

so that

i 1+f’3 fuf'U
(9i3) = ( fufs 1+f3)

( z’j) _ 1 1+f5 7fufv
T) =152+ 2\~fufo 14+£2)

and in particular,

Therefore,

ry = 97( Oug11) + % (20,912 — Dug11) = 1I?§ff§

I = i( 1) + 4 (28u912 —dugn) = Tt

Iy =T = ( Ovg11) + & (8u922) = %

I3 = F%z = ( Ovg11) + % (Dugoo) = (1_{;3#1]02)

F%z = g2 (231/921 — Ouga2) + % (Ovg22) = 14{7‘513‘3

I3, = % (200921 — Ougaz) + % (Ovg22) = 14{}3%}2

O

Exercise

Solution. From Proposition the Gauss map N : S — S? is surjective. In particular, as det(dN,) =
K(p) > 0, it follows that N is a local diffeomorphism. Let ¢ : U — S be a chart for p € S. Then restricting U
if necessary, we can assume that N is a diffeomorphism on ¢(U). Therefore, 1) = N o ¢ : U — S? is a chart for
S% at N(p). For C C U compact observe that

/ KdA:/det(dN¢uv)\¢ux¢)v|dudU
c

:/ [ty X 1| dudw
c
= area(y(C)).

As S is compact we can write S = Ule S; where the S; only intersect along their boundary, and for each S;
there exists a chart ¢; : U; — S such that ¢;(C;) = S; for a compact set C; C U;. Since (w(C’i))f:I covers S2

it follows that i
/ KdA = Z/ KdA = Zarea ((Cy)) > 4.
#(Ci)

i=1

79



4 Geodesics

4.1 Geodesic Curvature

A geodesic for a surface S is a regular curve v : (a,b) — S which is in some sense the straightest line on S.
For instance, on R™ the regular curve « : (a,b) — R™ given by y(¢) = ¢t + d for ¢,d € R is a straight line. In
particular, v can be characterised by either of the following.

1. v minimises the distance between points on R™.
2. 7 has zero acceleration or curvature. That is, 7"/ (¢) = 0 for all ¢ € (a,b).

To extrapolate these ideas beyond R"”, we utilise the second characteristic property of straight lines in R™. More
specifically, let S be an oriented surface with Gauss map N : S — S, and let v: I — S C R?, where I C R3 is
an interval, be a regular curve parameterised by arc length. Note that {7/, N x 4/, N} is an orthonormal basis for
R3 with {+/(t), N(y(t)) x 7/(t)} an orthonormal basis for T’,;)S for all ¢ € I. Recall that the curvature vector
for v is k(t) = 4" (t), which is orthogonal to +'(¢), Proposition Thus,

k(t) = (k(t), N(v(t)) x 7' (1)) (N(v(t)) x 7'(£)) + (k(£), N(v(t))) N(+(£)).

Definition 4.1.1. With notation as above, k4(t) := (k(t), N(y(t)) x v'(t)) is referred to as the geodesic
curvature, and k,(t) := (k(t), N(y(t))) is referred to as the normal curvature of y at t.

Remark 4.1.2.

1. Note that
k(t) = [k(t)| = \/kg(t)* + Kkn(t)?.

2. The geodesic curvature describes the curvature of y tangential to S.

Definition 4.1.3. A curve v : I — S C R? is a geodesic if ky(t) =0 for all t € I.

Example 4.1.4.
1. Let S be the x-y plane, such that N = (0,0, 1). Lety(t) = (z(t),y(t),0) be parameterised by arc length.
Then,
kn(t) = (v"(8), N(7(1)))

= ((2"(8),4"(1),0),(0,0,1))

=0.
Hence,

k(t) = kg (N(v(t)) x 7' (2))

so that

(2" (t),y"(t),0) = kg (=y',2",0).
Therefore, ks = 0 if and only if 2" (t) = y"(t) = 0. In other words, the geodesics of S are straight lines.

2. Let S% be the unit sphere in R, and for v > 0 let «y : [0, 27r] — S be given by

V(t) = (rcos (:) ,7sin <:) ,m> 7
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which is the circle of radius r on S? parallel to the x-y plane. Note that ~y is parameterised by arc length
and recall that N(p) = p for every p € S?, hence,

NO/(®) x 7/ (8) = (r e (i) e (i) m) x (—Sin (i) o (i) ,o)

_ (F (t) —v/1=12sin <t> ) .

Y'(t) = (—i cos (:) ’_%Sin (i) ’O> ’

N )
Eolt) = (0 (6), Nv(®) x 7/ (1)) = =T

Therefore, v is a geodesic when r = 1, that is vy is the equator of the sphere. It follows that great circles
of S? are geodesics. A great circle is a path on S? obtained by intersecting S*> with a plane passing
through the origin. Using Lemma we can rotate the curve such that it lies on the equator of the
sphere whilst preserving its curvature. Therefore, with the above computations, we deduce that a great
circle is a geodesic and geodesics are great circles.

Moreover,

so that

Figure 4.1.1

Let S be a regular oriented surface with chart ¢ : U — S. Let v : I — S C R? be a regular curve parameterised
by arc length, with v(I) C ¢(U). Then one can write v(t) = ¢ (z'(t), z2(t)), where (z'(t),2?(t)) is a curve in
U. Recall, that

¢ k 5'¢
OxtoxI Zr” oz P Aah,

where N is the Gauss map of the surface.

Proposition 4.1.5. For S, ¢ and «y as above, v is a geodesic if and only if

2
+ )T (2 (1), 22 (1)) £ (£)37 (t) = 0 (4.1.1)

4,j=1

fork =1,2.
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Proof. A curve v is a geodesic if and only if v/ (¢) is proportional to N(+(¢)). Note that

2 26
SUOED SEAOEACHONT0)
i=1
and
i 90 1 o : O i a2
" i i j
10 = SO FE @02 0) + 3 808 050 (0.20)
2 20 2 4 26 2
=3 xk(t)w + Y @) (0 (a1 (1), 2°(1)) ]t > @t (t)ad (H) A N
k=1 i,7=1 i,j=1
Hence, «y is a geodesic if and only if
2 2 26
.k - . j k 1 2
P EAGE: Z @' () (OTE (2'(t), 22 (1)) 5 =0
k=1 7,j=1
Therefore, since the vectors {%, %} are linearly independent it follows that equations hold. O

Remark 4.1.6. Equations (4.1.1)) are referred to as the geodesic equations. In particular, it follows that
geodesic curves that intersect tangentially coincide due to

I Corollary 4.1.7. Local isometries map geodesics to geodesics.
Prqoﬁ IfF:9 — Sis alocal isometry, then, shrinking U if necessary, Fogb : U — S is a chart for S. Therefore,
as I (u, v) = I} (u,v) for all (u,v) € U, the geodesic equations hold in 5. O

Exercise 4.1.8. For a surface S let ¢ : U — S be a chart with first fundamental form
E F
- (1)
Show that a curve vy : (—e,€) — S given by v(t) = ¢(u(t),v(t)) is a geodesic if and only if

=1 (B, ()% + 2F, (W) + G, (U’)2>
(Fu' + Gv') = L (B, (u)? + 2F, (') + G, (v')2) .

Example 4.1.9. Let C = {(z,y,2) € R? : 2? + y? = 1}. Recall, from statement 2 of Example that C
is isometric to the plane Il = {(z,y, z) € R® : 2 = 0} through the isometry

F(x,y,O) = (COS(l’),SiH(:L‘),y).

From statement 1 of Example the geodesics of 11 are of the form ~(t) = (at+b, ct+d,0), with a®>+c* = 1
ensuring the geodesic is parameterised by arc length. Thus, using Corollary[4.1.7] it follows that the geodesics
of C are of the form

~(t) = F(at 4+ b, ct + d) = (cos(at + b),sin(at + b), ct + d).
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Figure 4.1.2

4.2 Minimising Arc Length

Example 4.2.1. Note that geodesics do not necessarily minimise the arc length between points. Consider S2,
then distinct non-antipodal points can be connected by a small arc and a longer arc along the equator. Both
these arcs are geodesics, statement 2 of Example[4.1.4, however, one does not minimise the arc length between
the points.

Figure 4.2.1

Definition 4.2.2. Let S C R3 be a regular surface, and let v : [0, L] — S be a regular curve. A variation of y
is a smooth map A : [0, L] X (—e¢,€) — S such that the following hold.

1. A(t,0) =~(t) for all t € [0, L].
2. A(0,s) =~(0) for all s € (—¢,e€).
3. A(L,s) =~(L) for all s € (—e¢,¢).
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v .
Jle&

Yo i

Figure 4.2.2

Proposition 4.2.3. Let S C R3 be a regular surface. Suppose~ : [0,L] — S is a regular curve parameterised
by arc length such that if 7 : [a,b] — S is a regular curve with 5 (a) = ~v(0) and 4(b) = (L) then L(~y) < L (%).
Then ~ is a geodesic.

Proof. Let A : [0,L] x (—€,e) — S be a variation of 7, with v : [0,L] — S given by v4(t) = A(t,s). As
s+ L(7s) is minimised at s = 0, it follows that the derivative of this map is zero at s = 0. Note that,

" s / e (t)

(v6(8),74(2))

oy _

IYS
(t) s t)> |

d
L(vs)
EPet

=0

W

_ d7<75 ( s=0 dt
2/ (), 7 ()|,
@ 1 /
2 [ 18 |y
dvo(2)
( ) s=0 de de

dt

)

i)
ENAC

() ) dt
7 ()>

4.,
ds
H
ac
-[(=,
(s
(o

J
-/
A
-/
-/
<

Fn(ON((0)) + ko (£) (N((2)) % W’(t))> dt

N((D) x 7’(t)> dt. (4.2.1)

s=0

Equality (1) follows as s — < <7;(t),7;(t)>> is smooth in s and ¢, so that the order or integration can be
interchanged. Equality (2) is because v is parameterised by arc length. Equality (3) is because v5(0) = ~(0),

vs(L) = (L) and d%(t))s: is zero for t = 0, L. Equality (4) is because dfdeis(t)L:O belongs to the tangent space
of v(t) at vs(t) € S for all s and ¢. Therefore,
L
drys(t
[ 0 (0] Ne0) @) a=o (422)
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for any variation A of . Suppose that there exists ¢y € (0, L) such that k4(to) > 0, with the case k4 (to) < 0
being similar. Since kg is continuous there exists a § > 0 such that k,4(t) > 0 for all t € (to — 6,t0+9) C (0, L).
Let @ : U — S be a chart around ~(tg) with v ((tg — d,t0 +6)) C @(U), shrinking & if necessary. Write
y(t) = ¢(u(t),v(t)) for all t € (to —d,t9 + ). Note that given any V : (tog — 6,tg + 6) — R3 such that
V(t) € TS for all t € (tg — 0,to + &) there exists a variation A of v such that

_ dA(s,t)

V(t) o

s:O.
Indeed, let V(1) = Vi, ()22 + V, ()92 and A(t, s) = ¢ (u(t) + sV, (t),v(t) + sV, (t)). Then,

dA(s,t)
ds

=V

So take V(t) = f(t) (N x ') (t) where f is smooth such that f(tg) = 1, f(t) < 1 and f(t) = 0 for ¢t €
[0, L] \ (to - 5, t() + 5) Then,

O:/OLk;g(t)<dES(t)

which contradicts (4.2.2). Therefore, k; = 0 and thus a geodesic. O

a0y di= [ () dt > 0

s=0 0—36

Example 4.2.4. Note there may exist points on a regular surface for which no connecting geodesic exists.
Consider a plane punctured at a point, then there exist distinct points that cannot be connected by a straight
line since the straight line traverses the removed point.

Figure 4.2.3

4.3 Solution to Exercises
Exercise [4.1.8

Solution. Recall that v is a geodesic if and only if (v"(t), ¢,) = 0 and (" (¢), #,) = 0. Note that
Y (t) = dut!(t) + ¢uv'(t).
Using )
(1), ) = (V' (), D))" = (¥ (1), (6)")
it follows that
0= ({put + 000, 6u)) = (Dt + o0, Suutt + uvt’)

= (B + FY — ({60, 6u) (&) + (B0 6u0) + {00, 60)) W) + (G0s00) 0)7) . (430)
Note that
<¢ua¢uu> = %% <¢ua¢u> = %Eu
<¢va¢uv> = %3% <¢va¢v> = %Gu
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Therefore, (4.3.1)) becomes
1
0= (Bu + Fv') =3 (Eu (W) + 2F, (V) + Gy (v’)Q) .

Similarly, using
('(8), du) = (7 (£), 60)) = (V' (1), (60)")
it follows that 1
0= (Fu' +Gv') -3 (E (W)? + 2F, (W'v') + G, (U’)2) .
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5 Gauss-Bonnet Theorem
5.1 The Local Gauss-Bonnet Theorem

Definition 5.1.1. A regular surface with boundary S C R® is such that for all p € S one of the following
occurs.

1. There is a chart ¢ : U — S for S at p, as per Definition [3.1.1]

2. There is an open neighbourhood U C R? of (0,0), an open neighbourhood V' C R? of p, and a smooth
map ¢ : U — V such that the following hold.

= $(0,0) =p.
» ¢:{(z,y) €U :y >0} -V NS isa homeomorphism.
» For every q € U, the differential d¢, : R? — R3 is injective.

a 3

Figure 5.1.1: A chart at a boundary point of S.

Definition 5.1.2. Let S be a regular surface with a boundary.
1. Points p € S satisfying statement 1 of Definition are referred to as interior points.

2. Points p € S satisfying statement 2 of Definition |5.1.1 are referred to as boundary points. The set of
boundary points of S is denoted 05S.

Remark 5.1.3.
1. Statement 1 of Definition says that locally at p the subset S looks like a regular surface.
2. The smooth map ¢ of statement 2 of Definition|5.1.1| is still referred to as a chart.

3. Note that a regular surface is a regular surface with a boundary, just that in this case the boundary is
empty.

4. Note that 0S' in the sense of statement 2 of Definition is distinct from 0 in the sense of topology.
In the sense of statement 2 of Definition 0S8 is a union of regular curves. On the other hand, the
topological boundary of the set S C R3 is S.

Definition 5.1.4. Let S be a regular surface with boundary S. For p € 0S let

T,S := {7 (0) e R® : y: [0,¢) = S or v : (—¢,0] — S smooth with v(0) = p} .

Remark 5.1.5. For p € 0S with ¢ a chart in the sense of statement 2 of Definition we have T),S =
déo,0) (R?).

An orientation of a regular surface with boundary S induces an orientation on 3S. If N : S — S? is a Gauss map
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for S and 7 : [a,b] — OS is a regular curve, then v is positively oriented if N x 7/ points into S. Therefore, one
can consider integrals on regular surfaces with boundary. In particular, if 0S has a single connected component
let v : [a,b] — S be a positively oriented arc length parameterisation of 3S. Then for f : 9S — R let

/8 I / " fa() a.

N s
’7

Figure 5.1.2: Orienting the boundary of an oriented surface.

Theorem 5.1.6 (Green's). Let F = (F“, F’) be a real vector field on R?. Then
/ F.dS = / curl(F') du dv.
U U

Theorem 5.1.7 (Local Gauss-Bonnet). Let S be a regular surface with a boundary such that there is a chart
¢ : U — S satisfying the following.

1. U C R? is diffeomorphic to a closed disc, and ¢ is smooth on a neighbourhood of U C R2.

2. 5=¢ (U) with 0S = ¢ (0U), where OS is as in statement 2 ofDeﬁnition and QU is the topological
boundary of U C R2.

Then

kgdS—i—/KdA — o,
oS S

where kg is the geodesic curvature of 0S, and K is the Gauss curvature of S.

Proof. Let E, : U — R3 be given by
Pu(u,v)
Ey(u,v) = Z—————~
N P 0]
and E, : U — R3 be given by
EQ(U,’U) = N((b(u,v)) X El(ua ’U).
Then for every (u,v) € U the set {E;(u,v), E2(u,v)} is a basis for Ty, .)S. Moreover, {E;, E>, N} forms an
orthonormal basis for R? at each point. Let 7 : [0,L] — OS5 be a parameterisation of 0S by arc length, with
positive orientation. Then there is a regular curve o : [0, L] — OU such that v = ¢ o 0. Moreover, there is a
smooth function 6 : [0, L] — R such that

7 (t) = cos(0(t))Er (o (t)) + sin(0(t)) Ea(o(t)) € Ty S- (5.1.1)

Step 1: For every t € [0, L], we have ky(v(t)) = 0'(t) — (E1 0 0(t), (E2 0 o) (1)).
Differentiating ((5.1.1f) with respect to ¢ gives

7" () = 0'(t) (= sin(0(t)) Er(0 (1)) + cos(8()) Bz (o (t))) + cos(0(t)) (E1 0 0)' (1) +sin(0(t)) (B2 0 0)' (t).
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Also using (5.1.1]) we have
N() x 7' = N(9) % (cos(0) (E 0 @) + sin(6) (Ez 0 7))
= —sin(0) (E1 0 0) 4 cos(0) (Fy 0 o)

Note the relation
(B100,E100)=(Fy00,E200) =1

and
<E1 OO’,E200> =0.

Differentiating these with respect to ¢ produces the relations

(Eyoo,(Eyo0))=(Eyo0,(Ez00))=0

and
(Br100,(Ey00))y=—((E100) ,Ex00).
Therefore,
kg(7(t)) = (v"(£), N(v(t)) x 7'(£))

= (v"(t), —sin(6(t)) E1 o o(t) + cos(6(t)) Ez o o(t))
=0'(t) + {cos(0(t)) (B1 0 0)" (t) +sin(0(t) (Ez 0 o) (t), —sin((t)) Er 0 o(t) 4 cos((t)) Ez 0 o(t))
= 0'(t) + cos®(0()) (E1 0 0)'(t), Bz 0 o(t)) — sin®(0(1)) (B2 0 0)' (1), By 0 o (t))
=0'(t) — (cos*(0) +sin®(0)) (B2 0 0)' (t), By o o(t))
=0'(t) = (Broa(t),(B200) (t))

Step 2: [ (Eioa(t),(Esoa) () dt = [,,(K 0 ¢)|b, X ¢u| dudv.

Note that o »
1
<E1, 8u> 25u —(E1,E1) =0
and OF OF OFE
1 — 72 — 72 =
(o0 ) = () = (2 50 ) =0
Moreover,
0
0 = %<l§‘17 N o] ¢>
_ /OE; ON o ¢
_<6U7NO¢>+<E17 au
~ /OE; ol
OFE: 0
=(Guves)-a(mg).
Therefore, there exists a real function a : U — R such that
95 =0F; + aFs + 0L, ,Nod)YNodo
ou Ou

CLE2+A(E1,§¢>N (;5

Similarly, there exists a real function b such that

0F,

_ 9¢
50 —bEz-l-A(El,av)NO(Pa

89



a real function ¢ such that

OB _ g+ A(B, 2%\ Noo,
ou ou

and a real function d such that d such that
%:dEl—i—A E27a¢ N o ¢.
ov ov

For i,j = 1,2 let the real functions ¢;; be such that

5]
8£ =ci1 By + ci2Es
u
and 96
I = co1 By + coaFa.
v
Then

OF, O0FE, 0E, 0F; oler ¢ o ol
< ou’ v > < ou’ v > A(E1’8U>A(E2’ (9U> A<E278u>A<E1’8v)
= (c11A(E1, E1) + c12A(E1, E2)) (c21A(E2, E1) + c22A(E2, E9))

— (c11A(E2, E1) 4 c12A(E2, E2)) (c21A(E1, E1) + c22A(E1, E9))
= (c11¢22 — c12¢21)(A(E1, Er)A(Es, Ey) — A(E1, E2)A(Es, EY))

8¢ 3@5
8u v det (%)
= |¢u X ¢U|Ko¢?

where we have used the fact that the first fundamental form M in the basis {7, Es} is the identity matrix
and so has a determinant one. Under a change of basis, P, the first and second fundamental forms change
to PTMP and PTXP respectively. Thus, the quantity ;jtt((]a)) is independent of the choice of basis. Now let
o(t) = (u(t),v(t)), where u(t) and v(t) are some smooth functions. Then

%(E2 00)(t) = %(E (u(t), v(1)))

Hence,

L L
/0 (Byoo(t), (Byo0) (1) dt:/O <E1(u(t),v(t)),au(u(t),v(t))>u(t)dt

:/BU <El(u,v),6£2(u,v)> du+/aU <E1(u,v)7aai2(u7v)> dv>>

N a 982 (4, 0) ) ) dudo
(20 (25 (<8El 8Ez> (5.7)) duar
s o

:/ | X ¢p| K 0 ¢pdudo,
U
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where in (1) we have applied Theorem by noting that

L
/ F~dS:/ FUd/(t) + FU'(t) dt
oU 0

and
curl(F) = 0, F" — 0, F".

Step 3: fOL ¢'(s)ds = 2m.
By the fundamental theorem of calculus,

/L 0'(s)ds = O(L) — 6(0). (5.1.2)

For a closed curve v we have ¥/(0) = +/(L), and thus from (5.1.1)) we have that (L) — 6(0) is a multiple of 27.
By assumption, we have a diffeomorphism W : B(0,1) — U, which can be used to construct a family of regular
curves (os [0, L] — U)SE[O 1] such that 09 = o and o is a circle of radius € in U. Then the continuous family of

curves (7s)seo,1], Where 75 := ¢ 0 05, can be considered as a continuous perturbation of 7 to some small closed
curve in S. Note that the left-hand side of depends continuously on the curves ;. Since the value of
the integral of the left-hand side is an integer multiple of 27 for all 7y, it must be the case that the value of the
left-hand side for 5 is equal to the value of the left-hand side for ;. Since the curve o7 is small, the map F;
on oy is essentially constant, since E is smooth. Observe that 6;(¢) is the angle between ~{(¢t) and E; o o1(¢).
Since, 71 revolves counter-clockwise around a small circle, and E; o o is near constant on that circle, the change
in angle is 2.

Step 4: Conclude.

Using step 1, step 2 and step 3 we have

L
/askgds+/SKdA:/0 kg(v(t))dt—&—/U(Ko¢)|¢u><¢>U|dudv
L
0

L
:/O e(t)dt—/ (Erool(t),(Ezoo) (t)>dt+/U(Ko¢)\¢ux¢U|dudv

= /OL o' (t) dt

= 2.

O

Remark 5.1.8. Theorem[5.1.7] links curvature, an intrinsic quantity, and Gauss curvature, an extrinsic quantity,
to a topological quantity.

Exercise 5.1.9. For a smooth function f let
S={(z,y,2) eR: (z,y, f(2,9)) } -
Suppose that f(x,y) = 0 for x* + y? > R? for some R > 0. If K > 0, show that K = 0.
5.2 The n-gon Gauss Bonnet

Definition 5.2.1. Given n > 1, a continuous map 3 : [0, L] — R? is a curvilinear n-gon if the following hold.

1. 5(0) = B(L).

2. 5|[07L) is injective.
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3. There exists a subdivision 0 =ty < --- < t, = L such that the following hold.

(a) B
(b) B’ (t;7) = lim¢ ~, B'(t) exists fori =1,...,n.

(c) B (tf) = limyy, B/(t) exists fori=0,...,n — 1.

(d) Each pair (8’ (t5) .58 (t;)) . (8" (¢t7) .8 (¢F)) .-, (B (t,_1) . B (tI_l)) is linearly independent.

(titiv,) IS @ regular curve fori =0,...,n— 1.

Remark 5.2.2.
1. A curvilinear 3-gon is referred to as a curvilinear triangle.
2. The points B(t;) are referred to as the vertices and the curves (3 ((t;,t;+1)) are referred to as the edges

of the curvilinear n-gon.

s

s

Nt
O R

Figure 5.2.1: A curvilinear triangle.

If S is a regular surface with chart ¢ : U — S, and § C U is a curvilinear n-gon, then ¢(f) is referred to as a
curvilinear n-gon in S. We assume that the linear independence of the vectors of statement 3(d) of Definition

is preserved.

Definition 5.2.3. Let S be a regular surface with chart ¢ : U — S. Let 3 be a curvilinear n-gon and set
7y := ¢ o B. Then the exterior angle 0; fori=1,...,n, between +' (t;) and ' (t}) is 0; € (—m,7) such that

(v ()7 ()

) = LT )]

with
= 0, >0if{v' (t;),¥ (t7),N} is a positively oriented basis of R*, and

= 0, <0if{v' (t;),7 (t7).N} is a negatively oriented basis of R?,

where N is a unit normal vector to S.

Remark 5.2.4.
1. Note suitable adjustments are to be made to Definition when i € {0,n}.

2. The interior angle is given by a; = w — 0;.

Theorem 5.2.5 (n-gon Gauss-Bonnet). Let S’ C R? be a regular oriented surface. Suppose S C S’ is a regular
surface with boundary such that 0S is a curvilinear n-gon, with edges whose arc length parameterisations are
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(ti_1,t;) fori=1,...,n and meet at exterior angles 0;. Then,

i/ kgds+i0¢+/KdA2’/T.
i=1 Y% i=1 S

Proof. Recall the proof of Theorem The identity of step 1 holds on the intervals (¢;_1,¢;) fori=1,...
Step 2 remains unchanged. Then using similar arguments as those made in step 3 we deduce that

t1 tn n
/ 9’(t)dt+-~~+/ 0'(t)dt =27 - Y6,
i=1

to tn—1

Yi =7

since 7/ still rotates by 27, however, the left-hand side does not include the rotations that occur at the vertices. [

Remark 5.2.6. In the context of Theorem if n = 3 and the edges are geodesics, then

/SKdA:27r—(<91+02+93)
=1+ o+ a3 — .
In particular, we consider the following cases.
1. If S’ is a plane, then a; + ao + a3 = .
2. If S’ is a unit sphere, then a; + as + a3 = 7 + area(T).

3. If Kg <0, then a1 + aig + a3 < .

Figure 5.2.2: Curvilinear triangle and its interior angles on a sphere.

Exercise 5.2.7. Let S C R® be a regular surface with p € S. Consider a curvilinear triangle T C S whose
sides are geodesics, whose interior contains p, and whose interior angles are {1, as, as}. Show that

T -
lim i=1 % T

T—p area(T) = K@)

5.3 Triangulation and the Euler Characteristic
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Definition 5.3.1. Let S C R3 be a compact oriented surface, with or without boundary. Then a triangulation
of S is a collection {Ty,...,T,} of curvilinear triangles in S such that the following hold.

1 U, T,=5.
2. Ifi# jand T; NT; # (0 then T; N T is either a vertex or an edge.
3. For any edge in the interior of S, exactly two triangles share the edge.

4. For any edge in 0S, there is a unique triangle containing the edge.

Figure 5.3.1: Triangulation of S2.

Remark 5.3.2. Note how in Definition |5.3.1] we take curvilinear triangles to include the interior of the curves
given in Definition|5.2.1]

Definition 5.3.3. The Euler characteristic of a triangulation | J;_, T; is

i=1

where
» F s the number of distinct edges,
= V is the number of distinct vertices, and

= [ s the number of faces.

Theorem 5.3.4.
1. Every regular surface, with or without boundary, admits a triangulation.

2. If the boundary of each triangle is positively oriented, then adjacent triangles of an edge determine
opposite orientations of the edge.

3. For triangulations | J;_, T; and \J;", T! of a compact oriented surface S, we have that

(Ur) =+ ()

That is, the Euler characteristic of a surface is a topological invariant.
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Figure 5.3.2: Orientation of edges.

Remark 5.3.5. In light of statement 3 of Theorem for a compact oriented surface S one usually writes
X(S) for the Euler characteristic of the surface.

Example 5.3.6.
1. For S?, we can use the triangulation of Figurem to deduce that
x($?)=4-6+4=2
asV =4, E=6and F =4.

2. For the torus, T2, we can represent a triangulation using the simplified perspective of Figure to
deduce that
x(T?)=4-12+8=0

asV =4, E =12 and F = 8 after appropriate identification of vertices and edges in Figure[5.3.3

= 5

Figure 5.3.3: Triangulation of the torus.

3. For the cylinder with boundary, C, we use the triangulation of Figure[5.3.4 to deduce that
X(C)=6-14+8=0

asV =6, E=14 and ' = 8.

Figure 5.3.4: Triangulation of the cylinder.
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4. Consider a surface %, with g handles as depicted in Figure[5.3.5 Then
X(Eg) =2-2g.

Indeed, note that a triangulation of ¥, can be constructed from a triangulation of ¥,_1 and ¥; by
identifying triangles from each surface, Figure For this triangulation observe that

Vzg = Vzg71 + Vzl -3
EZg = Ezgfl + Ex, —3
Fgg = Fzg—l —|—le — 2.

So suppose that x (4-1) =2 —2(g — 1) and note that ¥y = T? so that x (£1) = x (I'"®) = 0. Then it
follows that

x (Zg) =Vyg, — Es, + Iy,
=x(Zg-1) +x(Z1) — 2
=2-2(g—1)—2
=2—-2g.

1=

Figure 5.3.5: Triangulation of ¥4, and the construction of ¥, from ¥,_; and ;.

Theorem 5.3.7. Let S C R3 be a compact connected surface without boundary. Then,
x(S) € {2,0,-2,—4,...}.

Furthermore, if S' C R3 is another regular surface such that x (S') = x(S), then S’ is homeomorphic to S.

Definition 5.3.8. /f S C R? is a compact connected surface. Then the genus of S is given by

Remark 5.3.9.
1. Note that from Theorem[5.3.7 we have that g(S) € {0,1,2,...}.

2. Informally, the genus of a surface measures the number of holes in the surface.

5.4 Gauss-Bonnet
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Theorem 5.4.1. Let S C R? be a compact surface with or without boundary. Then

kg dS + / K dA = 2mx(5)
as s

when OS is positively oriented. In particular, if 0S = () then
/ K dA = 2mx(S).
S

Proof. Let (T;);_, be a triangulation of S. For each i = 1,...,n let 6;; denote the exterior angle of the ;"
vertex of T;. Using Theorem it follows that

3
KdA+/ kodS =21~ 6
s [ 20

Jj=1
3
= g Qjj — T,
J=1

where o;; = ™ — 0,5 is the interior angle. Therefore,

n n 3
/KdA—l—Z/ k‘gdSZZZau—nw. (5.4.1)
s = Jor

i=1j=1

Since each interior edge appears twice with opposite orientations their contributions cancel, thus

Z/ kgdS:/ kg dS. (5.4.2)
‘1 /Ty as

At an interior vertex the «;; sum to 27. At a boundary, the a;; sum to 7. Thus,

n 3
ZZaij—mr:QWV—WV},—ﬂF,

i=1 j=1

where V}, is the number of boundary vertices and where we have also used the fact that n = F'. Observe that

3F = 2F; + E,
=2F - E,
:2E7V2,,

where F; is the number of interior edges and Ej is the number of boundary edges. Hence,

n 3
ZZQZ—]— —nm =271V +7(3F —2E) —7F
i=1j=1
=2r(V-E+F)
= 27x(9). (5.4.3)

Using (5.4.2)) and (5.4.3)) in (5.4.1)) it follows that

/KdA+/ kg dS = 2mx(S).
s as
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Example 5.4.2. For a,b > 0 consider

.’11'2 y2 2,2
S:{(x,y,Z)ERSZCLQ+a2+:1}7

b2
with chart
¢(u,v) = (acos(u) cos(v), asin(u) cos(v), bsin(v)).
Then,
{(bu(u, v) = (—asin(u) cos(v), a cos(u) cos(v), 0)
@y (u,v) = (—acos(u) sin(v), —asin(u) sin(v), b cos(v))
and
¢Pun (U, v) = (—acos(u) cos(v), —asin(u) cos(v), 0)
Puv(u,v) = (asin(u) sin(v), —a cos(u) sin(v), 0)
o (U, v) = (—acos(u) cos(v), —asin(u) cos(v), —bsin(v)).
e (beos(u) cos(v), bsin(u) cos(v), asin()
N{plu,v)) == Vb2 cos,2 (v) + a? sin® (f:)) '
Furthermore, , ,
_ (a® cos*(v) 0
M= ( 0 a?sin®(v) + b? cosQ(v)>
and . beos(v) O
¥ = Va2 sin?(v) + b2 cos2(v) < 0 —ab) .
Hence, )
K(6(wv)) = '

(a2 sin®(v) + b? cos? (v))2 .
Therefore, as S is a diffeomorphic to a sphere we have x(S) = 2, so by Theorem it follows that

477:/KdA
S

T 27
= [ [ Kol ) x )] dude
[ [ P O

(a2 sin®(v) + b? cos? (v))2

Upon simplifications we deduce that

1

1
1
[ L
0 (b2 + (a2 — b?)22)2 ab

Corollary 5.4.3. Let S C R® be a compact connected oriented surface without boundary and with K > 0.
Then S is homeomorphic to S?.

Proof. From Theorem [5.4.1] we have
21x(S) = / KdS > 0.
s

Thus,
27(2 — 29(S)) = 0
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so that g(S) =0 or g(S5) = 1.
= If g(S) = 0 then S is homeomorphic to S2.
= If g(S) =1 then [, K dS = 0 which implies that K = 0. This contradicts Proposition (3.8.6|

Therefore, S is homeomorphic to S2. O

Exercise 5.4.4. Suppose S C R? is a compact, connected and oriented surface without boundary that is not
homeomorphic to a sphere. Show that there are points py,pa,ps € S such that K(p1) < 0, K(p2) = 0 and
K(ps) > 0, where K is the Gauss curvature of the surface.

Corollary 5.4.5. Let S C R3 be a compact connected surface without boundary and with K > 0. If ; and
o are simple closed geodesics, that is they have no self-intersection except at the endpoints, then ~y; and v
intersect each other.

Proof. Suppose that im(v;) Nim(v2) = @. From Corollary[5.4.3|we know that S is homeomorphic to S2. Hence,
any simple closed curve divides S into two components. Consequently, «v; and 72 bound a region ¥ C S that is
homeomorphic to a cylinder for which the Euler characteristic is zero. Therefore, since 9¥ = im(y1) U im(vyz),
with v, and 72 being geodesics, it follows by Theorem [5.4.1] that

/KdA:O,
b

which contradicts K > 0 on S. O

5.5 Solution to Exercises
Exercise [5.1.9
Solution. Let « : [0,27(2R)) — S be given by

V() = 2R <cos <2;) sin (;;) ,0) ,

D = {(z,y, f(z,9)) : 2° +y* < (2R)*},

which is diffeomorphic to a disk. As S is locally a plane along points of , the normal curvature at -y is zero,

hence the geodesic curvature of «y is given by the curvature which is equal to ﬁ. Therefore, by Theorem m

it follows that .
/ —dS+/KdA:27r,
im(7y) 2R D

/KdA:O.
D

Therefore, since K > 0 it follows that K =0 on D, and thus K =0 on S. O
Exercise 5.2.7]
Solution. By Theorem we have

so that v bounds

which implies that

3
Zai+/ K dA = 2r,
i=1 T
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so that s
/ KdA = Z o — T.
T i=1

Therefore, as K is continuous it follows that

Zg’:lai—w_ . fTKdA

= = K(p).
T—p area(T) T5p area(T) )

Exercise [5.4.4

Solution. As S is not homeomorphic to S? it follows from Corollary that there exists a p; € S such that
K(p1) < 0. As S is a compact surface it follows from Proposition mthat there exists a p3 € S with K (p3) > 0.
Since S is connected there exists a path connecting p; and ps. Since K varies continuously along this path it
follows by the intermediate value theorem that there exists a p2 € S such that K(p2) = 0. O
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