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Abstract

As part of the MATH50002 Group Research Project, our group con-
ducted a survey into Jordan algebras, with the aim of developing a self-
contained introduction to the algebraic structure devised by P. Jordan in
the 1930s. The foundational work regarding Jordan algebras was written
as a series of articles in the 1930s and 1940s. The main theorems are
scattered and have proofs that are dependent on the material from other
articles. Our group has gone through the literature to collect some of the
main results into a coherent document and reconstructed their proofs from
the various articles. A lot of the work of the project has been in updating
notation and terminology to be consistent with modern mathematics. The
report works up to the classification result for Jordan algebras over alge-
braically closed fields. Along the way, general results for Jordan algebras
are given, solvable and nilpotent Jordan algebras are explored, Jordan
algebras are investigated using the trace form, and simple Jordan alge-
bras are discussed. The report also includes an introduction to general
algebras, discusses the Wedderburn-Artin theorem, and the connection
from Jordan algebras to the more well-known Lie algebras, through triple
systems.

Introduction

Jordan algebras were proposed by P. Jordan in the early 1930s with the inten-
tion to encapsulate the algebraic properties of quantum mechanical systems.
Measurements from quantum mechanical systems are represented by Hermitian
matrices, therefore, Jordan wanted an algebraic structure on which operations
would preserve this property. After investigating operations on Hermitian ma-
trices Jordan gave a set of axioms from which he believed his desired structure
would emerge. Work then started to explore these axioms and deduce their
manifestations, with the ultimate goal of finding an infinite-dimensional algebra
under this structure that would accommodate quantum mechanics. During the
1930s to the 1940s much of the theory for so-called Jordan algebras was devel-
oped. Jordan, von Neumann, and Wigner wrote the first article which defined
the axioms and then A. Albert extended their work by proving some fundamen-
tal properties of these Jordan algebras. A. Albert supervised other mathemati-
cians in this new field including Kalisch who contributed many more founda-
tional results which lead to A.Albert giving a classification of finite-dimensional
Jordan algebras in the 1940s. Throughout the 1950s and 1960s, these results



were developed with the theory starting to venture into the infinite-dimensional
setting. However, the results were not hinting at the existence of an infinite-
dimensional Jordan algebra with the required properties to successfully describe
quantum mechanics. In the late 1970s, Zelmanov provided a classification of
infinite-dimensional Jordan algebras which conclusively showed that Jordan’s
proposed framework would not be able to encompass quantum mechanics. This
was particularly disappointing for physicists, however, the study of Jordan al-
gebras is definitely not futile. For example, the automorphism group of a par-
ticular Jordan algebra manifests as the F exceptional Lie group. Furthermore,
Zelmanov used the theory of Jordan algebras to solve the restricted Burnside
problem. Therefore, despite not being adequate for quantum mechanics, Jordan
algebras pose a rich theory that can be applied to various other problems.

In section 1 and section 2 of this report, general notions of algebras are intro-
duced. In section 3, Jordan algebras are introduced and their basic properties
are given which leads to more sophisticated results in sections 4,5,6, and 7. Sec-
tion 4 discusses solvable and nilpotent Jordan algebras, the decomposition of
semisimple algebras is explored in section 5, and section 6 looks at simple Jordan
algebras. In section 7 the specific structure theorems are given, which will intro-
duce the exceptional Jordan algebra. The exceptional Jordan algebras were of
interest to physicists looking to use Jordan algebras to describe their quantum
mechanical systems. It was A. Albert who first showed that only one finite-
dimensional simple exceptional formally real Jordan algebra existed, which is
now called Albert’s algebra. It was Albert’s algebra whose automorphism group
was shown to be isomorphic to the exceptional Lie group Fj. Zelmanov went on
to prove that Albert’s algebra was the only simple exceptional Jordan algebra
and no new infinite-dimensional exceptional Jordan algebra emerged. Finally, in
section 8, we will investigate how Jordan algebras relate to the more well-known
Lie algebras.



1 Introduction to Algebras

1.1 Definitions

In this first section, we give some definitions regarding more general algebras.

Definition 1.1. An algebra is a vector space A over a field F with a bilinear
function
Ax A=A (x,y) — zy.

This bilinear function is called the multiplication of the algebra.

Definition 1.2. An algebra A is called unital if it contains an element e € A
with the property that
ex=xe=x VreA

Definition 1.3. An algebra A is associative if
(xy)z = z(yz) Vz,y,z € A.
Definition 1.4. An algebra A is commutative if
xy =yr Vr,y € A,
and anti-commutative if
ry =—yxr Vz,ye A

Definition 1.5. An involution of an algebra A is a linear map J : A — A
satisfying the properties

J(J(x)) =x and J(zy) = J(y)J(z) Vz,y,€ A
Definition 1.6. For an associative algebra A define the center, Z(A), as the

set of all elements in A that commute with every other element of A. In other

words,
Z(A) ={x e A:xy =yx, Yy € A}.

Definition 1.7. For an associative algebra A define the centralizer of an ele-
ment as the set of elements that commute with that element. That is, for a € A
the centralizer of a, C(a), is the set

C(a) :={r € A:za=azx}.

Definition 1.8. The derived series of an algebra A over a field F is the sequence
AW — g gD — [AW,A(")} .— Sp ({my cxy € A(n)}) _
Definition 1.9. The central series of an algebra A over a field F is the sequence
A=A, A" =[A, A" :=Sp({zy:z€ Ayec A"}).

Definition 1.10. An algebra A is solvable (nilpotent) if A™ =0 (A™ =0)
for some positive integer m. Similarly, an element x € A is nilpotent if there
exists a positive integer m such that =™ = 0.



1.2 Example
Let A be a unital algebra over a field F', with the involution x — J(x) such that

x+J(x), xJ(x) e F Vx e A
Define the algebra (A, J) as the vector space A @ A, with the operations

o (z1,22) + (Y1, 42) = (w1 +y1, 72 + y2),

o c(x1,72) = (cx1,C2), and

o (z1,22)(y1,52) = (w191 — y2J (22), J(1)y2 + y122)
for z;,y; € Aand ¢ € F. The involution J can be extended to (A, J) by defining

J(.Tl,fﬂg) = (J(.Z‘l), —Ig).

This process of generating an algebra from an existing algebra is known as
the Cayley-Dickson doubling process. Explicitly, if one takes F'=R, and the
involution to just be the identity map, one constructs an algebra isomorphic to
C. Continuing this process we construct the quaternions (H) and the octonions
(@). These algebras and other algebras constructed in this way will be central
to the classification theorems of Jordan algebras.

1.3 Ideals

Definition 1.11. A subset Z of an algebra A is called a left ideal if AT =
Sp({az :a € A,x € I}) CZ. Similarly, T is a right ideal if LA C Z. If an ideal
18 both a left and a right ideal then T is called a two-sided ideal.

Remark 1.12. When A is commutative, any left/right ideal is a two-sided
ideal. In these cases one often omits the prefiz and simply refers to such sets as
ideals.

Definition 1.13. An algebra A is said to be simple if it has no ideals apart
from {0} and A.

Definition 1.14. An ideal T of an algebra A is said to be minimal if for any
other ideal J of A such that J C I then either J =71 or J = 0.

Lemma 1.15. IfZ and J are ideals in A, with J being minimal, then J C T
orZNJ ={0}.

Proof. As JNZ is an ideal of J and because J is minimal then either 7 NZ = J
or JNZ=1{0}. When JNZ =7 it follows that J C 7. O

Definition 1.16. Let A and A’ be two algebras over a field F. Then a linear
transformation of vector spaces ¢ : A — A’ is called a homomorphism of algebras
if

d(zy) = ¢(z)d(y) Vz,y € A



Theorem 1.17. Let f : A — A’ be a homomorphism between the algebras A
and A'. Then the kernel of f, defined as ker(f) := {x € A: f(x) = 0}, is an
ideal of A.

Proof. Firstly, let x,y € ker(f). Then f(x) = f(y) = 0 and so by the linearity
of the homomorphism

flx+y)=flx)+ fly) =0+0=0.
Therefore, x + y € ker(f). Similarly,
f(=z)=—f(z)=-0=0

so that —z € ker(f). Hence, ker(f) forms a group under addition. Next let
a € Aand x € ker(f). Then

flaz) = f(a)f(2) = f(a)0 =0,

which implies that ax € ker(f). This shows that ker(f) is an ideal of A. O

1.4 References

Material for the definition and example came from [14], [4] and [7]. Material
regarding ideals came from [12].



2 Wedderburn-Artin Theorem

The Wedderburn-Artin theorem is a classification of finite-dimensional associa-
tive algebras. Later on, we will see that Jordan algebras are in general not
associative so this theorem cannot be applied. However, this section will in-
dicate some of the theory that may be necessary to develop to achieve similar
results for Jordan algebras. When Jordan algebras were first introduced, math-
ematicians conducted investigations surrounding ideas similar to those outlined
in this section to try and derive a similar classification result for Jordan algebras.
In section 7 of this report we will see that indeed classification results for Jordan
algebras were achieved, however, they are not as concise as the Wedderburn-
Artin theorem.

2.1 Definitions

Definition 2.1. Let (R,+, X) be a ring, and (M,+) an additive abelian group.
M s called a left-R module if there exists an R-action (—-—): Rx M — M,

satisfying:
1. (ri4+r) -m=r-m+ry-m,
2. (r1 Xrg) -m=ry-(re-m),
3. r-(my+ma) =71 -mg+r- -mag, and
4. Ip-m=m.

The concept of a module over a ring can be regarded as a generalization of
vector spaces over a field. It is necessary to point out that every ring R is a left
R-module itself by defining the left regular action:

L:RxR— R, (a,2) — ax.

Definition 2.2. Suppose M is a left R-module and S C M. Then S is called
a submodule of M if (S,+) is a subgroup of (M,+) and for allr in R, and s in
S we have thatr-s € S.

Remark 2.3. FEvery ring R is a left R-module, therefore, if S is a submodule
of R it is also a left ideal of R.

Definition 2.4. Suppose M and N are two left R-modules, then the map ¢ :
M — N is called an R-module homomorphism (or an R-linear map) between
M and N if for any r € R and z,y € M the following hold:

1. ¢(xz+y) = ¢(z) + ¢(y), and
2. ¢(r-x)=r- ().

Definition 2.5. If ¢ is a bijective homomorphism between the left R-modules M
and N, then ¢ is called an R-module isomorphism. If an isomorphism between
M and N exists then they are said to be isomorphic, which we denote M =g N.



For R-modules M and N let Hompg(M, N) denote the set of all R-module
homomorphisms between M and N. If M equals N then we use Endg(M) to
denote Homp(M, M). Elements of Endr(M) are called endomorphisms.

Definition 2.6. Suppose (R,+, x) is a ring, the opposite of R is the ring
(R°P,+, %) where axb =10 X a.

Definition 2.7. For a ring R let S be the set of all n X n matrices with entries
in R. Then M,(R) = (S,+,") is called a full matriz ring on R, where + is
matriz addition and - is matriz multiplication.

Definition 2.8. A R-module M is said to be simple if it’s non-zero and it has
no other submodules except for 0 and itself.

Definition 2.9. A module M is called semisimple if it is a direct sum of sim-
ple modules. An algebra A is called semisimple if all non-zero A-modules are
semisimple.

2.2 Preliminary Results
Proposition 2.10. Let R be a ring then:
1. (R°P)°P = R, and
2. if R is commutative then R°P = R.
Proof. Suppose the multiplication for (R°P)°P is ® then
a®b=bxa=axb

which implies that ® = x. This means that (R°P)°? = R.
If R is commutative then in R°P we have that

axb=bxa=axb
and therefore R°P = R. O

Lemma 2.11. Let M be a finitely generated R-module. The following properties
are equivalent:

1. Any submodule of M is a direct summand. In other words, if W C M is
a submodule then there exists a submodule W' such that M =W ® W',

2. M is semisimple.
8. M is a finite sum of simple submodules.

Proof. Note that 1 implies 2 and 2 implies 3. For 3 implies 1 consider the
submodules of M whose intersection with W is {0}. Let L be such a submodule
of maximal dimension. If W & L # M then there is some simple submodule S
in M that is not in W & L, by the assumption that M is a finite sum of simple
submodules. However, this would imply that the intersection of S + L and W
is also {0} which contradicts the properties of L. O



Proposition 2.12. If a module M is semisimple, then so is every submodule
and every quotient of M.

Proof. If N is a submodule then M = N @ L for some L by Lemma 2.11. This
implies M/L = N, and so it is enough to prove the result for quotient modules.
If M/L is a quotient module consider the projection homomorphism 7 from M
to M /L. Write M as a sum of simple modules S; and then 7(S;) is either simple
or {0}. This proves that M/L is a sum of simple modules, and so the result
follows from Lemma 2.11. O

Proposition 2.13. An algebra A is semisimple if and only if the A-module is
semisimple.

Proof. Suppose A to be semisimple as a A-module. Let M be an A-module
and choose a set {my,...,m, } of generators for M. Let A" be the direct sum of
r copies of A. Note that A" is also semisimple as if A = @j A; where A; are
simple A-modules then A” = P, @j A;. Define the map ¢ : A” — M by

s
(aty...,a.) — Zaimi.
i=1

Clearly, ¢ is a surjective homomorphism, thus according to the isomorphism
theorem of modules, M is isomorphic to some quotient of a semisimple module
A". By Proposition 2.12 it follows that M is semisimple.

The converse of this proposition is trivial. O

Proposition 2.14. Suppose that A is a semisimple algebra and let A; be the
collection of simple distinct A-submodules of A. Let M be an A-module (which
is automatically semisimple). Then there is a set of integers n; such that

M=ZA"&--- oA
Proof. Tt follows naturally from Lemma 2.11 and 2.13. O

Lemma 2.15. Suppose A is a simple unital associative algebra over a field F,
and let Z, J be two minimal left ideals of A. Then there exists o € A such that
I=Ja={ja:je T}, thusT=J.

Proof. Note that ZA and JA are two-sided ideals of A. As A simple, if Z and
J are both not trivial then

IA=JA=A
which implies that

ITITA=TA=A

where Z, J are not zero. Let o € J, then Zaw C J (by closure of left multipli-
cation). Clearly Za is a left ideal of A, and since J is a minimal left ideal it
follows that Zaw = J. Hence, T = J. O



Lemma 2.16. Suppose M; and N; for i =1,2,...,n are left R-modules, then:

Homp (éMi,N> &~ éHomR(Mi,N)7 and

=1 =1
Homp <M, @NZ) =~ (B Hompg (M, N).
i=1 i=1

Proof. Using induction, it’s sufficient to show
HomR(M1 (&) Mg, N) = HOHIR(Ml, N) (&) HOIHR(]\427 N)

Define a natural mapping ® : Hompg(M;® Mz, N) — Hompg(M;, N)®Homp (M, N)
by
P(m1, m2) — ¢p(m1) @ d(m2).

It’s easy to verify that ® is indeed an isomorphic mapping. O

Definition 2.17. A division algebra D is a ring for which every non-zero ele-
ment has a multiplicative inverse.

Lemma 2.18 (Schur’s lemma). Suppose M and N are two simple modules
over a ring R, then any homomorphism ¢ : M — N of R-modules is either an
isomorphism or the zero map. In particular, the endomorphism ring of a simple
module is a division ring.

Proof. For all ¢ € Homp(M, N) note that ker(¢) < M and im(¢) < N. By the
simplicity of M and N, we can deduce that either

ker(¢) = M and im(¢) = 0, or ker(¢) =0 and im(¢) = N.

Therefore, ¢ is either the zero map or an isomorphism. Hence, Endg(M) is a
division ring since its non-zero elements are invertible automorphisms. O

Lemma 2.19. Suppose A is an algebra over the field F', then End 4(A) = A°P.

Proof. Define the right multiplication action of a fixed element o by
Ry:A— A, 2z za.
Next, define the mapping
R: A® -5 Enda(4), a+— R,.

First, to verify it’s well-defined we show that R, is indeed an endomorphism.
To do this it is sufficient to note that

Ro(r +y) = (z+y)a = ra+ya = Ro(z) + Ra(y)

and
R, (rx) = rza =rRy(x),Vz,y,r € A°P.
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Then as,
R(a x b)(z) = R(b*a)(x) = zba = R(a)(xb) = R(a) o R(b)(z),Vx € A

it follows that R is a multiplicative homomorphism. Next, to show that R is a
bijection we note that for all ¢ € End4(A) and = € A we have that

¢(z) = ¢(1-z) = 2¢(1) = R(¢(1))(x).

Since ¢(1) € A we have that R is surjective. Furthermore, ker(R) = 0 implies
that R is injective, thus End 4(A) & A°P. O

Lemma 2.20. Suppose M, (D) is the matriz algebra over a division ring D,
then M, (D) = (M, (D))°P.

Proof. Define the mapping that transposes a matrix as
T: M,(D) = (M,(D))°®
A AT, Qi — Q.

Note that

e (A+B)T=AT + BT,

o (kAT =kAT,

e (A-B)T =BT.AT and

e T is invertible.

The above shows that T is an isomorphism, so we conclude that M, (D) =
(M, (D))P. O

Theorem 2.21. Let M, (R) be a full matriz ring on the ring R, then any ideal
T is of the form M, (Z) for some ideal T of R.

Proof. If T is an ideal of R, then as scalar multiplication and matrix addition
happen component-wise it is clear that M, (Z) is an ideal of M, (R). Further-
more, if M,,(Z,) = M,(Z,) for ideals Z;,Z,, it is clear that 7y = T, because
matrices are equal if and only if each component is equal.

Next, suppose that 7 is an ideal of M,,(R). Let Z denote the set of elements in
the top left entry of the matrices of 7, then Z is an ideal of R. This is because
first, it’s trivially closed under addition and secondly, if it’s not closed under
multiplication of elements in R, then it contradicts J is an ideal of M,,(R). Let
e;j be the matrix with 0 in every entry apart from the ;' entry. Let M € 7,
then e;;Mej1 = myjern € J so that m;; € Z and hence J C M,(Z). On
the other hand, let N = (n;;) € M,(Z), and take M = (m;;) € J such that
mi1 = nyj. Then nije;; = muey; = e Mer; = myie;; € J. Therefore, as J is
closed under addition, and ¢j were arbitrary it follows that N € J. Therefore,
M,,(Z) C T which means that M, (Z) = J. O

11



Corollary 2.21.1. If R is a simple ring, then M, (R) is also simple.

Proof. By Theorem 2.21, all ideals of M,,(R) are of the form M, (Z) where Z is
an ideal of R. As R is simple it only has the ideals R and {0}, therefore, M,,(R)
only has the ideals M, (R) and {0} meaning it is also simple. O

Definition 2.22. A field F' is said to be algebraically closed if every polynomial
with coefficients in F has a root in F.

Lemma 2.23. Let D be a finite-dimensional division algebra over an alge-
braically closed field F'. Then D = F.

k

PR

Proof. For all a € D and a # 0, as D is finite dimensional, a,a?,...a
linearly dependent. We then choose the smallest n where:

are

a”+ca" t+ - +¢, =0.

Consider f(z) = 2™ + c;a™ 1 + -+ + ¢,, as F is algebraically closed, f has a
root A in F such that f(x) = (z — \)g(z) where deg(g(z)) = n — 1. Inserting
T = a we get:

(a—XNg(a) =0,
and since f(x) is chosen to be the smallest degree so g(a) # 0 hence invertible
(D is division algebra). It follows that a = A € F, hence D = F. O

2.3 Theorems

Theorem 2.24 (Wedderburn-Artin Theorem for Algebras). Let A be a unital
associative finite-dimensional algebra over field F.

1. A is semisimple if and only if there exist division algebras D1, ..., D, over
F' with positive integers ny,...,n, such that

A= Mm (Dl) D an (DQ) S D Mnr (Dr)-

2. If F is an algebraically closed field, then A is semisimple if and only if
there exist positive integers ny,...,n,, such that

A2 M, (F)& M,,(F)&---& M, (F).

Remark 2.25. Note that statement 2 can be derived easily from statement 1
since the only finite-dimensional associative division algebra on an algebraically
closed field F is F itself by Lemma 2.23.

Proof. (Theorem 2.24)
Suppose that A is semisimple and let A; be the non-pairwise isomorphic simple
submodules of A. With A=A @ --- @ A", we have that

AP 2 End4(A) 2 Enda(AT* @ --- @ A7)
= Enda(A7*) & --- @ Enda(A").

12



Now we note that:

nq

EndA(A?i) = EndA <@Az> = HOIIl_A <é¢4“ éAz)
k=1 k=1 =1

ni ng

= @ @ HomA(Ai, Al)
k=1 1l=1

ni M4

= @@EndA(AZ)

k=1 1=1
By installing everything into the entries of a matrix, we have:

P P Enda(Ai) = My, (End 4(A:)).

k=1 1=1

By Schur’s lemma, since A; is simple module, End 4(.A4;) is a division algebra.
Letting D; = End 4(A;), we have

AP = Mm (Dl) S2) Mn2 (D2) S R Mnr (Dr)~
Then take the opposite to deduce that

A= (A%P)P = My, (D1) @ My, (D2) © -+ & My, (D).

O
Theorem 2.26 (Wedderburn-Artin Theorem for Rings). If R is a unital ring,
then R is semisimple if and only if there exist division rings D1, ..., D, and
positive integers ny, ...,n,, such that

Proof. The proof of this statement requires material not sufficiently developed
in this report. To see the proof refer to [11]. O

2.4 References

Material for this section came from [17] and [15].
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3 A General Theory of Jordan Algebras

In this section, the more specific exploration of Jordan algebras begins. The
defining axioms for Jordan algebras were devised by Jordan after investigating
Hermitian matrices. However, he intended to explore how this structure could
be used more generally.

Definition 3.1. An algebra J over a field F' satisfying
1. zoy =yox (Commutativity) and,
2. wo (z?oy) =a?o (zoy) (Jordan’s Identity)

1s known as a Jordan algebra.

Definition 3.2. The plus algebra AT of an associative algebra A over a field
F (char(F) # 2) is the algebra with the same underlying vector space as A but
has multiplication defined as

1
Toy= §(gcy+ya?)

Theorem 3.3. Let A be an associative algebra, then AT is a Jordan algebra.

Proof. Tt is clear that the product is commutative as

1 1
xoy:§(xy+yx)=§(yw+wy)=yow-

Furthermore, it satisfies the Jordan identity as

(zoy)oaz® == ((xoy)a® +2°(zoy))

—~

1
(zy + yz) 2° + 51‘2 (zy + yw))

N = N

1 1 1
mny + iyx3 + §x3y + 2x2ya:>

x (yx2 + ny) +

N =

S~ N7 N -7 N

(ya? + %) x)

0a?) + (you?) )

1
2
)

—~

8 NI~ N~ N= N =N =
(@]
—~ &

< —~
<

(]

8
&)
~—

O

Definition 3.4. A special Jordan algebra is one which is isomorphic to a sub-
algebra of At for some associative algebra A, otherwise, it is an exceptional
Jordan algebra.

Remark 3.5. The operation z oy = %(ch + yx) is often referred to as the
Jordan product.

14



Definition 3.6. A FEuclidean Jordan algebra is a Jordan algebra that is equipped
with an bilinear product that is compatible with the Jordan product. In other
words, the bilinear product satisfies

(xoy,z) = (y,x02)

for all x,y, z in the algebra.

3.1 Jordan Algebra Identities

The following identities are fundamental to the properties of Jordan algebras
as they manifest from the defining axioms. Some of the identities will play
important roles in the proof of the main theorems of this report. Throughout
let J be a Jordan algebra over an infinite field F' with multiplication denoted
by o.

Lemma 3.7. (Polarization Formula) For a Jordan algebra J the following
identity holds

2(zoy)o(zoz)+2’0(yoz) =20 (yo(zoz))+ (z°0y)oz
forall z,y,z € J.

Proof. For A € F and z € J substitute x = x + Az into the Jordan Identity.
Expanding the left hand side yields

zo(2®oy) +Az((zoz)oy) +Ax((zox)oy) + Azo (2 0y)

+Xzo (ZQOy) +>\220((IOZ)Oy)+A22’O((ZOI)Oy)+)\SZO(ZQOy)
and expanding the right hand side yields

2’0 (voy)+ Azoz)o(zoy)+A(zoy)o(roy)+Ax’o(zoy)

£ 220 (zoy) + A2(z02) 0 (209) + A2(z0m) 0 (2 0) + A2 o (0 ).

By comparing A coefficients and using the commutativity of o the result follows.
O

Definition 3.8. For a Jordan algebra J and x € J, define R(x) to be the
linear transformation representing right multiplication by x. So that fory € J
we have

R()y = you.

Similarly, define L(x) to be the linear transformation representing left multipli-
cation by x. So that for y € J we have

Ly =zoy.
Remark 3.9. Note that a Jordan algebra is commutative so that R(x) = L(x)
foranyx € J.
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Remark 3.10. Considering the result of Lemma 3.7 as a linear transformation
m z gives the identity

2R(zoy)R(z) + R (2*) R(y) = 2R(z)R(y)R(z) + R (z* o y) .

Through a similar method of proof to that of Lemma 3.7 but applied instead to
the polarization formula yields the identity

R(x 0 y)R(z) + R(x 0 2)R(y) + R(y 0 2)R() =
R(2)R(x oy) + R(y)R(z 0 2) + R(@)R(yoz). (1)

As the above identity is a linear transformation we can apply it to an element
w. Then interchanging the z and the w results in the identity

R((zoy)oz) = R(z)R(y o 2) + R(y)R(x © 2)
+ R(z)R(z o y) — (R(z)R(2)R(y) + R(y) R(z)R(z)). (2)

Again by using (1) it follows that
R((zoy)oz) = R(yoz)R(z)+ R(z o 2)R(y)
+ R(z o y)R(z) — (R(z)R(2)R(y) + R(y)R(z)R(x)). (3)
By interchanging x and z in (2) then subtracting (2) by the result gives
R((zoy)oz) = R(zo(yez)) = (R(z)R(z) — R(z)R(2))R(y)
— R(y)(R(2)R(x) — R(x)R(z)). (4)

t

Next, if one defines powers inductively as 2!*! = 2! oz, then using (3) it follows

that
R(2"t") =2R (2") R(z) + R (z°) R (2')
—(R(z""") R (2%) + R(2)’R (' ")). (5)
Remark 3.11. From (5) it follows by induction that for any x € J and positive

integer t we have that R (z') is a polynomial in R(x) and R (z?).

3.2 Basic Results

We now give some basic properties of Jordan algebras. Some may not contribute
to the proof of the main theorems of this report, however, they do illustrate some
interesting properties of Jordan algebras. Throughout let A be an associative
algebra.

Proposition 3.12. Powers of x € AT coincide with the powers of z € A.
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Proof. Let 2" denote the n'® power of z in A, and let (™) denote the n*" power
of  in At. Tt is clear that ' = (). We now proceed by induction. Assume
that for k < n we have that ¥ = 2(*®). Then,

+1

) = gozM™ =gog" = %(xx” +az) = 2"t

Proposition 3.13. For z,y € A the following are equivalent:

1. x and y are commuting in AT, i.e. xo(yoz)=yo(xoz) forall z € A,
and

2. xy — yx is in the center of A.

Proof. If zo(yoz) =yo(xoz) then expanding the Jordan products it must be
the case that

et e+ o)+ et a)e) = & (yhee + ) + - (@z + 22)
5 (TgWetay) +swatay)z ) = (yg(ez+2a) + S22+ 2a)y

from which it follows that

(zy —yr)z = z(zy — yx).

O
Proposition 3.14. Suppose A has unit element e, then e is also a unit element
of AT.
Proof. For x € AT it follows that

1 1
roe= i(ze—kex) = 5(21’) =z.

By commutativity, we also have e o x = x. Therefore, e is a unit element of
AT O

Theorem 3.15. For a Jordan algebra J, over a field F', and x € J it follows
that for any positive integers s and t,

Proof. Consider J, as the associative algebra generated by R(z) and R (z?)
(that is the span of finite sums and products of R(z) and R (z?)). Then by
Remark 3.11 Jy contains R (x!) for all positive integers ¢. In particular, this
implies that R (z') R (2°) = R (2*°) R («') for all positive integers s and ¢. Using
this we see that for ¢ > 1 the following holds

ozt =2 (2" ox) =R(@*)R (2" )z =R (2" ) R(z*)z =2 Ta! L.

Therefore,
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Remark 3.16. Theorem 3.15 says that Jordan algebras are power associative.

Lemma 3.17. Let J be a Jordan algebra and let x,y € J. Then x and x oy
commute if and only if 2 and y commute.

Proof. Letting z =z in (1) gives

2R(zoy)R(z) + R (2%) R(y) = 2R(z)R(z o y) + R(y)R (2?)
which rearranges to give

2R(z o y)R(z) = 2R(z)R(z o y) = R(y)R (z°) — R (*) R(y).

Therefore, the transformations R(z) and R(z o y) commute if and only if the
transformations R (z2) and R(y) commute. O

Theorem 3.18. For a Jordan algebra J defined over a field F with z,y € J,
then the following assertions are equivalent:

1. x,y and x oy commute pairwise,

2. Flx,y] (the algebra of polynomials in variables x,y with coefficients in F)
is an associative subalgebra of J whose elements commute pairwise.

Proof. Since z, y and x o y belong to F[z,y], it is clear that 2. implies 1. The
proof of the implication for the other direction is done in 3 steps.
Step 1: All the terms x”, y®, x oy commute by pairs and we have

q+s

yqo(xroys):xroy 7xlno(xroys):xp"'roys.

From Lemma 3.17 we have that 22,y commute and similarly »2, x commute. By
Remark 3.10 we also see that 22 oy, z, y commute by pairs. Again from applying
Lemma 3.17 to y and z? we have that 22, y?> commute. Then applying it again
to x and x o y we have that z2, z o y commute (and analogously we have that
y?,x oy commute). Then by Remark 3.11 we have that 2", y*, x o y commute
by pairs for every positive integer r and s. Therefore,

ylo(a"oy’) =a"o(yloy’) =a" oy’
and similarly

2P o (2" oy®) = (P oa") oy = 2P 0 g°.

Step 2: R (z" o y*) is a polynomial in R(x), R (z*), R(y), R (y*), R(z oy).
We prove the assertion for » = 1 by induction on s, putting zoy® = x for s = 0.
Assume the assertion is true for R(z o y*~!) and R(x o y*). Using Remark
3.10 we get the result for s + 1. Now we prove the assertion for a given s by
induction on 7. Assume that R(z"~! o y*) and R(z" o y*) are polynomials in
R(x),...,R(xoy). Again using Remark 3.10, we get the assertion for r + 1.
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Step 8: Proof of the theorem.
The hypothesis and Step 2 imply that z”, 2P o y? commute. Thus Step I yields

(z"oy®) o (zPoy?) = a" o ((aP oy?) o y®) = a” o (P 0 y?T%) = 2" P o yots.

Therefore F'[z, y] is closed with respect to multiplication and is associative. [J

Define the quadratic representation of an algebra A as
P(z)y=2zo(zxoy)—a’oy
for x,y € A. Which can be written in terms of linear transformations as
P(z) = 2R*(z) — R (7).
If A has unit element e then P(e) = Id, where Id is the identity transformation.

Theorem 3.19. Let A be a commutative algebra over (an infinite) field F with
a unit element e. If char(F) # 2,3,5 then A is a Jordan algebra if and only if
P(x?) = P?(x) holds for every x € A.

Proof. By using Remark 3.10 we find that
3R((2”) R(z) = 2R(z)® + R((2*)

and
2R (2°) R(z) + R (2*) = 2R(z)R (2*) R(z) + R (2") .

Applying Jordan’s identity to the second expression yields
2R (2°) R(z) + R (2*) = 2R(z)*R (2°) + R (2*) .
Substituting the first into the second and rearranging gives the identity
R (%) = 4R (+) — 4R(x)* + R (2%)°.

Therefore,

Hence, we have shown the forward implication of the theorem. For the reverse
implication substitute e + Az (with A € F) into P (z?) = P(z)?. Now compare
the A3 coefficients to conclude that

4R(z)® + 2R (2*) = 3R(z)R (2°) + 3R (2°) R(x).
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The assumption P (x2) = P(z)? when applied as a linear transformation to e

yields

3?4 = 1‘2 0.132.

Replacing « with  + Ay (A € F) and comparing A coefficients gives
420 (zoy) =2z0(zo(zoy))+zo(z’oy)+a’ay,
which when viewed as a linear transformation applied to y gives the identity
4R (2°) R(z) = 2R(z)® + R(z)R (2?) + R (2%) .

When combined with the previous identity we conclude that R (2?) R(z) =
R(z)R (2%) (provided that char(F) # 5), which is Jordan’s identity. Hence, A
is a Jordan algebra. O

For A, the quadratic representation simplifies to P(x)y = zyz.

Theorem 3.20. Let J be a Jordan algebra with a unit element e, and let x € J .
Then the inverse x =1 exists if and only if det(P(x)) # 0. In such a case we also
have that x=! = P~1(x)x.

Proof. Assume that 7! exists. Then by Theorem 3.18 we have that R (z™) and
R (z™) commute for integers n,m. Letting y = 2! and y = 272 in Remark
3.10 we have that

R(z) = P(z)R (27 ') and 2R(z)R (') — P(z)R (z7?) = 1d.
Substituting the first into the section yields
P(z)P (m_l) =1d

which implies that det(P(x)) # 0. Conversely, suppose that =1 does not exist.
We now show that this means that x is a zero divisor in F[z] = Sp ({e, z,z%,...}).
Consider the map F|[x] — F[z] defined by y — x oy. Then this map is an in-
jective endomorphism as if x o y; = z oy then x o (y; — y2) = 0 which means
that y; — y2 is a zero divisor as z is not a divisor, from which we deduce that
y1 = y2. Hence, the map is also a bijection which implies there exists a y such
that zoy = e, but this contradicts 2! not existing. Therefore, there must exist
a y such that x oy = 0 and hence

Pa)y=zo(woy) =0

which implies that det(P(z)) = 0.
Consequently, we can conclude that when det(P(x)) # 0 that

Pl a)z=P(z " )oz=22"0o(z " ox)—a 20z =a"".
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Proposition 3.21. The inverse of x € A exists if and only if the inverse of x
in AT exists.

Proof. Let y € A be such that xy = yx = e then it is clear that zoy = yox = e.
Hence, y is the inverse of z in AT. Now let y be the inverse of x in A*. Then,
y = P71(x)z and hence

P(z)(e — xy) = 2(c — xy)x = 2 — 2?yx = 2° —zP(2)y = 2* — 2% = 0.

Therefore, e = zy and similarly yx = e. O

3.3 Ideals

Theorem 3.22 (The Second Isomorphism Theorem). For a Jordan algebra J
with ideals T and IKC it follows that

(Z+K)/T=Z/(ZNK).
Proof. Define amap ¢:Z — (Z+K)/TJ by
o(i)=i+K, i€l

Then for ¢ € 7 if ¢(i) = K we must have that ¢ € K. Similarly, if ¢ € K then
¢(i) = K. Hence, ker(¢) = Z N K. Furthermore, for 41 and is € Z it follows that

(i1 +iz) = i1 +ia + K = (i1 + K) + (i2 + K) = ¢(i1) + ¢(i2)
and
iy oig) =igoipg + K =iy0ig +ii o K+ Koig+ Kol = d(ir) o ¢(ia).

Therefore, by the first isomorphism theorem, the desired relation is established.
O

Proposition 3.23. Let J be a Jordan algebra. Then:
1. If J is solvable, then all subalgebras of J are solvable.
2. If J is solvable, then all quotient algebras J /I are solvable.
3. If T is a solvable ideal, and J /T is solvable, then J is solvable.
4. For solvable ideals T and IKC it follows that T + KC is solvable.

Proof. 1. Suppose J"™) =0, and let M C J be a subalgebra. Assume that
ME) C 7K for all k < n. Then, for m € M) we have that m = z o Y
for some z,y € M1 C 7(=1)_ Hence, m € J™ from which it follows
that M(™) C F(m) =, Therefore, M is also solvable.
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2. Let 7 be an ideal and J("™) = 0. For ji,j2 € J we have

i +Zj2+Z= (i + D)2 + 1) + (J2 + ) (1 + 1)
= [J1,J2] +Z

and hence, (7/7)V) = g /T = (JM 4 7)/Z. By induction it follows
that (7/Z)*) = (J* +T)/Z. Hence,

(7/0)™ = (T +1)/T =0
So that J/Z is solvable.
3. Assume that Z(™) = 0 and (J/Z)™ = 0, then
(J™W+1))T=1

which implies that J () C . Hence,

0= (j(ﬂ))(m) — j(ner)

so that J is solvable.

4. By Theorem 3.22 it follows that
(Z+K)/I=K/(INK)

The right-hand side of which is solvable by (2) and so Z + K is solvable

by part 3 of this proposition.
O

3.4 References

Introductory material for this section came from [18]. Most of the identities are
from [4] along with the proof of the power associativity of a Jordan algebra. The
polarization formula and other results regarding Jordan algebras came from [12].
The section on ideals was motivated by similar results for Lie algebras found in
[16].
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4 Solvable and Nilpotent Jordan Algebras

Definition 4.1. An algebra (ideal) in which every element is nilpotent is called
a nil algebra (ideal).

Proposition 4.2. A nilpotent algebra A is a nil algebra.

Proof. Let A be nilpotent, then there exists a positive integer m such that
A™ = 0 which implies that for all x € A we have that ™ = 0. This means that
A is a nil algebra. O

Lemma 4.3. Let F[z] be the associative algebra generated by a non-nilpotent
element x. Then, Fx] contains a non-zero idempotent element, e.

Proof. Let f(t) be a non-zero polynomial of least degree such that f(0) = 0
and f(x) = 0. Let f(t) = t*h(t) where h(0) # 0 and k > 1. Then, as z is
not nilpotent it must be the case that deg(h(t)) > 0. Therefore, the greatest
common divisor of t* and h(t) is 1, as h(t) has a non-zero constant term. So
by Bezout’s identity, there exists polynomials p(t) and ¢(t) with deg(p(t)) <
deg(h(t)) such that

p(O)t* + q(t)h(t) = 1.

Let g(t) = p(t)t*, so that g(0) = 0 and e := g(z) # 0. Furthermore, deg(g(t)) <
deg(f(t)) as deg(p(t)) < deg(h(t)). Now, t*g(t) + q(t)f(t) = t* so that tFg(t) =
t* mod f(t). Therefore, g(t) =1 mod f(t) and hence, g(t)?> = g(t) mod f(t).
As f(z) = 0 we deduce that, €2 = g(x)? = g(x) = e. O

Proposition 4.4. Any finite-dimensional power associative algebra, A, that is
not a nil algebra, contains a non-zero idempotent e.

Proof. Let © € A not be nilpotent and consider F[z]. Then F[x] contains an
idempotent element, by Lemma 4.3, e # 0 that is also in A. O

Let J be a Jordan algebra, and let B be a subalgebra of 7. Then the set of
multiplications of elements in J generates an associative algebra E(J). That
is, E(J) consists of finite sums of finite products of multiplication by elements
of J. Similarly, we define E(B) to be the subalgebra of F(J) that contains the
finite sums of finite products of multiplication by elements of B. On the other
hand, define B* to be the algebra containing all finite sums of finite products of
elements in B. There is an important distinction between these two definitions.
One can see that E(J) = J* but note that in general E(B) and B* are not
equal.

Lemma 4.5. An ideal B of a Jordan algebra J is nilpotent if and only if E(B)
1$ nilpotent.

Proof. Suppose B is nilpotent with index k. Then a product of k 4 1 elements
x,a9,...,ax+1 with x € J and as,...ary1 € B can also be seen as a product
of k elements by taking by = x - as,bs = as, ..., by = ax4+1. Note that each b;
is in B as it is an ideal and hence this product is 0 by assumption. However,
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a transformation 7' € E(B) applied to = € J is simply a product of k + 1
elements. Therefore all the transformations T are 0 so that E(B) is nilpotent
with an index at most k. Now suppose that E(B) is nilpotent with index k.
Then for all multiplications S; by elements in B, we have that bS; ... S, = 0 for
all b € B. Hence, S ... Sk = 0 which means that B is nilpotent. O

Theorem 4.6. Let B be a solvable subalgebra of the Jordan algebra J over a
field F with char(F) # 2. Then B* is nilpotent.

Proof. For algebras B of size 1 we have that B = bF. Now b? = b% = 0 as
B is solvable and therefore, R (b%) = R (b%) = 0 so that by (1) we must have
R(b)? = 0. This implies that (B*)3 = 0 and hence B* is nilpotent. Assume the
result holds for solvable subalgebras of size ¢, and let B be of size t + 1.

Claim: We have that B =C + wF for C a solvable subalgebra of size t.

For a non-associative algebra B, the product of any two elements of the quotient
algebra B/B? is zero. Let [w], [wz],...,[w,] be a basis of residue classes for
B/B? and consider Cy = Sp({[w2], ..., [wm]}), which could be 0 if B/B? is of
dimension 1. If it is non-zero then it is closed under multiplication as the product
of any two elements is 0 and it is closed under addition as elements are linearly
independent of [w]. Therefore, Cy forms a subalgebra of B/B2. Now consider
the elements of the residue classes [wa],...,[wy] as a subset of B. By similar
arguments, this forms a subalgebra C of B. Now because w # 0 we must have
that B2 C C, so that either C = B2 or C? = B2. In either case, as B is solvable
it follows that C is solvable. This finishes the proof of the claim.

Now by the inductive hypothesis C* is nilpotent. For x,y, z € B and we have

R(xoy)R(z)+R(yoz)R(x)+R(z0x)R(y)— R((xoz)oy) € C*'B*+C* = D.

By (3) we have D(x,y,z) := R(z)R(y)R(z) + R(z)R(y)R(z) € D. We now
consider some cases:

1. If x € C, then R(x)R(y)R(z) € C*B* C D.
2. If a = w and ¢ € C, then

R(z)R(y)R(z) = D(z,y,2) — R(z)R(y) R(x) € D.

3. If x = z = w then

2R(z)R(y)R(z) = D(z,y,z) € D.

Therefore, R(z)R(y)R(z) € C for every x,y, z € B. Hence, (B*)? is a subalgebra
of C*B* + C*. As B is an associative algebra, (B*)? is a subalgebra of B and
(B*)* is a subalgebra of (C*B*)? + C*B* it follows that (B*)* is a subalgebra of
C*B*. These computations show that (B*)3+1 is a subalgebra of (C*)*B* for
k = 1. Proceeding by induction it follows that this holds for all k. Therefore,
choosing k to be the nilpotency index of C* establishes the nilpotency of B*. [
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Corollary 4.6.1. A Jordan algebra J that is solvable is nilpotent.

Proof. Let B =7 in Theorem 4.6 to conclude that J* is nilpotent. Therefore,
as E(J) = J* we have that J is nilpotent by Lemma 4.5. O

Remark 4.7. From Proposition 4.2 it follows that a solvable Jordan algebra is
a nil algebra.

Proposition 4.8. A Jordan algebra J that is nilpotent is solvable.

Proof. Elements of J(!) are finite sums of products of the form a o z. Suppose
J®) are finite sums of products of the form a = aozy0---oxy = aSi ... Sk,
where S; are right multiplications. Then the elements of 7 1) are finite sums
of products of the form aby, where ax, b, € J*). So that

apby =aoxyo---oxpoby =aSy...SkSkt1-

Therefore, by induction 7™ consists of the finite sum of elements of the form
aS1...Sm, where S; are right multiplications. Hence, if J is nilpotent there
exists a positive integer t such that every product of ¢ multiplications is zero.
That is, aS; ... Sy = 0 which implies that 7®) = 0. O

In the following o is omitted and products are simply written in the standard
way for conciseness.
Let J be a Jordan algebra and B a subalgebra. Then if x € J and zB :=
Sp({zb: b € B}) C B then it is clear that 2B8* C B. Conversely, if for © € J we
have that xB* C B then it is also clear that B C B.
For the subalgebra B = JFE, where F is an idempotent linear transformation
of rank equal to the dimension of B. Define 7 to be the set of all linear trans-
formations on J such that ET = ETE.

Lemma 4.9. Ifx € J then zB* C B if and only if R(z) € T.

Proof. A quantity of B is of the form aF for some a € J. Therefore, b = zaF
if and only if

bR(z) = aER(x) = bR(x)E = aER(z)E = aER(x)E.
Which happens if and only if
ER(z) = ER(z)E.
O

Lemma 4.10. Let R(z) € T. Then R (2*) R(b), R(b)R (z*) and R (z*b) are
in T for every b € B and positive integer k.

Proof. As B is a Jordan algebra, it satisfies the Jordan identity which implies
that R(z)R(zb) = R(z)?R(b). Therefore, because we have R(x) € T it follows
by Lemma 4.9 that R(zb) € T, which then implies that R(b) € T. Therefore,
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the case k = 1 is true and we can proceed by induction. Assume the result is
true for k =1,...,¢t. Then,

R («"7'b) = R((¢'2) b) = R («'( b))+(R(b)R( ")) R()
— (R («) R(b)) R( z) (R(O)R ( ")
— R(x) (R(O)R (= )) fﬂ(R(x) Q)F

As R(z'(xzb)) € T by inductive assumptions, xb € B and all other terms are
also in B, it follow that R(z**'b) € T. Using (4)

R (2't1b) = R (2') R(zb) + R(z)R (z'b) + R(b)R (z')
— (R (2') R(b)) R(x) — R(z) (R(D)R (z")) ,

from which we deduce that R(b)R(x'™1) € T. Applying (3) instead shows that
R (z'') R(b) € T, completing the induction. O

The following identities will be useful later on and are derived from Jordan’s
Identity, (2) and (5):

R (%) R ((2?) (2%)) = R (¢*)® + 2R(2)R () — 2R(2)?R (2?)
= R (%) + 2R() (SR(xZ)R(z) _9R (x)3> — 2R(x)?R ().
Which implies that R (z*) = R (:c2)2 +4R(z)?R (2?) — 4R(x)* so that
e R(22)* = R (a*) — 4R(x)2R (22) + 4R(z)*,
e R(22)? R(b) = R (¢*) R(b) — 4R(x)? (R (22) R(b)) + 4R(x)*R(b),
e R(D)R (¢2)” = R(b)R (2*) — (R(D)R (22)) R(x)? + 4R(b) R(x)*.
From this, we deduce that
R(D)R (x2)2 and R (x2)2 R(b)eT.

Lemma 4.11. Let R(z) be in T and b € B, y = 2*b. Then R(y), R (y?) are in
T.

Proof. R(y) € T by Lemma 4.10. By (3) we have that
R(y*) = R(y («°))
=R(y)>+ R (y (2*)) + R(yb)R (2°) — R (2*) R(y)R(b) — R(b)R(y)R (2?) .

As R(y) € T it follows that R(y)? € T. Also as yb € B it follows that
R(yb)R(2?) € T by Lemma 4.10. As

R (ya?) = R ((«%b) 2°)

— 2R (¢%b) R () + R (z*) R(b) — R (¢*)° R(b) + R(b)R (2*)*
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we have that
R (y2*) R(b) = 2R (2°b) (R(x)R(b)) + (R (z*) R(b)) R(D)
- (R (2)? R(b)) R(b) — (R(b)R (x2)2) R(b).
So by Lemma 4.10 it follows that R (ya?) R(b) € T.
Writing R(y) as 2R(z)R(zb) + R(b)R (2?) — 2R(x)R(b)R(z) it follows that

R (%) R(y)R(b) = 2R(x) (R (+*) R(xb)) R(b) + (R () R(b))*

—2R(z) (R (2®) R(b)) R(z)R(b) € T

as xb € B. Similarly, R(b)R(y)R (z?) € T and hence R (y?) € T. O
Lemma 4.12. Let R(y), R (y*) € T. Then R (y*) € T for ever positive integer
k.

Proof. This follows from Remark 3.11. O

Theorem 4.13. Let J be a Jordan algebra over field F' of characteristic not 2.
Then if all elements of J are nilpotent then J is a solvable algebra.

Proof. The result is clear for the algebras of size one, so suppose the result holds
true for all algebras of size less than n.

If J = Flz], then 2% = 0 for some k so that J®*) = F[z%*] and is therefore
solvable. So suppose instead that J # F[z] for any = € J and let B be the
maximal proper subalgebra of 7. By the inductive assumptions, it follows that
B is solvable. Therefore, by a previous theorem, it follows that (B*)* = 0 for
some integer k. If JB C B, then B is an ideal and J /B contains only nilpotent
elements (as to not contradict the maximality of B). Therefore, by the inductive
assumptions J /B is solvable, and hence, J is solvable.

Suppose instead that JB is not contained in B. Then J(B*)* = 0 so that
(JB*)k C B which implies that there exists 0 < t < k where

J(B*)' ¢ B and J(B*)! C B.

Let x € J(B*)! such that = ¢ B and zB* C B. If 22B Z B then there is a b € B
such that y = 22b ¢ B. By Lemma 4.9 and Lemma 4.11 we have that

yB* C B, and y?B* C B.
Therefore, by Lemma 4.12 there always exists an element z ¢ B such that
2B C Band 2?2BC B

and hence,
*BCB VkeN.

The algebra generated by z is an algebra for which B is an ideal. So it must be
the case that J is equal to the algebra generated by z which is a contradiction,
hence proving the theorem. O
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Corollary 4.13.1. Let J be a Jordan algebra over field F' of characteristic not
2. If J is a nil algebra then J is nilpotent.

This section has shown that for Jordan algebra being solvable, nilpotent and
a nil algebra are equivalent properties. Note that this is not a general fact about
algebras.

4.1 References

Some of the initial definitions and propositions were given by [12]. Then the
results in the middle part of the section are attributed to [5]. The second half
of the section was developed from [4]. Lemma 4.5 was taken from [3].
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5 Decomposition of Semisimple Jordan Algebras

5.1 The Radical

Theorem 5.1. Any finite-dimensional Jordan algebra J has a unique solvable
ideal that contains every solvable ideal of J.

Proof. Let R be a solvable ideal of maximal dimension. Then for any other
solvable ideal Z it follows by Proposition 3.23(4) that Z 4+ R is solvable. By the
definition of R it must be the case that dim(Z + R) < dim(R) which implies
that Z+ R = R and that Z C R. O

Definition 5.2. Let A be an algebra, then the unique mazimal solvable ideal is
called the radical, R, of A.

The aim of this section is to show that if R = {0} for a Jordan algebra 7,
then J is semisimple.

Definition 5.3. Let J be a Jordan algebra. Then for x,y € J let
~(,y) = tr (R(z o)) .
This is called the trace form.

Proposition 5.4. The trace form, 7, is a symmetric bilinear form on the vector
space of a Jordan algebra J .

Proof. Symmetry follows from the commutativity of o, required in the definition
of a Jordan algebra. Linearity follows from the linearity of R. O

Lemma 5.5. For all z,y,w € J it follows that
T(zoy,w) =T7(z,yow).
Proof. Permuting the variables of (3) cyclically gives the identity

R(y o 2)R(x) + R(z 0 y)R(2) + R(z 0 ) R(y)
— R(=)R(y)R(x) + R(2)R(y)R(z) + R(y o ( o ).

Hence,

T(yox,z) —7(y,x0z) =tr (R((yox)oz)— R(yo(xoz2))

Therefore, 7(y o z,2z) = 7(y,x o 2). O
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In terms of linear transformations, the above lemma says that
r(L(y), =) = 7y, 2R ().
Therefore, for a sequence of multiplications S; (right or left), it follows that
(xS1...Sn,y) = (z,yS,, ... S7).
In the future, the notation may be simplifiedby T'= Sy ... S, and T/ = S/, ... 5.

Proposition 5.6. If T is an ideal of an algebra J on which a bilinear form, T,
is defined, then T+ := {y € J : 7(y,z) = 0, Yo € T} is also an ideal of J.

Proof. Firstly, if y1,y, € T+ we have that
(Y1 4+ y2, ) = 7(y1, ) + 7(y2,2) =04+0=0 Vz eI,

therefore Z+ is closed under addition. Now let z € Z and Yy € 7t and a € J.
Then, z oa and a o x € Z so that by application of Lemma 5.5 it follows that

T(aox,y)=7(xoa,y) =0
which implies that
7(z,y0a) = (z,a0y)=0.
Therefore, a oy and yoa € Z+. O

Proposition 5.7. For a non-zero idempotent element e of a Jordan algebra J
we have that

tr(R(e)) # 0.
Proof. Using (5) with ¢ = 2 it follows that for an idempotent element e
2R(e)® — 3R(e)® + R(e) = 0.

Therefore, the characteristic roots of R(e) are 0,1, % and there is a basis of J
such that R(e) has the matrix representation

L 0 0
0 iL, 0
0 0 0

If the characteristic roots were all 0 then e = 0, contradicting the assumptions.
Hence, tr(R(e)) # 0. O

Theorem 5.8. For a Jordan algebra J we have that R = J+.

Proof. J+ is an ideal of J by Proposition 5.6. If J* is not a nil ideal, then
J+ would contain an idempotent element e # 0 by Proposition 4.4. However,
(e,e) = tr(R(e)) # 0 which would contradict the properties of the elements in
J~+. Hence J+ is a nil ideal meaning it is solvable which implies that JLCR.
Conversely, if x € R, then zy € R for y € J as R is an ideal. Therefore
R(z o y) is nilpotent by Remark 4.7. Tt follows that (xz,y) = 0 which implies
that € J+. Therefore, R C J+. O
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5.2 Main Theorem
Theorem 5.9. Let A be a finite-dimensional algebra over F' such that

1. there exists a non-degenerate associative trace form defined on A, and
2. I? # 0 for every ideal T # 0.
Then A is a semisimple algebra.

Proof. Let Z # 0 be a minimal ideal of A so that by Proposition 5.6 we have
that Z1 is an ideal of A. Then, by Lemma 1.15 either, ZNZ+ = 0 or ZNZ+ = 7.
Suppose Z C I+, then as Z2 # 0 it must be the case that the ideal generated
by Z? is the minimal ideal Z which means that Z = Z2. An element s € Z can
be written as

s = Z(albz)Tz a;,b; €T
Therefore, for y € A it follows that

(s,9) = Y (aibi, yT)) = > (ai, bi(yT))) = 0

as bi(yT]) € T C I+. Therefore, s = 0 as (,) is non-degenerate, so that Z = 0
which is a contradiction. Therefore, it must be the case that ZNZ+ = 0 and
hence, A = Z @ I+. The restriction of the trace form to Z* is also a non-
degenerate trace form meaning (i) holds for Z+ as well. Moreover, (4i) holds for
7 so that by induction arguments on the dimension of A the conclusion of the
proof follows. U

Corollary 5.9.1. Any finite-dimensional Jordan algebra J over a field F of
characteristic O for which R = 0 is semisimple.

Proof. If R = 0 then by Theorem 5.8 we have that the trace form is a non-
degenerate bilinear form. Furthermore, if an ideal Z of J is such that Z? = 0
then 7 is nilpotent. Hence, Z is solvable by Proposition 4.8 which means that
Z CR = {0} so that Z = 0. Now Theorem 5.9 can be applied to get the desired
conclusion. O

5.3 References

For the part on the radical, the proof of the first theorem was inspired by a
similar argument made in [16]. The second theorem is from [7]. Intermediate
results made to complete the proof of this theorem were taken from multiple
sources including [4],[12], and [14]. The main theorem and proof of it were given
in [7].
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6 Special Jordan Algebras

6.1 Algebras and Involutions

Throughout let A be a finite-dimensional associative algebra over a field F,
where char(F) # 2. Now let J : A — A be an involution on A and Ay :=
Sp({a € A : J(a) = a}) (i.e. the span of the J-symmetric elements of A).
Similarly, let A% := Sp({a € A: J(a) = —a}) (i.e. the span J-skew elements of
A).

Theorem 6.1. Let A be a finite-dimensional and associative algebra over a
field F, (char(F) # 2). Then, Ay is a special Jordan algebra.

Proof. Firstly, by the linearity of 7 we have that A is a linear subspace of the
vector space A. Next let x,y € Ay, then

1

Jwoy) = 5(J(zy) + J(yz))

1

= 5(JW)J (@) + J ()] ()

= L@ + I @)

2
— J(@) o J(y)
=xoy.
Therefore, A is closed under the Jordan product, so that A; C A" and is thus
a special Jordan algebra. O

Let £ be a linear subspace of A, with T': A — A an automorphism. It is
clear that LT := {T'(a) : a € L} is also a linear subspace of the same dimensions,
as T is a bijection. This motivates the following proposition.

Proposition 6.2. Consider a special Jordan algebra J of the associative algebra
Aand let T : A— A an automorphism. Then JT with multiplication as in J
1s also a special Jordan algebra.

Proof. For z,y € J7 there exists elements a,b € J such that T'(a) = = and
T(b) = y. Therefore,

xy =T (a)T(b) =T(ab) = T(ba) = T(b)T(a) = yx
which shows that multiplication is still commutative in J7. Furthermore,
x (x°y) = T(a) (T(a)*T (b)) = T(a) (T (a*b))

=T (a(a’h))
=T (a2 (ab))
= T(a)*(T(a)T (b))
= 2%(zy)
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which shows that the Jordan identity is still satisfied in J T Tt is clear that
JT C AT, meaning it is also special. O

Proposition 6.3. Let J and K be involutions acting on an associative algebra
A such that K = TJT~! for some automorphism T : A — A. Then the
corresponding special Jordan algebras Ax and Aj are isomorphic.

Proof. Let a € A; then
KT(a) =TJT 'T(a) = T(a)
so that T'(a) € Ax and AL C Ak. Similarly, for a € Ax we have
JT Y a) =T 'KTT ' (a) =T *(a).
Therefore, T~ !(a) € A; which implies that a € A% and hence Ax C AT. O

Definition 6.4. Let A be an algebra over a field F', and B a subset of A. Then
the algebra generated by B is the intersection of all subalgebras of A that contains
B. For a subset B, denote the algebra generated by B as B.

The following proposition considers the transposition on matrix algebras.
Which will relate closely to the algebras considered in the structure theorems
stated in the next section.

Proposition 6.5. Let J be the transposition on a matriz algebra A of dimension
n, then the algebra generated by Ay equals A.

Proof. For n = 1 it is clear that A; = A, therefore the result is trivial. For n
larger than 1, consider the canonical basis

€11y+-+,€455---,Enn

so that J(e;;) = e;;. Note that e and e;; + ej; are in Ay for all 4,7. It is
clear that eii(eij —i—_eji) = ¢;5 € Ay when 7 # j. Hence, the canonical basis is
contained within A ; and so the conclusions of the proposition follow. O

6.2 Simple Jordan Algebras

Theorem 6.6. Let A be an associative algebra of finite dimension over a field
F(char(F) # 2). Then, AT is a special simple Jordan algebra if and only if A
is stmple.

Proof. Let Z be an ideal of A. Then for x € Z and a € A it follows that
zoa = i(ax+ za) € T which shows that ZF is an ideal of AT. Hence, if AT
is simple, then either Z* is 0 or A". Therefore, Z = 0 or Z = A which implies
that A is simple.

Now suppose that A is simple. If A is a matrix algebra then A has the basis

€11y-+-3€ijy. -+, Cnn
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where e;; is the matrix with Os everywhere apart from the ij*" entry which is
1. Then if Z # 0 is an ideal of AT and 0 # = € Z it follows that

b= Zﬂzjeij Bi;€F, i,j=1,...,n.
j
Therefore,
eiib + bey; = Z Bijeij + Z Brieki €L (6)
J k
and,
ejj(eiib + beu) + (enb + beii)ejj = ﬁjieji + ﬁijeij cT Vi andj 7& i (7)

If Bi; # 0 for some 4 then by (6) we have that 28;;e; € Z which implies that
eii € Z. If not then §j; # 0 for some i # j, so that by (7) we have

eij(Bjieji + Bijeij) + (Bjiejieiz)eij = Bjieii + Bjiej; € T

which is a reduction to the first case, and so again we have the conclusion that
eii € L. For i # j we have

® ¢jj = e€ji€ij +eijei €1,
® ¢;; = ejie; +ejej; €1, and
® ¢ = e5e5 +ejiei — ey €1,

Therefore, Z = AT so that A" is simple. In the general case where A is
any simple algebra, then over F there is a scalar extension F’ of F' such that
A’ is a matrix algebra. (A’)T is simple by the above reasoning. Noting that
(AT = (A1) it follows that AT is simple for every scalar extension F” of F.
Which proves the theorem in the general case as well. O

Theorem 6.7. Let A be a matriz algebra of finite dimension over a field F' of
characteristic not 2. If J : A — A is an involution on A then the set of A; of
J-symmetric elements of A is a special Jordan algebra, that is simple.

Proof. Note that A; has a basis

fij = fji= %(eij +eji) G j=1...,n
For i, j,k,t € 1,...,n being distinct the multiplication in A is defined as follows:
o fii=35UL+ 1) =1 = fu.
° 4fi2j = (eij +€ji)* = €} + eijeji + ejieij + e?i =e; +e5; = fu+ fij,
. jltfijfik = % ((eij + eji)(eir + exi) + (e + exi)(ei; +eji)) = %(eijFekj) =
jk>
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o 2fiifir = 1 (2eii(ein + exi) + (€ + exi)(2€43)) = fir,
o fiifjj = fiifik = fijfie = 0.
Let Z # 0 be an ideal of A;. If 0 £b=73",. Bi;fij €T then
1. 2f;b = Z#j Bij + 2B fii € I, and
2. (2fub)(2f;5) = Bij fij € L, for i # j.

Therefore, if all 8;; = 0 then some B;; # 0 so that by Identity 1. it follows that
fis € Z. From which we have that 2f; f;; = fi; € Z for i # j. Hence there is
some f;; € Z, therefore, (2f;;)* = fii+ f;; € Z. Consequently, 2fi; fir = fir €Z
and (2fix)®> = fi + frx. Hence the difference (fi + frr) — fii = fax € T.
Therefore, T contains every f;; and every 2f; fi; = fi;. Showing that 7 = A,
and that A is simple. O

Consider for a moment an arbitrary field F' an involution J. Let F} = F
and let F; = (F;_1,J), that is the resulting algebra when applying the Cayley-
Dickson doubling process to the algebra F;_; with the extension of J. Denote
the F-algebra of matrices of dimension n with entries in F; by M, (F;). We can
define an involution on this algebra to be transposing the matrix and applying
the involution J component-wise. We have just shown that the set of symmetric
elements with respect to this involution, which we will denote #,, (F;), is a simple
special Jordan algebra when M, (F;) is an associative algebra.

Now previously we have previously seen that R, C, H and O are a result of the
Cayley-Dickson doubling process when applied to R. In this case H,,(R), H,(C),
H.,,(H) and H,,(O0) are the familiar Hermitian matrices (that is the matrices that
are equal to their conjugate transpose). Therefore, H,(R), H,(C) and H,, (H)
are simple special Jordan algebras as R,C and H are associative. However,
O is not associative, so we cannot conclude anything about #,,(0) from this
theorem.

6.3 References

Material for this section was developed in [5].

35



7 Classification of Jordan Algebras

7.1 Structure Theory

The first classification result only considers so-called formally real Jordan alge-
bras over the reals and came from Jordan, von Neumann, and Wigner. Consider
a real commutative finite-dimensional algebra that is not necessarily associative.
The algebra is formally real if

i +as+az+--=0

implies that
$1:I2:.’133:"~=O.

The algebra is a formally real Jordan algebra if in addition, it is also a Jordan
algebra.

Theorem 7.1. A formally real algebra that is power associative is a formally
real Jordan algebra, and a formally real Jordan algebra is power associative.

Proof. First, consider a formally real Jordan algebra and let [z,y, 2] = (zy)z —
x(yz). Then by commutativity

x,y,z] + [z,y,2] = 0, and (8)
[, y,2] + [y, z, 2] + [z, 2,y] = 0. 9)

Replace = and y in Jordan’s identity by Ax + puy 4+ vz and w respectively. Note
the terms proportional to Auv to conclude that

[zy, w, 2] + [yz, w, x] + [z, w, y] = 0. (10)

Suppose that power associativity holds for n, m such that n+m < N. Then by
(8) and (10) and 1 < m < N it follows that

[gjm+1,y7ng7m71] _ [Im,y,SCNim} + [QZ,y,lZﬁNﬁl]
so that
[mp,y,fop] zp[x,y,a:Nfl] forp=1,...,N —1.

In particular,
= [2,y,2" 7 = (N = 1) [2,y,2" 7]

which implies that [z,y,2V 1] = 0 and [zP,yN~P] = 0. Letting x = y we have

P TN =P = gPpN=PHL — gpN — N1
Therefore power associativity holds for n+m = N+1, so by induction, it follows
that power associativity holds in general. The proof for the other direction is
more involved and requires concepts that have not been developed sufficiently
in this report. For further details please refer to [2]. O
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Example (Spin Factor): Let (-,-) be the Euclidean inner product on R™.
Then the Jordan spin factor, &, has the underlying vector space R & R™ and
acts over the real numbers. Multiplication is defined as

(v,2) o (w,p) i= (2w + yv, (v, W) + ap).
This is a formally real Jordan algebra.

Proof. Clearly, vow = wov. On the one hand,

(v.a) o (w,y)) o (v,2)? = (xw +yv, (v, w) +ay) o (2zv, |v|]> + 27)
= ([2z(v,w) + 3%y + y|v|*] v + [2° + z|v]*] w
32%(v,v) + 3ay|v]* + 2y + [v[* (v, w))

and on the other hand,

(V7.'L')O((W7y)0(v7$ ) = ( ,,’L‘)O (( ) (2$V |V‘2+.’172))
= (v,z) 0 (2zyv + (|v|* + 2°) w, (w, 2zv) + y|v|* + 2%y)
= ([2z(v,w) + 32%y + y|v|*] v + [2° + z|v]*] w
32%(v,v) + 3ay|v[] + 2%y + [v]* (v, w)).
Therefore, Jordan’s identity is satisfied. Note that |v|]? = (v,v) > 0 for 0 #

v e R™. If,
(vl,acl)2 + ... (vm:rn)2 =0

then
(Qxlvl,xf + |v1|2) IS (anvmxi + |Vn|2) -0

By comparing the R component, it is clear that this can only happen if x; =0
and v; = 0 for all 1. O

Consider the basis (0,1) and (e;,0) for i = 1,...n, where e; is the i'h
standard basis vector of R™. Then the defining relations for multiplication on
S, are

(eivo)o(eiao) = (Ovl)a (071)0(071) =1, (eivo)o(ej70) =0 fOI‘Z?éj

Therefore, one can equivalently define &,, as the algebra over R with the linear
basis 1,s1,...,8,. In which a &b and Aa are defined in the usual way for
a,b € 6, and A € F but multiplication is defined by the relations

11 = 1, 157; = S, $iS; = (51]1

It was under these conditions that Jordan was able to give the first classification
theorem of Jordan algebras.
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Theorem 7.2. The only simple formally real Jordan algebras over the reals are:
e R

J

&, forn > 2,

Hs(K;),i=1,2,3,4,

Hno(K;),1=1,2,3 and n > 4.

Where K1, Ko, K3 and K4 correspond to R,C,H and Q.

Theorem 7.3. All the Jordan algebras in the above list, with the exception of
H3(0), are special.

Proof. This is clear for R. For H,(K;) (i = 1,2,3), it is also clear as the
reals, complexes, and quaternions are associative algebras. For &,, we show
that it arises by defining the Jordan product on the system in which 1 is the
identity, s? = 1, and s;5; = —s;s; (i # j and i,j = 1,...,n). We have that
lol=3(11+11)=1and los; = 3(1s; + s;1) = s;. Furthermore,

P 3(s7+s7) =1=0d;1 i=3j
iS; = . .
/ %(stj + SjSi) = %(81‘5]' — SZ‘S]') =0= 57;]‘1 1#£ ]

Hence, the multiplication rules are satisfied. Proof that H3(Q) is not special is
developed in the next subsection. O

Work was done by A. Albert to extend these results to deal with finite-
dimensional Jordan algebras over arbitrary fields. A corollary of these results in-

cludes the classification of finite-dimensional Jordan algebras over algebraically
closed fields.

Theorem 7.4. Let J be a finite-dimensional simple Jordan algebra over an
algebraically closed field F'. Then one of the following holds:

1. J=F

2. J = F & B, the Jordan algebra of a non-degenerate bilinear form in a
vector space B where dim(B) > 1.

3. T =Hu(Fy), fori=1,2,3 and n = 3.
4. T =Hn(Fy), fori=1,2,3,4 and n > 4.

Remark 7.5. Note that this provides a classification of semisimple Jordan al-
gebras, as semisimple Jordan algebras can be written as a direct sum of simple
algebras.

Extensions of these results to arbitrary fields were made by Kalisch, F.D
Jacobson, and N. Jacobson. Later work in 1979 by Zelmanov had significant
implications on the original motivations of Jordan algebras. Zelmanov showed
that there were no new exceptional algebras in infinite dimensions. Therefore,
Jordan’s proposed framework could not accommodate quantum mechanics as
intended. Zelmanov also gave a complete classification of Jordan algebras over
division algebras.
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7.2 The Exceptional Jordan Algebra

The octonions, O, are a real algebra with units 1(= eg), ey, ..., er, and multi-
plication rule:
€4 €; = 1
eie; =< e ej =1
—0;51 + €;5per,  otherwise.
Within the octonions, there are systems that are equivalent to the quaternions:
o (1 , €1, €2, 63)7
L4 17 €1,€4,€ 5)7
17 €1,€6, € 7)7
17 €2, €5, 67)7

L4 1762764, 6)7 and

(
(
(
(
(
o (1,e3,e5,€6).
For a = \g + 21'7:1 \;e; define:
e a= )\ — 23:1 i€,
o T'(a) =a+a=2X\, and
e N(a) :adzzz 0 A7,
From which it follows that:
e w?—T(a)w+ N(a) =0,
e ab = ba,
e N(ab) = N(a)N(b),
o T(Aa+ ub) = XT'(a) + pT'(b) for A\, up € R, and
e a(ab) = (aa)b.
Theorem 7.6. Let i be any unit of QO and let a,b € Q. Then
i(ab)i = (ia)(bi), (iai)(ib) = —i(ab), and (ai)(ibi) = —(ab)i. (11)

Proof. Suffices to prove the result for units. If ¢, a,b are in a quaternion system
then the results hold by application of the associative law. If not then without
loss of generality let i« = e;,a = e and b = e4. Then,

i(ab)i = —Z‘Q(ab) = egeq = —eg, and (ia)(ib) = ez(—e5) = —eg
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which proves the first identity. Next,
(iai)(ib) = a(ib) = eges = e7, and — i(ab) = ejeg = €7
proves the second identity. Finally,
(ai)(ibi) = (—e3)(e4) = —e7, and — (ab)i = i(ab) = —ey
proves the third identity and completes the proof. O

Theorem 7.7. Forj =0,...,7 the transformations which replace e; by ie;, e;i, ie;i
for a unit i # 1 are orthogonal transformations.

Proof. Consider
7 7
a=Y Nej, b= e,
j=0 k=0

so that -
T(ab) = AjurT(e;er)-

gk

£ EL £k
€€ = .
1 1=k

it follows that
0 j#k

T(ejék) = {2 = 5

Hence, we have that
7
T(ab) =2 Ajuj. (12)
j=0
Let u; = fe; for i =0,...,7, then

0 j#k

1 77 —
iT(UjUk) = {1 i—k

Therefore, the value of (12) is unchanged under such a transformation, showing

the transformations are orthogonal. O
Let
a a C
H3(0)=cA=[|a B b|=A[a,p,7),(a,bc)]:a,B,vyeRanda,b,ccO
c b

For § € R and B = A[(\, 1, v), (f, g, h)] note that

=

A+B=Alla+ A B+py+v),(at f,b+g,c+h), and
A = A[(da, 68, 67), (da, db, dc)].
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Furthermore,
1
AB=BA=3(A-B+B-A) = Al(&n,0), (P q,7)

where A - B denotes regular matrix product and

léT(ch) 2p=(a+B)f + (A +pa+cg+ hb
%(af) 2¢=(B+7g+ (n+v)b+ah+fec  (13)
T(bg), 2p=(y+a)h+ (v+Nc+0bf + ga.

5—&A+%T( af) +
n:5u+% (bg) +

¢ =+ 3T(ch) +
Therefore, for A% = A[(a, B0,70); (@0, bo, co)] we have that

ag=0a?+ N(a)+ N(c), ap=(a+ B)a+cb
Bo = B>+ N(b) + N(a), bo=(B+7)b+ac (14)
Y% =9%+N(c)+N(®), co=(y+a)+ba.

Theorem 7.8. For every A € H3(0) and B = A[()\, u,v),(0,0,0)] it follows
that
(AB)A%? = A(BA?).

Proof. Consider the map

A= A[(av 577)7 (a, b, C)} o AF = [(a’ 577)7 (a/’ b”7c"’)]

where o/ = iai,b” = ib,”" = ci for any unit 7. The mapping is preserved
under addition, real scalar multiplication, and under multiplication. Hence, it
defines an automorphism on H3(Q). The first two preservations are clear, but
multiplication requires justification. Let

(AB)" = A[(&,n,0), (v, ¢",7"")], and
A*B* = A[(&"n",¢7), (p" a7 7).

By Theorem 7.7 the transformations of units are orthogonal so the values of
T'(-) remain unchanged. It is clear from (13) that £ = £*, n = n* and { = (*.
Next,

(¢g) = i(eg)i = (cg)" = (Gi)(ig) = (ie)(gi) = i(cq)i
by Theorem 7.6, hence, p’ = p*. Similarly, ¢” = ¢* and r"”/ = r* by applications
of Theorem 7.6. O

Lemma 7.9. Let F(B,D,...,K) be a polynomial in variables B, D, ..., K in
H3(0), let F have real coefficients and be linear in B, and let F = 0 for any
real matriz B € H3(0). Then F =0 for all B,..., K of H3(0).

Proof. Let B = A[(0,0,0),(0,0,1)], then B* = A[(0,0,0),(0,0,¢)] (using the
automorphism in the proof of Theorem 7.8). As F' = 0 for B, it follows that
F = 0 for any such B*. As F' is linear in B, and elements of QO are linear
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combinations of the units, it follows that F = 0 for B = A[(0,0,0), (0,0, ¢)]
where ¢ € Q. Permuting elements cyclically it follows that F' = 0 for

A[(0,0,0),(0,6,0)], and A[(0,0,0), (a,0,0)].

By assumption F' = 0 for B = A[(«, 3,7), (0,0, 0)] so using the above observa-
tions it follows that F' = 0 for arbitrary B € H3(0). O

Lemma 7.10. Let A* =U-A-U"! for

1 V2 0 0
U=—10 1 —-1)|, U=U0""
V2 g 1 1

a real orthogonal matriz. Then A* € H3(0) and A < A* generates an auto-
morphism.

Proof. We have that A* is hermitian when A is hermitian so that A* € H3(0).
Furthermore,
(A+B)"=A"+B", and (JA)" =0A".

Next note that

(AB)*:%[(U-(A~B)-U‘1)+U~(B-A)-U‘1]

and U-(A-B)-U~! = A* - B* because U is real and matrix multiplication of
matrices with only two non-real components is associative. Therefore,
1
(AB)* = §(A* -B*+ B*-A") = A*B*.
O

Theorem 7.11. For every A and B of H3(0) we have (AB)A? = A(BA?) so
that H3(0) is a formally real Jordan algebra.

Proof. Using the automorphism defined in Lemma 7.10 and Theorem 7.8 we
can show that F = (AB)A? — A(BA?) satisfies the conditions of Lemma 7.9
which will then prove the theorem. To see this note that

By = A[(0,1,—1),(0,0,0)] <+ Bf = A[(0,0,0), (0,0,1)]

so that I = 0 for B; and it follows that F' = 0 for Bf. Therefore, for B =
A[(0,0,0), (a,b,c)] we have F' = 0. Using a similar method of proof as Lemma
7.9 it follows that F' = 0 for any B € H3(0). O

Theorem 7.12. There exists no associative algebra A for which Hz(Q) is iso-
morphic to a subalgebra of AY. Thus, the algebra H3(Q) is an exceptional
Jordan algebra.
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Proof. Suppose that H3(0) is derived from an algebra A. Let,

100 00 0 00 0
Ji=(0 o0 o0, m=[01 0], B=|0 0 0
00 0 00 0 00 1
0 ¢ 0 0 0 ¢ 0 0
E=|e 0 o], F;=[0 0 0]|.Ge=[0 0 e
0 0 1 e 0 0 0 e O

for i,5,k = 0,...,7 be a basis for H3(0). Let A have the corresponding basis
Ky, K>, K3, P;,Qj, Ri,. That is these matrices form a basis on the underlying
vector space with the normal notion of matrix multiplication. As the J; are
each idempotent it follows by Proposition 3.12 that each K; is idempotent.
Furthermore,

1
Ji1do = §(J1 ~Jo+ Jo - Jl) =0
so that K1 Ko = 0. Note that
1
KKy = §(K1 Ky + Ky - Ky)
so that Ky - Ko + K9 - K5 = 0. However,

K- (K, Ko+ Ky-Ky) Ky =Ky - (Ky- Ky + Ky - Ko) - K3
=K Ky K+ K Ky K,
= 2K, - Ky - K,

which implies that
0=K, (K| - Ko+ Ky -K)) =K Ko+ K| -Ko K| =K, - K.

Similarly, K; - K; = 0 when ¢ # j and 4,j = 1,2,3. Choose the basis of A so

that
~(Ly 0 (Ly 0 (L3 0
K1_<0 0)7 7K2_<0 0)7 K3_<0 0

where
I, 0 0 0 0 O 0 0 O
Li=|0 0 0|,Lo=(0 I, 0], Ls=(0 0 0O
0 0 O 0 0 O 0 0 I3

and Iy, I, I3 are identity matrices of r, s, t rows respectively. As J; + Jy + J3 is
the identity of H3(Q) it follows that K = K; + Ko + K3 is the identity of A.
a b

Hence, for A = <c d) € A we have

1 1
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but,

1
_ a §b
A= (;c o)

so that b = ¢ = d = 0. Therefore, without loss of generality the elements of A
can be taken to be square matrices of dimension r + s + ¢ which implies that
K; =L; for i =1,2,3. Consider,

7
E =Y M\E; € H3(0)

i=0
so that by (13) we have
2J1E =2JoFE =E.
If
7
i=0
then it must also be the case that 2L P = 2L, P = P. Let P = (a;j) then,

aipr Gi2 a3
P= a2 a2 a3]|,
as1 as2 as3
2a11 a12 a3
L1P+PL1= a1 0 0 5
aszil 0 0
0 a19 0
Ly-P+P-Ly=|a2 2a22 a3
0 as2 0
Therefore,
0 Pi 0
Pi=1po 0 O
0 0 O

where p; is a real matrix of r rows and s columns, with p;y being a real matrix
of s rows and r columns. Similarly,

0 0 g 0O 0 O
Qi=10 0 0), Re=(0 0 1
qj0 0 0 0 Tko 0
Again by (13) we deduce that
eie; + eje; 0 0
2E1EJ = 0 e;e; + eje; 0
0 0 0
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and

PiPjo + P;Pio 0 0
2P,P; = 0 piop; + pjop; 0
0 0 0
2 0 0
As e;e; =1 it follows that 2E;E; = | 0 2 0] which implies that p;p;o = I1
0 0 0
and pjop; = Iz for ¢ = 0,...,7. Similar relations arise when investigating @;

and Rj. Moreover, for ¢ # j as e;e; + e;é; = €;e; + €;e; = 0 it follows that
PiPjo = —PjPio for Z,j = 0, ey 7. Now

0 0 €;€;
2EiGj = 0 0 0 = )\iij where eej = )\ijek e 0.

ejeg; 00

Hence,
0 0 piTj
AijQr = 2PR; = 0 0 O
rjopio 0 0
from which it is deduced that
Pit; = Xijdk, TjoPio = Aijqko 4,5 =0,...,T. (15)

e With ¢ = 1 it follows that e; = Agjer which implies that A\g; = 1 and
k=7j.

e With j =0, e;eqg = A\jpex so that e; = \jpe which implies A =1 and i =k
and therefore, p;ro = g;.

Combining both of these it follows that pyr; = p;rg. Multiply both on the left
by poo to obtain r; = (poop:)ro. Use q; = p;ro from (15) to deduce that

pirj = Pi(Poop;)To = Aijqk = NijPrT0

and multiply on the right by roo to obtain p;(poop;) = Nijpx. Let u; = pipoo,
then wu; is a real valued r-rowed non-zero square matrix, with ug = I;. The set of
square matrices u; forms a basis for the algebra generated by the u;. However,
pi(Poopj)Poo = u;u; = Ajjuy so this algebra has the same multiplication rules
as 0. This is not possible as the square matrices are associative, whereas, O is
not. This contradiction completes the proof. O

7.3 References

Structure theory material was developed in [2]. The spin factor example was
developed from [18]. Information relating to the history of the various classifica-
tion theorems along with the theorem relating to A.A. Albert’s work came from
[8]. The piece on Zelmanov’s work came from [13]. The material on exceptional
Jordan algebras was developed from [1].

45



8 Connection to Lie Algebras

Definition 8.1. For an algebra A, with multiplication denoted in the usual way,
the commutator is defined as

[a,b] := ab — ba
and the anti-commutator is defined as
{a,b} := ab+ ba.

Therefore, a special Jordan algebra has its multiplication defined as half the
anti-commutator operator on an associative algebra.

Definition 8.2. A Lie algebra Ap is a vector space V over a field F with a
binary operation [-,-] : V. x V. —= V such that for oll z,y,z € Az and a,b € F
the following are satisfied:

1. [ax+by, 2] = a[z, 2]+ by, 2] and [z, ay+bz] = alz, y]+bx, 2] (Bilinearity),
2. [x,z] =0 (Alternativity), and
3. [z, [y, 2] + [y, [z, 2] + [z, [z, y]] = O (Jacobi Identity).

Proposition 8.3. Let A be an associative algebra. Then the algebra defined on
the same vector space as A with multiplication being the commutator operator,
which we will denote A, is a Lie algebra.

Proof. Bilinearity follows immediately from the fact that multiplication on A is
bilinear. It is also clear that alternativity is satisfied. Therefore, it suffices to
show that the Jacobi identity is satisfied to complete the proof. Let x,y,z € A
then

[, [y, 2]] + [y, [z, 2]] + [2, [z, 9]] = 2(yz — 2y) — (yz — 2y)z
+y(ze —xz) — (22 — x2)y
+ 2(zy — yz) — (zy — y2)z
=x(yz) — 2(zy) — y(zz) + 2(yz)
+y(z2) — y(z2) — 2(zy) + z(2y)
+ 2(zy) — 2(yx) — z(y2) + y(z2)
=0.

Lemma 8.4. The Lie algebra A is anti-commutative.

Proof. For x,y € Az, by L2 we have that [x + y,z + y] = 0. Therefore, by
bilinearity it follows that

0=[z,z]+ [z,y] + [y, ] + [y, Y]
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Now applying alternativity we conclude that
0= [z,9] + [y, z].
From which it is clear that [z, y] = —[y, ], and thus A, is anti-commutative. [

A triple system is similar to an algebra in that it is a vector space over a
field F together with some function. For algebras, this function is a bilinear
map known as multiplication and for triple systems, it is a trilinear map (-, -,-) :
VXxVxV =V

Definition 8.5. A Lie triple system V. is a triple system where the trilinear
map, denoted [-,-,-], satisfies:

Li: [u,v,w] = —[v,u,w],

L2: [u,v,w] + [w,u,v] + [v,w,u] =0, and

L3+ [, v, 1, 2,8]] = [, ], 2, 8] + [, 0,0, ], 3] + [, 2, [, ,]
for u,v,w,z,y € V.

Definition 8.6. A Jordan triple system V7 is a triple system where the trilinear
map, denoted {-,-,-}, satisfies:

J1: {u,v,w} = {w,v,u}, and
J2: {u,v,{w,z,y}} = {u,v,w}, z,y} — {w, {v,u, 2}, y} + {w, z, {u,v,y}}
for u,v,w,x,y € V.

Over an associative algebra, we use (xyz) = xyz+zyz to deduce the following
ternary compositions.

1. [[z,y], 2] = zyz + zyx — yaz — zay = (xyz) — (yzz),
2. {4}, 2} = 2ys + 22 + yor + 2z = (2y2) + (y22).

Lemma 8.7. A Lie triple system is a subspace of an associative algebra that is
closed under the ternary operation [[z,y], z].

This tells us that a Lie algebra is a Lie triple system with respect to the
trilinear map [z, y, 2] — [[z, y], Z]

Lemma 8.8. A Jordan triple system is a subspace of an associative algebra that
is closed under the ternary operation {{x,y},z}.

This tells us that a special Jordan algebra is a Jordan triple system with
respect to the trilinear map {z,y, 2} — {{z,y}, 2}
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8.1 Triple Systems and Algebras

In this section, we explore the connections between Jordan triple systems, Lie
triple systems, special Jordan algebras, and Lie algebras. First, we shall consider
the behaviour of mappings in Lie and Jordan triple systems.

Lemma 8.9. Let V; be a Lie triple system. Let L, : Vp — Vi be the linear
map Ly ,(w) = [u,v,w]. The vector space S = Sp({Ly : u,v € V2}) is a Lie
algebra.

Proof. Let L, ,, Ly s € S. Then,
[Lu,v, Lr,s] = Lu,er,s - Lr,sLu,u
= [U, v, [Ta S, ]] - [Tv S, [U, v, H
Now applying L3 we get that
[Lu,im Lr,s] = [['LL, v, T], S, ] + [rv ['Ll/, v, S], ]
= L[u,v,r],s - LT,[u,v,s] €Ss.

Therefore, S is closed under the commutator operation and hence forms a Lie
algebra. 0O

Lemma 8.10. Let Vy be a Jordan triple system. Let J, ., : Vo — Vg be the
linear map Jy »(w) = {u,v,w}. The vector space S = Sp({Ju» : u,v € Vs}) is
a Lie algebra.

Proof. Let Jy 4, Jrs € S. Then,
[Ju,’zu Jr,s} = Ju,er,s - Jr,sJu,U
={u,v,{r,s,-}} —{r,s,{u,v,-}}.
Now applying J2 we get that
[Ju,va J?",s] = {{U, v, T}a S, } - {T7 {U, u, 5}7 }
= J{u,v,'r},s - Jr,{v,u,s} €s.

Therefore, S is closed under the commutator operation and hence forms a Lie
algebra. 0

Now we shall consider the relation between Lie and Jordan triple systems.

Lemma 8.11. Any Jordan triple system is a Lie triple system with respect to
the triple product

[.’E,y,Z} = {‘T7yaz} - {y,x,z}.
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Proof. Tt is sufficient to check that the Lie triple system axioms are satisfied
with respect to this map. Firstly,

[v, u, w] = {v,u,w} — {u,v,w}

=— ({u,v,w} — {v,u,w})

- [’LL, v, ’UJ]
and therefore L1 holds. Next, note that
[U, v, ’LU} + [’UJ, U, ’U} + [’U, w, U] = {uﬂ v, w} - {1], u, U}} + {’LU, u, 'U}
- {U’a w, 1}} + {’U, w, U} - {wa v, U}

= ({u,v,w} —{w,v,u}) + {w,u,v} — {v,u,w})
+ ({v,w,u} — {u,w,v})

so that by L1 we have that
[u, v, w] + [w,u,v] + [v,w,u] =0+04+0=0

which shows that L2 holds. Finally,

[uvvv [w7$7y]] = [U,U, ({wvxay} - {'ra wvy})]

so by linearity we have

[U, v, [wa Z, y” = [U/, v, {w7 z, y}] - [U, v, {ZIJ, w, y}]
Then using our definition of [-,-, ] it follows that
[U, v, ['lU, xz, y]] = {U7 v, {w7 Zz, y}} - {Uv u, {U}, Z, y}}
- {U, v, {Z’, w, y}} + {U7 u, {l’, w, y}}

Now by applying J2 of Jordan triple systems and appropriate grouping of terms
we deduce that

[u’rU’ [wvxay]] :({{U7U7w}vxvy} - {xa {u’ v, w}a y} - {{’U, u,w},z,y} + {l’, {Uvuvw}vy})
+ ({w7 {u,v,x},y} - {{u,v,x},w,y} - {wa {U’ u7x}a y} + {{U’ u>x}a wvy})
+ ({wvx’ {uavay}} - {x,w, {u7 v, y}} - {wa Z, {va u>y}} + {‘T7w’ {vvuay}})'

Again by our definition of [, -, ] it follows that

[, v, [w, 2, y]] =({u, v, w}, =,y = {v,u, w}, z,y])
+ ([w,{u, v, 2}, y] — [w, {v,u, 2}, y])
+ ([w, 2, {u, v, y}] = [w, z,{v,u,y}])
=[[u, v, wl, z, y] + [w, [u, v, 2], y] + [w, z, [u, v, y]].

Which establishes L3 and completes the proof. O
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Finally, we construct an alternative way of transitioning from a Jordan algebra
to a Jordan triple system as the proof of Lemma 8.8 has not been provided.

Definition 8.12. Let J be a Jordan algebra over a field F'. Then forx,y,z € J
define the Jordan triple product as

(2,9,2) = (@oy) oz + (yoz)ow — (z01) 0.
Lemma 8.13. Any special Jordan algebra is a Jordan triple system.

Proof. Claim: any special Jordan algebra J with the trilinear map {z,y,z} —
((z,9,2), (y, z,x), (z,2,y)) is a Jordan triple system where x,y,z € J.

For ease of notation let X = (z,y,2),Y = (y,2,2),Z = (z,2z,y). From the
construction of our trilinear map, we have:

{z,y,2} = ((2,9,2) o (y, 2, 7)) 0 (2,2, 9)
+((y,2,2) 0 (2,2,9)) o (2,9, 2)

- ((z,x,y)O(x,y,z))O(y,z,x)
=(XoY)oZ+(YoZ)oX —(ZoX)oY.

Noting that each term is a cyclic permutation of the other terms we shall con-
sider (X oY) o Z. Evaluating Z = (z,z,y) we have

(XoY)oZ=(XoY)o((zox)oy+(zoy)oz—(roy)oz)
Evaluating Y = (y, z,2) we have
(XoY)oZ=Xo((yos)oa+(z0a)0y—(woy)os)
o ((zom)oy+(woy)oz—(yoz) o).
Letting (a)? := (a) o (a) and using the linearity of o we have
(XoY)oZ=Xo(((z02)0y) — ((yo2) o)’
—((zoy)oz)? +2((yoz)ox)o((zoy)oxz)).
Evaluating X = (x,y, z) we have
(XoY)oZ=((zoy)oz+(yoz)ox—(z0z)0y)

o(((zox)oy)? = ((yo2z)ow)’ — ((zoy)oz)?
+2((yoz)ox)o((zoy)oz)).

Again by linearity, we have

(XoY)oZ=—((zoy)oz2)®—((yoz)ox)®—((z0xz)0y)?
+((zox)oy)?o((zoy)oz+(yoz)ox)
+((yoz)ox)?o((zoy)oz+(z0x)o0y)
+((xoy)oz)?o((yoz)ox+ (z0x)oy)
—2((zox)oy)o((yoz)ox)o((xoy)oz)



As this expression is closed under cyclic permutations of x, ¥y, z we deduce that
{z,y,2} = (X oY)oZ4+(YoZ)o X —(ZoX)oY =(XoY)o Z

Now it suffices to check the Jordan triple system axioms hold for the trilinear
map {x,y, z} for special Jordan algebras. J1 holds due to commutativity of zoy
and closure under cyclic permutations

{z,y,2} =(XoY)oZ=(YoZ)oX=(ZoY)oX =(ZoY)oX ={zy,z}.

Similarly, J2 holds due to the commutativity of x o y and closure under cyclic
permutations. Let X' = (z,y,{2,a,b}),Y’' = (y,{z,a,b},2),Z' = (2,a,b), A’ =
(a,b,2) and B’ = (b, z,a) then,

{z,y,{2,0,b}} = (X' oY) o ((Z' 0 A) 0 B).

So by commutativity of z o y and closure under cyclic permutations we can
rearrange the expansion of X’ )Y’ along with Z’, A’, B’ to show that

{z,y,{z0,b}} = {{z,9, 2}, 0,0} = {z,{y, 2,0}, b} + {2, 0, {z,y, b}

completing the proof.
O

From the above lemmas, there is a natural way of moving from a special
Jordan algebra to a Lie algebra. Lemma 8.13 and Lemma 8.8 give us functors
from special Jordan algebras to a Jordan triple system. Lemma 8.11 gives
us a functor from Jordan triple systems to Lie triple systems. To construct
a functor from Lie triple systems to Lie algebras further theory on algebras
must be developed. However, it is worth noting that for finite-dimensional Lie
triple systems, we can construct a general functor to a Lie algebra. Thus we
have constructed a natural way of mapping from special Jordan algebras to Lie
algebras.

8.2 References

Definitions regarding Lie algebras were provided by [10], the definition for Jor-
dan triple systems was taken from [9] and then [6] was used to verify some of
the definitions and proofs.
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